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Abstract. In this paper, Euler’s and De Moivre’s formulas for complex numbers and quaternions are

generalized for the dual quaternions. Also, the matrix representation of dual quaternions is expressed.
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1. Introduction

A dual number z is an ordered pair of real numbers (x , y) associated with a real unit +1

and the dual unit, or operator ǫ, where ǫ2 = ǫ3 = . . . = 0 . A dual number is usually denoted

in the form

z = x + ǫ y. (1)

Thus, the dual numbers are elements of the 2-dimensional real algebra

D = R[ǫ] = {z = x + ǫ y|x , y ∈ R,ǫ2 = 0,ǫ 6= 0}
generated by 1 and ǫ, [7].

Addition and multiplication of the dual numbers are defined by

(x + ǫ y) + (a+ ǫb) = (x + a) + ǫ(y + b), (2)

(x + ǫ y).(a+ ǫb) = (xa)+ ǫ(x b+ ya). (3)

This multiplication is commutative, associative and distributes over addition. The conjugate

dual number z̄ of z = x + ǫ y is defined by z̄ = x − ǫ y and we obtain

zz̄ = x2. (4)
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The algebra of dual numbers has been originally conceived by W.K Clifford [4], but its first

application to mechanics are due to E. Study [8]. Because of conciseness of notation, dual

algebra has been often used for the search of closed form solutions in the field of displacement

analysis, kinematic synthesis and dynamic analysis of spatial mechanisms.

Dual numbers can be represented as follows:

1. Gaussian representation: z = x + ǫ y

2. Polar representation: z = ρ(1+ ǫϕ)

3. Exponential representation: z = ρeǫϕ, where ρ = x(x 6= 0),ϕ = y/x and eǫϕ = 1+ǫϕ.

As the complex number,|z| = |x |= ρ is called the modulus of the dual number z and ϕ = y/x

is called the parameter, [2,9]. If |z| = 1, then z = x+ǫ y is called unit dual number and the set

that satisfy |z| = 1 (or x =∓1) is called Galilean unit circle on the Dual plane. For any real ϕ,

the Galilean cosine of ϕ (abbreviated cosg ) and the Galilean sine of ϕ (abbreviated sing) are

the x− and y− coordinates of the point P = (x , y) on the Galilean unit circle, respectively.

Furthermore, the Galilean cosine, cosgϕ , and the Galilean sine, singϕ , are defined by

cosgϕ = x/x = 1, singϕ = y/x = ϕ (5)

for all real ϕ , (see, [5]). The following formulas can be checked algebraically by using the

definition of cosg and sing and the laws of exponents:

cosg(x + y) = cosg x cosg y − ǫ2sing x sing y,

sing(x + y) = sing x cosg y + cosg x sing y (6)

cosg2 x + ǫ2sing2 x = 1.

The dual number has a geometrical meaning which is discussed detail in [5,7].

2. Dual Quaternions

A dual quaternion Q is a linear combination Q = a1+ bi+ c j+dk , where a, b, c, d are real

numbers and 1 = (1,0,0,0), i = (0,1,0,0), j = (0,0,1,0), k = (0,0,0,1). The sum of quater-

nions is the usual componentwise sum and the multiplication is defined so that (1,0,0,0) is

the identity and i, j and k satisfy

i2 = j2 = k2 = i jk = 0. (7)

It follows from (7) that i j = − ji = jk = −k j = ki = −ik = 0.

The set of dual quaternions denoted by

HD = {Q = a+ bi + c j + dk| a, b, c, d ∈ R, i2 = j2 = k2 = i jk = 0}.
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We can also write Q = a+w, where a is the real part of Q and w = bi + c j + dk ∈ R3, called

the pure dual quaternion part of Q . The conjugate of Q is Q̄ = a −w. A simple computation

shows

w1w2 = 0 (8)

where w1 and w2 are the pure dual quaternions. Let a1, a2 be real numbers. Then,

Q1Q2 = (a1+w1)(a2 +w2) = a1a2+ a1w2 + a2w1 = Q2Q1. (9)

It follows form (8) that Q1Q2 = Q1 Q2 = Q2 Q1 for two dual quaternions . The norm of a

dual quaternion Q = a + bi + c j + dk = a +w is defined as ||Q|| =
p

QQ̄ =
p

a2 = |a|. If

||Q||= 1, then Q is called unit dual quaternion.

The set HD forms a commutative ring under the dual quaternion multiplication and also

it is a vector space of dimensions four on R and its basis is the set {1, i, j, k}. The interesting

property of dual quaternions is that by their means one can express the Galilean transforma-

tion in one quaternion equation. Since the multiplication and ratio of two dual quaternions

Q1 and Q2 is again a dual quaternion, the set of dual quaternions form a division algebra

under addition and multiplication.

For more details on dual quaternions, we refer the reader to [1], [6].

3. Euler’S Formula and De Moivre’S Formula for Dual Quaternions

Let Q = a+bi+c j+dk be a unit dual quaternion. We can express any unit dual quaternion

Q as

Q = cosgθ +wsingθ (10)

where w =
bi+c j+dkp
b2+c2+d2

and singθ = θ =
p

b2 + c2 + d2. This is similar to the polar coordi-

nated expression of a complex number z = cosϕ + i sinϕ. Since w2 = 0 for any pure dual

quaternion w, we have a natural generalization of Euler’s formula for dual quaternion

ewθ = 1+wθ +
(wθ)2

2!
+
(wθ)3

3!
+ . . . = 1+wθ = cosgθ +w singθ = Q

for any real Q . For more on Euler’s formula for complex numbers and real quaternion, we

refer the reader to [2,3].

We can give the following Lemma using equation (6) according to the addition formula

for Galilean cosine and Galilean sine:

Lemma 1. For any pure dual quaternion w, we have,

1. ewθ1 ewθ2 = ew(θ1+θ2)

2. 1

ewθ = ew(−θ )

3. ewθ1

ewθ2
= ew(θ1−θ2)
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Proposition 1 (De Moivre’s formula). Let Q = ewθ = cosgθ +wsingθ be a unit dual quater-

nion. Then,

Qn = (ewθ )n = (cosgθ +wsingθ)n = cosg(nθ) +wsing(nθ)

for every integer.

Proof. The proof will be a induction on nonnegative integers n using equation (6):

Qn+1 = (cosgθ +wsingθ)n+1

= (cosg(nθ) +wsing(nθ)) (cosgθ +wsingθ)

= cosg(n+ 1)θ +wsing(n+ 1)θ .

The formulas holds for all integers n since

Q−1 = cosgθ −wsingθ

and

Q−n = cosg(nθ)−wsing(nθ) = cosg(−nθ) +wsing(−nθ).

4. The Matrix Representation of the Dual Quaternions

Let Q = a + bi + c j + dk be a dual quaternion. We will define the linear map LQ as

LQ : HD → HD such that LQ(Q1) = QQ1. Using our newly defined operator and the basis

{1, i, j, k} of the vector space HD, we can write

LQ(1) = Q× 1= a1+ bi + c j + dk

LQ(i) = Q× i = 01+ ai + 0 j+ 0k

LQ( j) = Q× j = 01+ 0i + a j + 0k

LQ(k) = Q× k = 01+ 0i+ 0 j+ ak.

Then, we find the following real matrix representation

LQ =











a 0 0 0

b a 0 0

c 0 a 0

d 0 0 a











.

It is interesting to note that
p

det LQ = a2 = ||Q||2.
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