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Abstract. By using I;-,-closed sets due to Khan and Hamza [5], we introduce the notion of I.,-
continuous functions in ideal topological spaces. We obtain several properties of I.,-continuity and
the relationship between this function and other related functions.
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1. Introduction

Khan and Hamza [5] introduced and investigated the notion of I.,-closed sets in ideal
topological spaces as a generalization of I,-closed sets due to Dontchev et al. [2]. In this pa-
per, by using I;-,-closed sets we introduce I;-,-continuous functions, strongly -, -continuous
functions and weakly I;.,-continuous functions. It turns out that weak I -continuity is
weaker than weak I-continuity defined by Ackgoz et al. [1] . We obtain several properties of
I;+,-continuity and the relationship between this function and other related functions.

2. Preliminaries

Let (X, T) be a topological space with no separation properties assumed. For a subset A
of a topological space (X, 1), cl(A) and Int(A) denote the closure and interior of A in (X, 7),
respectively. An ideal I on a set X is a non-empty collection of subsets of X which satisfies the
following properties:

(1) AeI and BC AimpliesB €1,
(2) Ael and Bl impliesAUB 1.
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An ideal topological space is a topological space (X, 7) with an ideal I on X and is denoted
by (X, 7,I). For a subset AC X, A*(I,7) ={x € X : AnU ¢ I for every U € 7(x)}, where,
7(x) = {U € 7 : x € U}, is called the local function of A with respect to I and 7 [4, 6]. We
simply write A* or A} instead of A*(I, ) and B} for B*(I4, 7,) in case there is no chance for
confusion. For every ideal topological space (X, T,I), there exists a topology 7*(I), finer than
T, generated by the base B(I,7) ={U —J : U € 7 and J € I}. It is known in [4] that 5(I,T)
is not necessarily a topology. When there is no ambiguity, 7*(I) is denoted by 7*. Recall that
Ais said to be ()*-dense in itself (resp. 7*-closed, ()*-perfect) if A C A* (resp. A* C A, A=A").
For a subset A of X, cl*(A) and Int*(A) will, respectively, denote the closure and interior of A
in (X,7"). A subset A of X is said to be semi-open [7] if there exists an open set U in X such
that U € A C cl(U). The complement of a semi-open set is said to be semi-closed. A subset
A is said to be semi-regular if A is semi-open and semi-closed. A subset A of X is said to be
generalized closed [8] (briefly, g-closed) if cI(A) € U whenever A C U and U is open in X.
The complement of a g-closed set is said to be g-open. A space X is called a Ty /,-space [3] if
every g-closed set in X is closed. Recall that if (X, 7,I) is an ideal topological space and A is a
subset of X, then (A, 7,,14) is an ideal topological space, where 7, is the relative topology on
Aand I, ={ANnJ:J eI}.

3. I.g-Closed Sets

The notion of I ,-closed sets was defined by Khan and Hamza [5]. In this section we will
obtain further properties of I;-,-closed sets in ideal topological spaces.

Definition 1. A subset A of a space (X, 7,I) is said to be I;4-closed [5] if A* C U whenever
A C U and U is semi-open in X. The complement of an Ig-closed set is said to be I -open,
equivalently if F C Int*(A) whenever F C A for every semi-closed set F in X.

Lemma 1. Every open set is I;g-open.

Lemma 2 ([Lemma 2.7, 2]). Let (X, 7,I) be an ideal topological space and B C A C X. Then
B*(IA, TA) == B*(I, T) ﬁA.

Lemma 3. If U is open and A is I~,-open, then U NA is I« -open.

Proof. We prove that X — (U NA) is [-,-closed. Let X — (UNA) C G where G is semi-
open in X. This implies (X —U)U (X —A) C G. Since (X —A) C G and (X —A) is I;,-
closed in X, therefore (X —A)* C G. Moreover X — U is closed and contained in G, therefore,
(X-U)"ccl(X-U)cG.Hence X—(UNA))"'=(X-DUX-A) " =(X-U)YUX—-A) CG.
This proves that U NA is I;-,-open.

Theorem 1. Let (X, 7,I) be an ideal topological space and B C A C X. If B is an I 4-closed set
relative to A, where A is open and I-4-closed in X, then B is I+ -closed in X.

Proof. Let B C G, where G is semi-open in X. Then B C ANG and AN G is semi-open in
X and hence in A. Therefore By C AN G. It follows from Lemma 2 that ANBy C ANG or
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A C GU(X —Byg). By Theorem 2.3 of [4], By, is closed in X and G U (X — By) is semi-open in X.
Since A is I+4-closed in X, A} € GU(X —B}) and hence B* = B*NA* € B"N[GU(X —B})] C G.
Therefore, we obtain B} C G. This proves that B is I;-,-closed in X.

Theorem 2. Let A be a semi-open set in a space (X, 7,1) and BCACX. If B is I;-g-closed in X,
then B is I g-closed relative to A.

Proof. Let B C U where U is semi-open in A. Then there exists a semi-open set V in X such
that U = ANV. Thus B C ANV. Now B C V implies that Bj, C V. It follows that ANB}, C ANV.
By Lemma 2, B} CANV = U. This proves that B is a I,-,-closed relative to A.

Corollary 1. Let B C A C X and A be open and I -closed in (X, 7,I). Then B is I,-closed
relative to A if and only if B is I 4-closed in X.

Theorem 3. If B is a subset of a space (X, 7,I) such that AC B C A* and A is I;-g-closed in X,
then B is also I 4-closed in X.

Proof. Let G be a semi-open set in X containing B, then A C G. Since A is [i+,-closed,
therefore A* C G and hence B* C (A")" C A" C G. This implies that B is I, ,-closed in X.

Theorem 4. Let B C A C X and suppose that B is Is-,-open in X and A is a semi-regular set in
X. Then B is I+ 4-open relative to A.

Proof. We prove that A—B is I-,-closed relative to A. Let U € SO(A) such that (A—B) C U.
Now (A—B)C (X —B) Cc UU(X —A), where UU (X —A) € SO(X) because A € SR(X). Since
X —B s I 4-closed in X, therefore (X —B)}; € UU(X —A) or (X —B);NA C (UU(X—A))NAC U.
By Lemma 2, (A—B), = (A—B)y NAC (X —B); NAC U and hence (A—B); C U. This proves
that B is I;+,-open relative to A.

Theorem 5. Let BCACX. B is I -open in Aand A is open in X then B is I 4-open in X.

Proof. Let F be a semi-closed subset of B in X. Since A is open, therefore F € SC(A). Since
B is I;-,-open in A, therefore F C Int)(B) = AN Int}(B) C Inty(B). This proves that B is
I;+g-open in X.

4. I..g-Continuous Functions

Definition 2. A function f : (X,7,I) — (Y,Q,J) is said to be weakly I-continuous [1] if for
each x € X and each open set V in Y containing f (x), there exists an open set U containing x
such that f(U) C cl*(V).

Definition 3. A function f : (X, 7,I) — (Y,9) is said to be I4-continuous if for every U € Q,
FYU)is Iy g-openin (X, Tx,I).
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Remark 1. Every continuous function is I;,-continuous and the converse need not be true as
seen from Example 2 (below).

Definition 4. A function f : (X,7) — (Y,,J) is said to be strongly I,-4-continuous if for every
Ig-openset U in Y, F~YU) is open in X.

Remark 2. Every strongly I+ ,-continuous function is continuous but the converse is not true in
general.

Example 1. Let X = {a, b,c,d} with T = {¢,X, {a}, {b}, {a, b}, {b,c},{a, b,c}}. Let

Y ={a,b,c,d} with Q= 1{¢,Y,{a},{b,c},{a,b,c}} andJ = {¢p,{a}}. Let f : (X,7) — (V,Q,J)
be defined by f(a)=Db, f(b)=a, f(c)=aand f(d) =d. Then f is continuous. Let U = {a, c}
then U is I;-g-open in Y but Ff~YU) = {a,c} is not open in X. Hence f is not strongly I g-
continuous.

Definition 5. A function f : (X, 7,I) — (Y,Q,J) is said to be weakly I-4-continuous if for each

x € X and each open set V in Y containing f(x), there exists an I;+,-open set U containing x
such that f(U) C cl*(V).

Remark 3. (1) Every weakly I-continuous function is weakly I;-,-continuous but the converse
is not true in general.

(2) Every I q-continuous function is weakly I+ -continuous.
By the above definitions, for a function f : (X, 7,I) — (Y,,J) we obtain the following
implications:

strong I+ -continuity = continuity = I« 4-continuity
U U

Weak [-continuity = weak I+ -continuity
Remark 4. I ,-continuity and weak I-continuity are independent of each other.

Example 2. Let X =Y = {a,b,c,d} and T = Q = {¢,X, {a, b}} with I = {¢, {a}, {b}, {a, b}}.
Define f : (X,7,I) — (Y,Q,I) by f(a) =a, f(b) =¢, f(c)=band f(d) = b. Then f is
I+ o-continuous but not weak I-continuous. Since for ¢ € X, f(c) = b and an open set V = {a, b}
containing f (c), the only open set containing c is U =X and f(U) € cl*(V) = {a, b}.

Example 3. Let X = {a,b,c,d}, T ={¢,X,{a,b}} and I = {¢, {a}, {b}, {a, b}}. Let

Y ={1,2,3,4}, Q={¢,{1,2}, Y} and J = {¢, {3}, {4}, {3,4}}. Define f : (X,7,I) — (Y, Q,I)
by f(a) =1, f(b) =3, f(c) =2 and f(d) = 4. fis weak I-continuous but not I 4-continuous.
Since V = {1,2} is open in Y but f (V) = {a, c} is not I;+o-open in X.

Theorem 6. Let f : (X, 7,I) — (Y,Q) be a function. Then, the following statements are equiva-
lent:

(1) fis Is*g-continuous.

(2) The inverse image of each closed set in Y is I,-closed in X.
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(3) The inverse image of each open set in Y is I;-,-open in X.

Definition 6. An ideal topological space (X, 7,I) is said to be T-dense if every subset of X is
*-dense in itself.

Definition 7. Let N be a subset of a space (X, 7,I) and x € X. Then N is called an I-,-open
neighborhood of x if there exists an I 4-open set U containing x such that U C N.

Theorem 7. Let (X, 7,I) be T-dense. Then, for a function f : (X,7,I) — (Y,Q) the following
statements are equivalent:

(1) fis Is*g-continuous.

(2) For each x € X and each open set V in Y with f(x) € V, there exists an I;-4-open set U
containing x such that f(U) C V.

(3) For each x € X and each open set V in'Y with f(x) €V, f (V) isan I+ o-open neighbor-
hood of x.

Proof. (1) = (2) Let x € X and let V be an open set in Y such that f(x) € V. Since
f is I;-4-continuous, FY(Vv)is I;+g-open in X. By putting U = f~YV), we have x € U and
fUu)cv.

(2) = (3) Let V be an open set in Y and let f(x) € V. Then by (2), there exists an
I-g-open set U containing x such that f(U) C V. Sox € U C F7Y(V). Hence f~1(V) is an
I;+-open neighbourhood of x.

(3) = (1) Let V be an open set in Y and let f(x) € V. Then by (3), f }(V) is an I g-
neighborhood of x. Thus for each x € f~!(V), there exists an I+ ,-open set U, containing
x such that x € U,  f~1(V). Hence f~}(V) = Uxef-1(v)Uyx and so by Theorem 2.12 [5],
F (V) is I;-g-open in X.

Theorem 8. A function f : (X,7) — (Y,Q,J) is strongly I;,-continuous if and only if the inverse
image of every I ,~closed set in Y is closed in X.

Theorem 9. (1) Let f : (X, 1) — (Y, ,J) be strongly I 4-continuous and
h:(Y,Q,J) — (Z,0) be I4-continuous, then ho f is continuous.

(2) Let f : (X,7,I) = (Y,Q) be I+,-continues and g : (Y,Q) — (Z,0) be continuous, then
gof:(X,7,I) > (Z,0) is Iy g-continuous.

Theorem 10. Let f : (X, 7,I) — (Y, Q) be I;+4-continuous and U € RO(X). Then the restriction
flU: U, 7y, Iy) — (Y,9Q) is I g-continuous.

Proof. Let V be any open set of (Y, Ty). Since f is I+ -continuous, fFHV)is I;-,-open in
X. By Theorem 2.14 of [5], f"H(V)NU is I;-g-open in X. Thus by Theorem 4
(FlU) Y (V)=f"Y(V)NUis I;-.-open in U because U is regular-open in X. This proves that
fIU:(U,7|U,I|U)—(Y,Ty) is [;+,-continuous.
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Theorem 11. Let f : (X,7,I) — (Y,Q,J) be a function and {U, : @ € V} be an open cover
of a T-dense space X. If the restriction f | Uy is I;-g-continuous for each a € V, then f is

I+ g-continuous.

Proof. Suppose F is an arbitrary open set in (Y,,J). Then for each a € V, we have
(f lU)Y(V)=f"Y(V)NU,. Because f | U, is I;+o-continuous, therefore,f ~1(V)NU, is Igg-
open in X for each a € V. Since for each a € V, U, is open in X, by Theorem 5, f ~}(V)N U,
is I;--open in X. Now since X is T-dense, by [Theorem 2.12 5], Ugevf 2 (VINU, = fFH(V)
is I;-g-open in X . This implies f is I;-,-continuous.

Theorem 12. If (X, 7,I) is a T-dense space and f : (X,7,I) — (Y,R) is I;-g-continuous, then
graph function g : X — X X Y, defined by g(x) = (x, f (x)) for each x € X, is I ,-continuous.

Proof. Let x € X and W be any open set in X X Y containing g(x) = (x, f(x)). Then
there exists a basic open set U x V such that g(x) C U x V. C W. Since f is I;-,-continuous,
there exits an I -open set U; in X containing x such that f(U;) € V. By Lemma 3, U; NU is
I-g-open in X and we have x € Uy NU c U and g(U; NU) CU XV C W. Since X is T-dense,
therefore by Theorem 7, g is I+4-continuous.

Theorem 13. A function f : (X, 7,I) — (Y,Q) is I;g-continuous if the graph function
g : X = X XY is Iyg-continuous.

Proof. Let V be an open set in Y containing f(x). Then X X V is an open set in X X Y
and by the I -continuity of g, there exists an I;-,-open set U in X containing x such that
g(U) € X x V. Therefore, we obtain f(U) C V. This shows that f is I;-,-continuous.

Theorem 14. Let {X, : a € V} be any family of topological spaces. If f : (X, 7,I) —  evX, is
an I g-continuous function, then Py o f : X — X, is I~ -continuous for each a € V, where P, is
the projection of I1X , onto X,,.

Proof. We will consider a fixed a, € V. Let G,, be an open set of X, . Then (Pao)_l(Gao)
is open in I1X,,. Since f is I -continuous, f ' ((Pg, ) 1(Gy,)) = (Py, © f)71(Gy,) is Iy g-open
in X. Thus P, o f is I;+,-continuous.

Corollary 2. For any bijective function f : (X, 1) — (Y,Q,J), the following are equivalent:
(D fFL:y,QJ)— X, 1)is I+ g-continuous.
(2) f(U)is Iy-g-open in'Y for every open set U in X.
(3) f(U)is I-g-closed in Y for every closed set U in X.

Proof. It is trivial.

Definition 8. An ideal topological space (X, 7,I) is an Rl-space [1], if for each x € X and each

open neighbourhood V of x, there exists an open neighbourhood U of x such that
xeUccl*(U)cV.
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Theorem 15. Let (Y,,J) be an RI-space and (X, T,I) be a T-dense space. Then
f:(X,7,I) = (Y,Q,J) is weak I q-continuous if and only if f is I 4-continuous.

Proof. The sufficiency is clear.

Necessity. Let x € X and V be an open set of Y containing f(x). Since Y is an RI-space,
there exists an open set W of Y such that f(x) € W c cl*(W) C V. Since f is weakly I,-
continuous, there exists an I;-,-open set U such that x € U and f(U) C cl*(W). Hence we
obtain that f(U) C cI*(W) C V. By Theorem 8, f is I, ,-continuous.
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