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Abstract. In this study, we consider a manifold equipped with semi symmetric metric connection
whose the torsion tensor satisfies a special condition. We investigate some properties of the Ricci tensor
and the curvature tensor of this manifold . We obtain a necessary and sufficient condition for the mixed
generalized quasi-constant curvature of this manifold. Finally, we prove that if the manifold mentioned
above is conformally flat, then it is a mixed generalized quasi- Einstein manifold and we prove that
if the sectional curvature of a Riemannian manifold with a semi symmetric metric connection whose
the special torsion tensor is independent from orientation chosen, then this manifold is of a mixed
generalized quasi constant curvature.
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1. Introduction

The notion of a generalized quasi- Einstein manifold was introduced by De and Ghosh [5].
A non-flat Riemannian manifold M is called a generalized quasi Einstein manifold if its Ricci
tensor Ry; is not identically zero and satisfies the condition

Rkj = agkj + ﬁuku]’ + ')/Vij

where a, 3,y are non-zero scalars and u;, and v, are covariant vectors such that u; and v, are
orthogonal to each other vector fields on M. The mixed generalized quasi Einstein manifold
was defined by Bhattacharyya and De [1]. A non-flat Riemannian manifold M is called a
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mixed generalized quasi Einstein manifold if its Ricci tensor Ry ; is non-zero and satisfies the
condition
Rkj=agkj+[5akaj+}fbkb]+1?[akbj-l—bkaJ (1)

where a, 8,7, are non-zero scalars and a; and b; are covariant vectors such that a; and by
are orthogonal unit vector fields on M. Moreover, it is stated that a Riemannian manifold is of
a mixed generalized quasi constant curvature if the curvature tensor of this manifold satisfies
the condition

Rikjm =P [ 8kj&im — 8ij&km] 2)
[g makdj — &kma;iAj + 8k;jAiAm — gijakam]
+5 [ 8imbib; — gkmbib; + &k;bibm — &ijbkbm |
+t [{akbj + bkaj}gim - {a bj + b;a; }gkm
+ {a;by, + b;an} gk — {axby, + bray, } gi]}
where p,q,r,s,t are non-zero scalars and a; and b, are covariant vectors such that a; and by

are orthonormal unit vector fields on M [1].
Let V be a linear connection on M . The torsion tensor is given by,

T(X,Y)=VyY —VyX — [X,Y]

The connection V is symmetric if its torsion tensor T vanishes, otherwise it is non-symmetric.
If there is a Riemannian metric g in M such that

Vg=0 3)

then the connection V is a metric connection, otherwise it is non-metric [12]. A linear con-
nection is said to be a semi symmetric connection if its torsion tensor T is of the form

TX,Y)=w(Y)X —wX)Y 4)

where w(X) = g(X,U) and U is a vector field. In [9], Pak showed that a Hayden connection
with the torsion tensor of the form (4) is a semi symmetric metric connection. In [11], Yano
proved that in order that a Riemannian manifold admits a semi symmetric metric connection
whose curvature tensor vanishes, it is necessary and sufficient that the Riemannian manifold
be conformally flat, for some properties of Riemannian manifolds with a semi symmetric
metric connection, see also [4, 6, 8, 10]

The components of semi symmetric metric connection are given by

l
I = {ik}+5ﬁwk—gikwl (5)

where w, and w! = w,g!! are covariant and contravariant components of a vector field, re-
spectively and

~ t

Viw; = Viw; —wiw; + wgi;, w = ww (6)
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By using (5), we obtain,

Rikjm = Rikjm = &imTkj + &m™ij — &kjTim + &ij Tkm (7)

where }_Qikjm and R;ijm are the Riemannian curvature tensors of V and V, respectively [11].
And 7 is a tensor field of type (0, 2) defined by

1
’/Tk]:kaJ _WkW)+§gk]W (8)
Transvecting the equation (7) with g™, we get
Ryj =Ry; — (n—2)my; — mgy; 9

where }_ij and Ry; are the Ricci tensors for the connections V and V, respectively and
— im
T=";g . _
Multiplying (9) by g*/, we obtain

R=R-2(n-1nx (10)
where R and R are the scalar curvatures of semi symmetric metric connection and the Levi-

Civita connection, respectively.

2. A Riemannian Manifold Admitting a Special Semi Symmetric Metric
Connection

De and Sengupta considered a semi symmetric metric connection and studied some prop-
erties of an almost contact manifold of a semi symmetric metric connection whose the torsion
tensor satisfies a special condition different from the following condition [2]. In this section,
we consider a manifold equipped with a semi symmetric metric connection whose the torsion
T satisfies the following condition

ngilk = ajTilk + bjblgik + 5§'biak 11
where b! = b,g!!. The equation (4) can be written in the following form
Tl.lk = 5ll.wk — 511(Wl-
Contracting on [ and i in the last equation, we get
Tllk =(n— 1w, (12)

Thus, we can find
VT =(n—1)Vw, (13)

Moreover, by using (11), we obtain

$jTllk=ajTllk+ bjbk‘l‘ bjak (14)
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From (12)-(14), it is found that

— 1 1
ijkzajwk+ b]bk+ 1b]ak

After that, from the covariant derivative of w, with respect to V, we get the following

Viw, = $jwk +wiw; — gixw
Substituting (16) in (8), we find
Tj = §kw]~ - %gkjw
Again, using (15) and (17) , we obtain
1

bra; — - gijw

1
7'Ck ClkW ‘+‘ bkb ‘+‘ i 2

-1
Then, if we substitute (18) in (7), we get
Ry =R

ikjm ikjm

+W(&m&f_&m&0

1 1

— &im (akw +— bkb + bka )
1 1

+ &xm ain+mbibj+mbiaj

1 1
— g | g — bb, +——b,
gk] (Clle‘l‘n_ i m_l_n_1 lam)

1
1 1
+ gl] (ClkW + — bkb + 1 bkam)

From (19), we have the following theorem:

155

(15)

(16)

(17)

(18)

(19)

Theorem 1. The curvature tensor of a Riemannian manifold admitting a semi symmetric metric

connection whose the torsion tensor satisfies the condition (11) is of the form (19).

Now, we recall some theorems which will be used in this section:

Theorem 2. [3] The Ricci tensor S(X,Y) of a semi symmetric metric connection V with the

associated 1-form w will be symmetric if and only if w is closed.

Theorem 3. [3]A A necessary and sufficient condition that the Ricci tensor of the semi symmetric
metric connection V to be symmetric is that the curvature tensor R of (0,4) type with respect to

the connection V satisfies one of the following two conditions:

U Rixjm = Rjmik
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i Rikjm +Rkjim +Rjikm =0.
From (19), we can write
Rjmik = Rjmik (20)
+w (gjkgim - gmkgji)

1 1
— gjk (amwi + mbmbi + mbmai)
1 1
+ &k a;w; + mb'jbi + mbjai
1 1
—8mi | 4jWk + mb] bk + mb]’ak
1 1
+ &ji | amWi + ——=bp b + ——=bpax
n—1 n—1
we assume that the associated 1-form w of a Riemannian manifold admitting a semi sym-
metric metric connection whose the torsion tensor satisfies the condition (11) is closed. In

virtue of Theorem 2, the Ricci tensor of a Riemannian manifold with a semi symmetric metric
connection is symmetric. Thus, due to Theorem 3, we get

Ejmik = ﬁikjm @D

1
_ "},
1 a"(wf n—1 1)
1
F8km | i | Wj— =705 |~
1

! b

A A L

1
+8kj | @ | Wi = 7 bi |~ | Wi~ ——7bn

1 1
+8ij |G| Wm = =7 bm | ~@m | W m 7D

Transvecting (22) with g™ , we get
1 1
(Z—Tl) ag W]—mbj —(lj Wk_n—lbk =0 (23)

Since n > 2, we get
1 1
aj (W]—mbj) =a]- (Wk—n_lbk) (24)

Now, permutating the indices and adding the three equations side by side, we obtain

In case the equation (21) is satisfied, we find

1
0=8im |:aj (Wk - bk)
- b

(22)

Rikjm + Rjim + Rjikm (25)
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1 1

= &im Clj Wk_n—]_bk — Qg Wj—mb]
1 1

+8km | @ | Wi = ——7bj | —a; {wi— —=bi
1 1

+ &jm | Ak Wi—mbi —q; Wk—n_lbk

Conversely, let us assume that (24) is satisfied. Then, the expression on the right side of (25)
vanishes. It means that the curvature tensor of the connection V satisfies the first Bianchi
Identity. Due to Theorem 3, the Ricci tensor with respect to the connection V is symmet-
ric. Because of Theorem 2, the associated 1-form w of a Riemannian manifold with a semi
symmetric metric connection is closed. Hence, we can establish the following theorem:

Theorem 4. A necessary and sufficient condition that the associated 1-form w of a Riemannian
manifold with a semi symmetric metric connection whose the torsion tensor satisfies the condition
(11) to be closed is that the condition (24) is satisfied.

Suppose that w is closed. Substituting (15) in (16), we get

1 1
vjwk:ajwk-’_mbjbk-’_mbjak-i_wkwj _gjkW (26)
Subtracting the corresponding equation found by interchanging k and j in (26) from (26), we
get the equation (24). Thus, by using Theorem 2, Theorem 3 and Theorem 4, we have the

following Theorem:

Theorem 5. In a Riemannian manifold with a semi symmetric metric connection whose the
torsion tensor satisfies the condition (11), a necessary and sufficient condition that the condition
(24) to be satisfied is that it is satisfied any one of the following properties:

i The curvature tensor with respect to the connection V of this manifold has the properity of
block symmetry,

ii The curvature tensor with respect to the connection V of this manifold satisfies the first
Bianchi Identity,

iii The Ricci tensor of this manifold is symmetric.

3. Conformally Flat Manifolds with Semi Symmetric Metric Connection
Satisfying some Special Condition

In this section, we shall investigate a Riemannian manifold M admitting a semi symmetric
metric connection whose the torsion tensor satisfies a special condition in the case of confor-
mally flat. Firstly, we consider the condition (11). Then,

6{, Tilk = a]-Tl.lk + bjblgik + 5§ bl-ak (27)
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where a; and b be orthogonal to each other. The conformal curvature tensor is given by
1
Cikjm = Rikjm — — [Rimgkj —Rim&ij + Rij&im _Rijgka (28)

R

+ n—Dn-2) [gimgkj - gkmgij]
Now, we remember that it is well known the following Theorem:

Theorem 6. [11] In order that a Riemannian manifold admits a semi symmetric metric con-
nection curvature tensor vanishes, it is necessary and sufficient condition that the Riemannian
manifold be conformally flat.

Suppose that this manifold is conformally flat. Hence, we can write

Rigjm =0 (29)
Therefore, due to (7) and (29), we obtain
Rikjm = &imTkj — &kmTij + &kjTim — &ij Tkm (30)
Multiplying (29) by g™, we get the corresponding identity
Ry;j =0 (31)

Transvecting (19) with gim and using (31), we have

1 1
Rkj= |:(1—H)W+ (a Wm+mb+mb am)i| 8kj (32)

1 1
+ (Tl - 2) (Clij + mbkb'j + mbkaj)

where a™ = a;g'™, b = b,,b™ # 0. Since a; and b, are the orthogonal vector fields, it can be
written

1 1 1

where a™w,, = ¢ is a non-zero scalar function. Subtracting (33) from the corresponding
equation found by interchanging k and j in (33), we get (24). Transvecting (24) with a’b* ,
we find b

a

—1 (34)

kak =

where a™a,, = a # 0. From (34), it is seen that b, can not be orthogonal to w; . Again,
multiplying (24) by a*, we get

1
wj = 60a; + ——b; (35)

n—1"
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where 0 = % # 0. By using (35), we find that a; is not orthogonal to w;. Substituting (29)
and (35) in (19), we obtain

lk]m (gkmgl] glmgk]) (36)
+0 [ aj — 8kma;iaj + 8kjdidm _gijakam:|
1
+ - [glmbkbj — Zkmbib; + &ijbibm — &ijbibm |

1
R [ 8im (axb; + bxa;) — gim (a;b; + bia;)

+81; (aibm + biay) — &ij (arby + bray) |

Ifw=20¢ —I— 1)2
(36) is equlvalent to (2). This implies that such a manifold is of a mixed generalized quasi
constant curvature.

Multiplying (36) by g™ ,we obtain

# 0, and since q; and b, are the orthogonal vector fields, the equation

n—2
= ugrj+(n—2)0axa; +( )(bkb + aib; +bka]) (37)

where

—(1—n)w+9a+L1 (38)

Suppose that u # 0.
Conversely, suppose that this manifold is of a mixed generalized quasi constant curvature.
Multiplying (2) by g™ , we obtain
Ryj = [p(n—1)+qa+ bs] gx; +q(n—2)ara; (39)
+5(n — 2)bib; + t(n — 2) (arb; + bra;)

Transvecting (39) with g%/ | we find

R=(n—-1)[np+2qa+2sb] (40)

Let us substitute (2) , (39) and (40) in (28).Then, if w =—p,0 =qand t =s = ﬁ, we get

Cikjm =0
We may now establish the following theorem:

Theorem 7. In a Riemannian manifold with a semi symmetric metric connection whose the
torsion tensor satisfies the condition (27), a necessary and sufficient condition that this manifold
to be of a mixed generalized quasi constant curvature is that it is conformally flat.

When we compare (37) with (1), if p(n — 1) + qga + bs # 0, we can say that this manifold
is a mixed generalized quasi Einstein manifold. Thus, we can state the following theorem:
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Theorem 8. A conformal flat Riemannian manifold with a semi symmetric metric connection

whose the torsion tensor satisfies the condition (27) is a mixed generalized quasi Einstein mani-
fold.

Theorem 9. [13] If a Riemannian manifold admits a semi symmetric metric connection with
constant sectional curvature, then this manifold is conformally flat.

Thus, in virtue of Theorem 7, Theorem 8 and Theorem 9, we can establish the following
theorems:

Theorem 10. If the sectional curvature of a Riemannian manifold with a semi symmetric metric
connection whose the torsion tensor satisfies the condition (27) is independent from the orienta-
tion chosen, then

i It is of a mixed generalized quasi constant curvature,
ii It is a mixed generalized quasi Einstein manifold.

Theorem 11. If the sectional curvature of a Riemannian manifold with a semi symmetric metric
connection whose the torsion tensor satisfies the condition (27) is independent from the orienta-
tion chosen, then the condition (24) is satisfied.
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