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Abstract. It is well known that in economics and finance, the data usually have “fat tail” and in this
case the Normal distribution is not a good model to use. The skew normal distributions recently draw
considerable attention as an alternative model. Unfortunately, the distribution of the sum of log-skew
normal random variables does not have a closed form. In this work, we discuss the use of lower
convex order of random variables to approximate this distribution. Further, two application of this
approximate distribution are given : first to describe the final wealth of a series of payments, and
second to describe the present value of a series of payments.
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1. Preliminaries

Definition 1. Consider two random variables X and Y such that E[¢(X)] < E[¢(Y)], for all
convex functions ¢, provided expectation exist.Then X is said to be smaller than Y in the convex
order denoted as X <., Y.

Definition 2 (Convex order definition using stop-loss premium). Consider two random vari-
ables X and Y. Then X is said to precede Y in convex order sense if and only if

E[X —d);]<E[(Y —d); ], I—x00(d)

where
(X —d), =max(X —d,0)
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An equivalent definition can be derived from the following relation

E[(X -d);]-E[(d-X);]=EX)—d

For the random variable Y the same relation is given by,

E[(Y —d);]-E[(d-Y) ] =E(Y)—d

Now assume X <., Y, which implies that

and

E[X -d);]<E[(Y —d); ], I(—x00(d)

Hence

E[(d -=X);] <E[(d - Y),]

Therefore, a definition equivalent to the definition here is

E[(d - X),] <E[(d - Y),]

1.1. Properties of Convex Ordering of Random Variables

1.

If X precedes Y in convex order sense i.e if X <., Y, then E[X] =E[Y] and
Var[X] < Var[Y]

. IfX <., Y and Z is independent of X and Ythen X +Z <_, Y+ Z

. Let X and Y be two random variables, then X <., Y & —X <_, Y

—CX

. Let X and Y be two random variables such that E[X] = E[Y]. Then X <., Y if and only

ifEIX —a| <, E|lY —a|,Vae®

. The convex order is closed under mixtures: Let X, Y and © be random variables such

that [X|©@ = 0] <., [Y|® = 0]V0 in the support of ©. Then X <., Y.

—CXx

. The convex order is closed under convolution: Let X;,X,,...,X,, be a set of independent

random variables and Y;,Y,,...,Y, be another set of independent random variables. If
X; S Yy, fori=1,...,m, then 3777, X; <., >0, Y;

Let X be a random variable with finite mean. Then X + E[X] <., 2X

. Let X;,X,,...,X,, and Y be (n+1) random variables. If X; <., Y, i = 1,....,n, then

n . n
D14 X; <. Y, whenevera; >0,i=1,...,nand ), _,a;=1
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9. Let X and Y be independent random variables. Then X; <., Y; if and only if
E[¢(X,Y)] <E[¢(Y,X)]Ve € py, where

Pex =10 1 R2 — R : p(X,Y) — ¢(Y,X) is convex for all x € y}.

10. Let X; and X, be a pair of independent random variables and let Y; and Y, be another
pair of independent random variables. If X; <., Y;,i=1,2 then X, X, <., V1 Y.

2. Main Result of Convex Ordering

Theorem 1. For any random vector X = (X1,Xs, .....,X,;,) and any random variable A, which is
assumed to be a function of X, we have,

n n
D EXIA] < Y X
i=1 i=1

Proof. From the definition 1 we have, X <., Y if and only if E[¢(X)] < E[¢(Y)]. In
accordance with this definition we need to show that

Er[¢ O EIXIAD] <ex E[6(D X))
i=1 i=1
Now,
E[¢(D_ X1 =E\EL(D_X)IA] = EA[$(EQ_X;|A)] = Ex[¢(D_ ELX;|A])]
i=1 i=1 i=1 i=1

The last inequality was obtained by Jensen’s inequality, which states that for any convex
function ¢,

P(E(X)) < E(¢(X))
Therefore,
Exl¢ QL EXIAD] < E[6 (D X))
i=1 i=1
Hence,

n n
D EXIA] S DX
i=1 i=1

which completes the proof.
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2.1. Lower Bound Approximations of the Distribution Sum of Random Variables
with Convex Ordering

In this section we will describe two examples [follow from 1] that show how distribution
function of the sum of random variables can be approximated by convex order of random
variable.

Example 1 (Approximation of distribution sum of two independent standard normal random
variables). Suppose X and Y be independent N (0, 1) random variables. We want to derive lower
bounds for S = X + Y. In this case we know the exact distribution of S, i.e S ~ N(0,2). Let us
see how lower bound approximation works in this case.

Let Z =X +aY for some real a. Then Z ~ N(0,1+ a?). The conditional distribution of S|Z
is

Ps,z0s
Nlus + (Z = pz), 031 = p3 )]
z
= = - 1ta
Here Cov(X+Y,X+aY) =1.1cov(X,X)+1.acov(Y,Y) = 1+aand pg z NoNiEreh Therefore,
1+a (1-a)?
S|Z~N|Z .
| [ 1+a? 1+a? ]

Hence
1+a 5 (1+a)?

1+ a? [0, 1+ a? ]
Therefore, for some choices of a, we get the following distribution for the lower bound for S:

E[S|Z] =

a=0 gives N(0,1)<.,S=X+Y ~N(0,2)

a=1 gives N(0,2)<.,S=X+Y ~N(0,2)
a=-1 gives N(0,0)<,S=X+Y ~N(0,2)

Thus in this case best lower bound is obtained for a = 1 which is the exact distribution. The
variance of the lower bound can be seen to have a maximum at a = 1 and a minimum at
a=-1

Example 2 (Approximation of distribution sum of two lognormal random variables). Suppose
Y; and Y, be independent N(0,1). Define X; = "' = X, ~ lognormal(0,1) and X, = e"1*?2 =
Xy ~ lognormal(0,2). We want to find the lower bound for the distribution of S = X; +X,. Let
Z =Y, +Y,. As shown in example 1, the conditional distribution of Y; given Z is,

1 1
(h+Y)=2 NN(EZ’E)

Therefore, E[X; = e"1|(Y; + Y;) = 2] = My (1, %Z, 1), where Y ~ N(u, 02)

= (1z+1)
e eTY
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We also observe that E[X,|(Y; +Y,) = 2] = e?.Therefore the lower bound for approximating the
distribution of S = X; + X, is §; = E[(X; + X,)|Z] = exp(%Z + %). It can be easily verified

that E(S;) = E[exp(%Z + %)] =e? +eand E(($)*) = e> +2e> + e*. Thus the variance of the
lower bound is 64.374 and is close to the variance of S = 67.281. The idea is to obtain lower
convex bound in such a way that the variance of the lower bound gets as close as possible to the
variance of the sum. With this view in mind considering more general form of the conditioning
variable as Z = Y, + aY,, it could be shown that optimal lower bound is reached for a = 1.27
and the variance of S; in this case is 66.082. Thus choosing the conditioning variable is crucial
in determining the lower convex order bound.

3. Application of Convex Order of Random Variables in Finance and Economics

Let ag, Ay, s, ..., 0, 1 be non-negative real numbers. Let Y = (Y7, Y>,...,Y,)T be a mul-
tivariate skew normal random vector with specified mean vector and variance-covariance ma-
trix and satisfying additive properties. Define, Z; = Zzzi 41 Y%1=0,1,...,n—1, that is, Z;’s
are linear combinations of the components (Y7,Y5,...,Y,). With the components so defined,
consider the sum

—_

n—1 n—
S — alezl — aieYi+1+,...,+Yn (1)

~
Il
o
~
Il
o

From economic or actuarial point of view, the sum S could be interpreted as the final wealth
or terminal wealth or the accumulated value of a series of deterministic saving amounts or
alternatively the accumulated value of a series of payments. In this situation, a; (i =0,...,n—
1) represents yearly saving in period i or amount invested in period i, Y;, ; refers to the random
rate of return in period i fori =0,...,n—1. The term Y}, = log% =logP,—logP_; i.e e¥*
= %, where P, is the price of the asset at period k , for k = 0,...,n; is called the random
log-return in period k and Z; denote the sum of stochastic or random returns in period i,
i =0,...,n— 1. With suitable adjustment, S could also be referred as the present value of
a series of payments. To be more precise, if —Z; denotes the stochastic log-return over the
period [0,i], then e% represents the stochastic discount factor over the period [0, i]. In this
situation, the sum S is the present value of a; [4].

The sum defined in (1) plays a central role in the actuarial and financial theory because it
allows computation of risk measures such as value at risk or stop-loss premium. To calculate
the risk measures we need to evaluate the distribution function of S. Unfortunately, the dis-
tribution of the sum S (of log-normally or log-skew normally distributed random variables)
is not available in the closed-form. It is possible to use Monte Carlo simulation method to
approximate the distribution function. However, Monte Carlo simulation of the distribution
is often time-consuming. Thus one has to find alternate way to approximate the distribution
of the sum. Among the proposed solutions, moment matching methods, lognormal and in-
verse gamma approximations are commonly used. Both methods approximate the unknown
distribution function by a given one such that the first two moments coincide.

Kaas, et al. [2] and Dhaene, et al. [1] propose to approximate the distribution function
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of S by so called “convex lower bound”. The underlying idea of convex lower order bound is
to replace an unknown or too complex distribution ( for which no explicit form is found) by
another one which is easier to determine. In this approach, the real distribution is known to
be bounded in terms of convex ordering to the approximated distribution. To be more precise,
by Theorem 1, the distribution function of S = Z?:_ol a,;e?i is approximated by the distribution
function of S;, where S; is defined by,

n—1
Si= a:E(e% |A) )
i=0

An appropriate choice of the conditioning random variable A is required. This approach has
two-fold advantages. Firstly, use of this approach transforms the multidimensionality problem
caused by (Zy,Zs,...,Z,_1) to a single dimension caused by A. Secondly, an appropriate
choice of A (that makes the expectation in (2) non-decreasing or non-increasing function of
the conditioning random variable A) will make a comonotonic sum i.e the elements of the sum
in (2) posses the so called comonotonic dependence structure. Using additivity properties of
sum of comonotonic random variables risk measures related to the distribution function of S is
then approximated by the corresponding risk measures of S;. According to [2], comonotonic
upper bound for the sum in convex order sense can also be derived using the result

n—1 n—1
in Sex Z FXi(U):
i=0 i=0

where U is the uniform random variable over (0,1). However, comonotonic upper bounds
generally provide too conservative estimates of the cumulative distribution function [3]. Thus
we only discussed convex lower bound here.

Remark 1. In general, the random vector (E(Xy|A), E(X1|A), ..., E(X,_1|A)) does not have the
same marginal distribution as (Xy,X1,...,X,_1). However, if the conditioning random variable
A is chosen in such a way that all random variables E(X;|A), (i = 0,1,2,...,n — 1) are non-
decreasing functions of A (or non-increasing functions of A), then the sum Z::ol E[X;|A] is a
sum of n comonotonous random variables and can be referred to as comonotonic lower bound.
Hence risk measures for the sum could easily be obtained by summing the corresponding risk
measures for the marginals involved.
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