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Abstract. The famous Tricomi equation was established in 1923 by E G. Tricomi who is the pioneer
of parabolic elliptic and hyperbolic boundary value problems and related problems of variable type. In
1945 E 1. Frankl established a generalization of these problems for the well-known Chaplygin equation
subject to a certain Frankl condition. In 1953 and 1955 M. H. Protter generalized these problems
even further by improving the Frankl condition. In 1977 we generalized these results in several n-
dimensional simply connected domains. In 1990 we proposed the exterior Tricomi problem in a doubly
connected domain. In 2002 we considered uniqueness of quasi-regular solutions for a bi-parabolic
elliptic bi-hyperbolic Tricomi problem. In 2006 G. C. Wen investigated the exterior Tricomi problem
for general mixed type equations. In this paper we establish uniqueness of quasi-regular solutions
for the exterior Tricomi and Frankl problems for quaterelliptic - quaterhyperbolic mixed type partial
differential equations of second order with eight parabolic degenerate lines and propose certain open
problems. These mixed type boundary value problems are very important in fluid mechanics.
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1. Introduction

In 1904 S. A. Chaplygin [11] pointed out that the nonlinear equation of an adiabatic
potential perfect gas:

(pZaZ - wyz)lpxx + lexwylpxy + (pzaz - wxz)wyy =0,
is closely connected with the study of the linear mixed type equation

K(y)uyx +u,, =0
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named Chaplygin equation, where v = ¢(x, y) is the stream function, a := local velocity of
sound and p := density of gas.

In 1923 E G. Tricomi [19] initiated the work on boundary value problems for linear partial
differential mixed type equations of second order and related equations of variable type. The
well-known mixed type partial differential equation was called Tricomi equation:

YlUyy +uy, =0

after E G. Tricomi, who introduced this equation, for functions u = u(x, y) in a real
(x,y)—region. It plays a central role in the mathematical analysis of the transonic flows, as
it is of elliptic and hyperbolic type where the coefficient y of the second partial derivative of
the involved function u = u(x, y) with respect to x, changes sign. Besides, this equation is of
parabolic type where y vanishes.

In 1945 E 1. Frankl [3] drew attention to the fact that the Tricomi problem was closely con-
nected to the study of gas flow with nearly sonic speeds. In 1953 and 1955 M. H. Protter [7]
generalized and improved the afore-mentioned results in the euclidean plane. In 1977 we
[8] generalized these results in R" (n > 2). In 1982 we [9] established a maximum principle
of the Cauchy problem for hyperbolic equations in R**! (n > 2). In 1983 we [10] solved the
Tricomi problem with two parabolic lines of degeneracy and, in 1992, we [12] established
the well-posedness of the Tricomi problem in euclidean regions. Interesting results for the
Tricomi problem were achieved by G. Baranchev [1] in 1986, and M. Kracht and E. Kreyszig
[4] in 1986, as well. Related information was reported by G. Fichera [2] in 1985, and E.
Kreyszig [5-6] in 1989 and 1994. Our [11,14-15] work, in 1990 and 1999, was in analogous
areas of mixed type equations. In 1990-2009, G. C. Wen et al. [17,20-28] have applied the
complex analytic method and achieved fundamental uniqueness and existence results for solu-
tions of the Tricomi and Frankl problems for classical mixed type partial differential equations
with boundary conditions. In 1993 R.I. Semerdjieva [18] introduced the hyperbolic equation
Ky (¥ )uyey + (Ky(¥)uy )y + ru = f in the lower half-plane. In 1997 we [13] considered the
more general case of the above hyperbolic equation, so that it was elliptic in the upper half-
plane and parabolic on the line y = 0. In 2002, we [16] considered the more general Tricomi
problem with partial differential equation the new bi-parabolic elliptic bi-hyperbolic equation

Lu = Ky (¥ )(M(o0)uy ) + My (X)(Ka(y)uy )y 4+ 1(x, yJu = f(x, ¥), €8]

which is parabolic on both segments x = 0,0 < y < 1; y =0, 0 < x < 1, elliptic in the
Euclidean region G, = {(x,y) € G(c R?) : x > 0, y > 0} and hyperbolic in both regions
Gp, = {(x,y) €G(CR*) : x>0, y <0}; Gy, = {(x,y) € G(CR?) : x <0, y >0}, with G
the mixed domain of (1). In 1999 we [15] proved existence of weak solutions for a particular
Tricomi problem. Then we established uniqueness of quasi-regular solutions [8,10-13,16] for
the Tricomi problem. However, the question about the uniqueness of quasi-regular solutions
and the existence of weak solutions for the Tricomi and Frankl problems associated to the said
mixed type equation (1) for even more general doubly connected mixed domain is still open.
In particular via this paper we propose and investigate the exterior Tricomi and Frankl prob-
lems for quaterelliptic and quaterhyperbolic equations with eight parabolic lines of degener-
acy and establish uniqueness of quasi-regular solutions. Also we propose new open problems.
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These results are interesting in Aerodynamics and Hydrodynamics. The Mixed type partial
differential equations are encountered in the theory of transonic flow and they give rise to
special boundary value problems, called the Tricomi and Frankl problems. The Transonic
flows involve a transition from the subsonic to the supersonic region through the sonic.

Definition 1. The Tricomi problem or Problem T consists of finding a function u which satisfies
the afore-mentioned Tricomi equation in a mixed domain D : a simply connected and bounded
(x,y)— region by a rectifiable Jordan (non-self-intersecting) elliptic arc o (for y > 0) with
endpoints O = (0,0) and A= (1, 0) and by two real hyperbolic characteristics ", y of the Tricomi
equation satisfying the pertinent characteristic equation such that these characteristics T', v meet
at a point P (for y < 0) with T" emanating from A and y from O,

2 2
I: x+§(—y)3/2=1andy: x—g(—y)g/zzo

and u assumes prescribed continuous boundary values on both arcs o and y. The portion of D
lying in the upper half-plane, above the x-axis, is the elliptic region; portion of D lying in the
lower half-plane, below the x-axis, is the hyperolic region; and the segment OA is parabolic.

Definition 2. A function u = u(x,y) is a regular solution of Problem T in the sense of E G.
Tricomi if:

1) u is continuous in the closure of D which is the union of D with its boundary consisting of
the three curves o,T,y;

2) The first order partial derivatives of u are continuous in the closure of D except points O, A,
where they may have poles of order less than 2/3;

3) The second order partial derivatives of u are continuous in D except possibly on OA where
they may not exist;

4) u satisfies Tricomi equation at all points of D except OA;

5) u assumes prescribed continuous boundary values on both arcs o, 7.

2. The Exterior Tricomi Problem

Consider the quaterelliptic - quaterhyperbolic equation (1) with eight parabolic lines of
degeneracy in a bounded doubly connected mixed domain D with a piecewise smooth bound-
ary 0D, where f = f(x,y) is continuous in D, r = r(x,y) is once-continuously differen-
tiable in D, K; = K;(y) (i = 1,2) are once-continuously differentiable for y € [—k;, ko] with
—ky = inf{y : (x,y) € D} and ky = sup{y : (x,y) € D}, and M; = M;(x) (i = 1,2) are
once-continuously differentiable for x € [—m;,my] with —m; = inf{x : (x,y) € D} and
my =supi{x :(x,y) € D}.
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Figure 1

Besides,

>0 for {y<Oju{y>1}
Ki(y){ =0 for {y=0tu{y=1}
<0 for {0<y<1}

5

>0 for {x<-1}uU{x>0}
M;(x){ =0 for {x=0}U{x=-1},
<0 for {-1<x<0}

as well as K, = K,(y) > 0, My, = M,(x) > 0, everywhere in D, so that

>0 for {y<oO}lufy>1}
%) =0 for {y=0}u{y=1}
Ks) | <0 for 0<y<1}

K=K(y)=

J
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>0 for {x<-1}uix>0}
My (x) =0 for {x=0}U{x=-1}
M,(x) <0 for {—1<x<0}

M=M(x)=

The boundary dD = Ext(D) U Int(D) of the doubly connected domain D is formed by the
following two exterior and interior boundaries

Ext(D)=(ToUT, Ul UTy") U (MUl YU (y2 Uy YU(A UA)U(S,U6,),
Int(D) =(T; UT;)U(y; Uy DU(A,UA)U(6,U6,),

respectively: In the right hyperbolic domain G, = {(x,y)€D: 0<x < 1,0 < y < 1} with
boundary 8 G, = (0;B1)U(0,B,)U(T, U, )U(TCyUT,’), where O;B;, O,B, are two parabolic
lines with end points O; = (0,1), B; = (1,1) and O, = (0,0), B, = (1,0) and I';, "y, 5, Ty’
are four characteristics, so that:

x y
1
I“lzf \/M(t)dtz—f v/ —K(t)dt : O<x<1,§ < y <1 emanating from O; = (0, 1),
0 1
y

X

1
r: ( M(t)dt = f —K(t)dt : 0<x<1,0<y< > emanating from O, = (0,0),
Jo 0
X y 1
FZ:J M(t)dt = f v/ —K(t)dt : O<x<1,E<y<1,emanatingfrom31:(1,1),
1 1

x y

1
r,: (‘ M(t)dt = —J V=K(t)dt:0<x<1,0<y< E,emanating from B, = (1,0),
J1 0

where M = M(x) > 0,0 < x < 1and K = K(y) < 0,0 < y < 1. In the upper hyperbolic
domain G,’ = {(x,y)€D: -1 < x < 0,1 < y < 2} with boundary

2Gy =(0,Z;)U(0E1)U(y1 Uy, )U (Y2 UYy), where O,Z;, O;’E; are two parabolic lines
with end points O; = (0,1), Z; =(0,2) and O;" = (-1,1), E; =(—1,2) and y1,71’, 72,7 are
four characteristics, so that:

X y
1

Y1 f —M(t)dt = —f K(t)dt : —§<x<0, 1 < y < 2, emanating from O; = (0, 1),

0 1

X Yy 1
vy vV —=M(t)dt = f VK@)t : —1<x < —5 1 < y <2, emanating from O," = (-1, 1),

-1 1

X y 1
Yo ! J —M(t)dt = J K(t)dt : ~5 <x<0,1<y <2, emanating from Z; = (0,2),

0 2
X y
1
o v —M(t)dt = —f VK()dt:—1<x< —5,1 < y < 2, emanating from E; =(—1,2),
-1 2
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where M = M(x) < 0,-1 <x <0and K =K(y) > 0,1 < y < 2. In the left hyperbolic
domain G,” = {(x,y)€eD: -2 < x < —1,0 < y < 1} with boundary

0G,” = (0,/A1) U (0,/A,) U (A UA)U(A,UA,), where O,’A;, O,’A, are two parabolic
lines with end points O;" = (—1,1),A; = (—=2,1) and 0,” = (-1,0),A, = (—2,0) and
A, Ay, Ay, A, are four characteristics, so that:

x y
1
A :f \/M(t)dtz—f vV =K(t)dt:—2<x< —1,5 < y <1, emanating from A; = (—2,1),
-2 1
X y 1
A J VM(t)dt = J V=K(t)dt: —2<x<-1,0<y< > emanating from A, = (—2,0),
-2 0
X y 1
Ay J VM(t)dt = J v =K(t)dt: —2<x< -1, > < y <1, emanating from 0;" = (-1, 1),
-1 1

x ¥
1
A, f VM(t)dt = —f V=K(t)dt:—2<x<-1,0<y< > emanating from 0,” = (—1,0),
-1 0

where M = M(x)>0,-2<x < —-1land K =K(y) <0,0 < y < 1. In the lower hyperbolic
domain G,” = {(x,y)€D: —1 < x <0,—1 < y < 0} with boundary

0G," =(05Z5)U(0y'E;) U (6, U8,)U(85U65"), where 0,Z,, O,'E, are two parabolic lines
with end points O, = (0,0), Z, = (0,—1) and 0, = (—1,0), E, =(—1,—1) and 6;,6;', 54,55’
are four characteristics, so that:

X y
1
61 : J v/ —M(t)dt=—J VK(t)dt : ~3 <x <0, -1<y <0, emanating from Z, = (0,—1),
0 -1
X Yy 1
61 : f 4/ —M(t)dtzf VK(t)dt : —1<x<—§,—1<y<0, emanating from E, = (—1,—1),
-1 -1
x y 1
0,y : f v —M(t)dt = f VK(t)dt : —3 <x <0, -1<y<0,emanating from O, = (0,0),
0 0

x y
1
52’:J —M(t)dt=—J K(t)dt:—1<x<—§,—1<y<0, starting from O,” = (—1,0),
-1 0

where M = M(x) < 0,-1<x <0and K =K(y) > 0,1 < y < 2. In the upper right elliptic
domain G; = {(x,y) € D : x > 0,y > 1} with boundary dG, = (0;B;) U (0,Z;) UT,, where
0,B,, 0,Z; are two parabolic lines with end points O; =(0,1), B; =(1,1) and

0; = (0,1), Z; = (0,2) and T, is the upper right elliptic arc connecting points B; = (1,1)
and Z; = (0,2). In the lower right elliptic domain G;” = {(x,y) € D : x > 0,y < 0} with
boundary 8 G,’ = (0,B,) U (0,Z,) UT’, where O,B,, O,Z, are two parabolic lines with end
points O, = (0,0), B, = (1,0) and O, = (0,0), Z, = (0,—1) and I'y’ is the lower right el-
liptic arc connecting points B, = (1,0) and Z, = (0,—1). In the upper left elliptic domain
G,” = {(x,y) € D : x < —1,y > 1} with boundary 2G;” = (0;E;) U (0,/A;) UT,",
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where 0,'E;, 0;’A; are two parabolic lines with end points O, = (—1,1), E; = (—1,2) and
0,/ =(-1,1),A; =(—2,1)and I'y” is the upper left elliptic arc connecting points A; = (—2,1)
and E; = (—1,2). In the lower left elliptic domain G, = {(x,y) €D : x < —1,y < 0} with
boundary G,"” = (0,’A;) U(O,'E,) UT ", where 0,’E,, O,'A, are two parabolic lines with
end points 0,” = (—1,0),E, =(—1,—1) and 0," = (—1,0),A, = (—2,0) and T',”” is the lower
left elliptic arc connecting points A, = (—2,0) and E, = (—1,—1).

Let us consider the intersection points of the hyperbolic characteristics:

r,nry = {p;}, where P, = (xl,%), 0<x;<1;T,NnTy = {P,}, where P, = (xz,%),
0<x; <3 <x,<1;A1NA; ={P/'}, where P, = (x1’,3), =2 < x;" < =1; A;NA, = (P},
where Py’ = (xz’,% ,—2<x < —% < xy' < =1; 1Ny = {Q;}, where Q; = (—%,yl),
1<y; <2 72N7) ={Qa}, where Qu = (—3,%2), 1<y1<3<y,<26;n6=1{Q'},
where Q;" = (—%,Jﬁ/): —1<y’ <0;8,N8, ={Q,'}, where Q,’ = (—%:}’2/),

-1<y/< —% <y, <0.If we denote ® = ©(x) = 1/ |M(x)|, H=H(y) = +/|K(y)|, we set
X X
Dy(x) = J O(t)dt, Dy(x)= j o(t)dt,
0 1

r‘X X
Dg(x)=J o(t)dt, D4(x)=f o(t)dt,
o ¥
Gl(}’):J H(t)dt, Gz(Y):f H(t)dt,

0 1

[ ’
Gs(y)= | H(t)dt, Gu4(y)= J H(t)dt.
J-1 2

Domains Gy, G, differ in notation from functions G,(y), Go(y). Thus, we have the following
equations for the hyperbolic characteristics

D;(x)on Ty’
Ds(x)on vy’

J

FUy;:D1(x)=—Gy(y), T1/Uy:Gy(y)= {

Dy(x)=Gy(y)onT, /UY /. Dy(x)=—G1(y) on le
Di(x)=G4(y)ony, >~ 2 772 | D3(x)=—G4(y)onyy’

rzu')/z:{

_J D4(x)=—Gy(y) on Ay / ;)] Da(x)=G1(y) on Ay’
A0 { Dy(x)=~Gy(y)on &y > PO1 | Dy(0) = Gy(y) on 5y’

D3(x) = Gy(y) on A,

: S _
AyUb,y: { Dy(x)=Gy(y)on 5, ° Ay Uby : D3(x) =G (y)l.

Note that:
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1) The boundary 0D is assumed to be a piecewise continuously differentiable arc. The
elliptic arcs are “star-shaped” (counterclockwise).

2) We consider continuous solutions u of the quaterelliptic-quaterhyperbolic equation (1)
with eight parabolic lines, which have the property that u,, u, are continuous in the clo-
sure D = D U dD. These continuity conditions may be weakened at the following eight
points A;,A,,B,B5,0;,0,,0,’,0,, by considering u,, u, continuous on the bound-
ary dD except at these points. By “quaterelliptic” and “quaterhyperbolic” we mean
that equation (1) is elliptic in four different subdomains and hyperbolic in four other
subdomains of the whole domain D. In fact, equation (1) is elliptic and hyperbolic in
GLUG{ UG,”"UG;"” and G, U G, UG,” UG,"”, respectively.

Definition 3. A function u = u(x,y) is a quasi-regular solution [7,8,10-16] of Problem (ET) if
i) uec*(pD)nc(D),D=DU?dD;

ii) the Green’s theorem (of the integral calculus) is applicable to the integrals

ff u,Ludxdy, ff uyLudxdys;
D

D
iii) the boundary and region integrals, which arise, exist; and

iv) u satisfies the mixed type equation (1) in D and the following boundary condition on the
exterior boundary Ext(D) :

¢p1(s)on  Ty; @o(s) on Ty
ps(s)on Ty”; @4(s) on Ty
Pi(x)on Ty; Ya(x)on Ty
Ps(x)on  vy; Pa(x) on vy
Ps(x)on Ag; Ye(x) on Ay’
Po(x)on  8y; Pg(x)on &,

with continuous prescribed values.

(2)

The Exterior Tricomi Problem or Problem (ET): consists of finding a solution u of the
quaterelliptic -quaterhyperbolic equation (1) with eight parabolic lines in D and which as-
sumes continuous prescribed values (2).

Uniqueness Theorem 1. Consider the quaterelliptic - quaterhyperbolic equation (1) with eight
parabolic lines and the boundary condition (2). Assume the above mixed doubly connected do-
main D and the following conditions:

(Ry) r <0 on the interior boundary Int(D),
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xdy —(y—1)dx>0onT,

xdy —ydx>0onT,
(x+1)dy—(y—1)dx>0o0nTy" "’
(x+1)dy —ydx>0onTy"”

(Ry)

2r+xry+(y—-Dry, <0in G4

2r +xro+yr, <0in G’
2r+(x+Dry+(y —r, <0in G,
2r+(x+Dry+yr, <0in G,"
r+xr, <0in G, ’
r+(y—-Dr, <0in Gy’
r+(x+1)r,<0in Gy,”

r+yry, <0in Gy

(R3) <

(R4) Ki > O, Mi >0 (l = 1,2), in G]. U Gll U Glll U Gllﬂ,

ro [ K1<0. Mi>0inGUG
> K1>O, Ml <0in GZ/UGZ/// ?

M;>0,My>0 ; K;>0,Ky>0inG,
M;>0,M;>0 ; K;’<0,Ky,<0inGy’
M;<0,My<0 ; K;>0,K,>0inG," "’
M;<0,M,<0 ; K;/<0,K,<0inG,”

(Re)

(R7) KZ >O, M2 >0in D,

M; >0, M, <0in G,
K;>0, K,y <0inG,
M; <0, M,>0inGy,” -
K;’<0, Ky >0inGy"”

Let O, = 80)/9x, () =d(Q/dx, (O, =30/0y, (' =d(0/dy, where f = f(x,y) is
continuous in D, r = r(x,y) is once-continuously differentiable in D, K; = K;(y)(i = 1,2)
are once-continuously differentiable for y € [—kq,k,] with —k; = inf{y : (x,y) € D} and
k, = sup{y : (x,y) € D}, and M; = M;(x)(i = 1,2) are once-continuously differentiable for
x € [-my,my] with —m; = inf{x : (x,y) € D} and m, = sup{x : (x,y) € D}. Then the
Problem (ET) has at most one quasi-regular solution in D.

(Rg)

Proof. We apply the well-known a-b-c energy integral method with a = 0, and use the
above mixed type equation (1) as well as the boundary condition (2). First, we assume two
quasi-regular solutions uq,u, of the Problem (ET). Then we claim that u = u; —u, = 0 holds
in the domain D. In fact, we investigate

0=J=2<lu,Lu>,= Jf 2luLudxdy 3)
D
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where lu = b(x)u, +c(¥)u,, and Lu = L(u; —uy) = Lu; — Luy = f — f = 0 in D, with choices

x inG; UG, UG,
b=b(x) = { x+1 inG,"UG”UG,” ,
0 inG,’ U G,
y in G1/ U G1/// U GZ///
c=cly) = y—1 inGUG" UGy . 4
0 in G, UG,”

We consider the new differential identities

2bK; Mouyuy, = (bK1Mou, ), — (bM,) Kyu, >,
2bKyMyuguy, = (2bKyMyuguy ), — 2bM Ky uyuy, — (bKyMyu,?), + (bMy), Kou,?,
2K Myuiyuyy = (2cK1Myuuy ) — 2Ky Myuyuy, — (cKyMau,®) , + (cKy ) Mou,
2cK,Myuyuy, = (cKoMyuy?) , — (cKp) Myu,?,

2bruu, = (bru?), — (br),u?, 2cruuy, = (cruz)y — (cr)yuz,
as well as t; is the coefficient of u, in Lu, or
t = t1(x,y) = K1 (y)M,(x), (5)
and t, is the coefficient of u,, in Lu, or
ty = to(x,¥) = Ky (y )My (x). (6)

Employing these identities and the classical Green’s theorem of the integral calculus we obtain
from (1),(3),(5), and (6) that

o
Il

J= Jj 2(bu, + cuy) [Ky(Mauy ), + My (Kyuy), +ru]dxdy
D

= Jj 2(bu, + cuy) [Ky Moty +KoMyuy,y, + tyuy, + tyuy, +ruldxdy,
D

== ID+IaD’ (7)

where I, = ff Q(uy,uy)dxdy = ff(Aux2 +Buy2 +Tu?+ 2Au,u,)dxdy;
D D

Iyp= f Q(ux,uy)ds = J(Auxz + Buyz +Tu® + 2Au,u, )ds,

aD aD
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with A= —K;(bM,), + (cK;)' My + 2bty, B =K5(bM;), — (cK5)' M; + 2cts,

I=—[(br),+(cr),],
A - - [bKZ/M]_ +CK1M2 - btz - Ctl] = - I:b(Kz/M]_ - tz) ‘I’ C(Kle - tl)] == 0

(because of (5) and (6)) in D, and A = (bv; — cv4)K; My, B = (—=bv; + cv,)K,My,

' = (bv; + cvy)r, A = bK,M; vy + cKyM,v; on 8D, where v = (v,v,) = (dy/ds, —dx/ds) is

the outer unit normal vector on the boundary D of the domain D such that

ds?=dx?>+dy*>>0,|v|=1;

ff()xdxdy = f()vlds, ff()ydxdy = f()vzds are the Green’s integral formulas. From
aD

D D 3D
the above conditions, we obtain

XK].MZ + (y - 1)K1/M2 in G]_

XKle ‘+‘yK1/M2 in Gll
0<A = y / . "o

(x+ DKMy + (y — 1)K;'M, in Gy

(x + 1)K1M2 + yKl/MZ in Gll//

—K;(My — xM,) in Gy
MZ(K1+(y —1)K1’) in Gy’
—K; (M, — (x + 1)M,) in G,”
M, (Kl + yKl’) in G,

Similarly we get

XKle + (_y - 1)K2/M1 in Gl
0<B — xK,M; + yKy' My in G,/

(X + 1)K2M1 + (y - 1)K2/M1 in Glll ;

(x + DK,M; + yKy'M, in G,
Ky(M; + xM;) in G,
—M; (K, —(y —DK,')  inGy
0 S B = y . 1
KZ (M1 + (x + 1)M1) m Gz
—M]_ (Kz - yKZ/) in GZ///
Also
2r+xry+(y - Dry in G,
. /
0<T = — 2r +xr,+yr, %nGlﬁ ;
- 2r+(x+Dry+(y—Dr, in G,
2r+(x+Dry +yry in G;"”’
r+xry in Gy
0<T = — r+(y—-Dr, inGy

r+(x+1r, inGy”
r+yr, in Gy’
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el el = [ ee

Gl G1/ Gl// Gl/// G2 G2/ G2// Gz///

Therefore,

We claim that I, = Iget)Jnep) = LExe@) T Imne() 2 0, where

IExt(D)Z(J+f+f+f)+(f+J)+(f+f)+(J+J)+(J+f)20,
" Ifnw)—(f f)+(f f)+(f f)+(f f)>o

In fact, on I’y with b=x,c=y+1:

A: (XVl — (y + 1)V2)K1M2 Z 0 N B ( XVq + (y + 1)V2)K2M1 Z O,
=+ +1v)r =0 5 A=xK,Mvy+(y + 1)K Mav,.

Ir, = ( ux,uy)ds+f T'u?ds

)
Iy

= ( N2(xv; + (y + 1)v,)Hds +f (xxvy + (y + D)vy) ru?ds,
T'o

= (‘ N?(xdy — (y +1)dx)H >0

where u|, =0 and
O0=du=u,dx+u,dy =N (vidx+vydy); u, =Nvy, u, =Nv,,

with a normalizing factor N, and H|, = Ky Myv,2+K,M;v,2 > 0, as well as T is a “star-liked”
arc, such that xdy — (y + 1)dx|, = 0 and
Q= Q(ux,uy) = [Au,? + Buyz + ZAuxu},]l

. N2(xv; 4+ (y + 1)v,)H > 0.

Similarly, we obtain

N?(xdy — (y + 1)dx)H+f N?(xdy — ydx)H

0 = IFOUFO/UFO”UFO/”:J‘
ry

I'o
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+ f Nz((x+1)dy—(y—1)dx)H+f N2((x+1)dy — ydx)H.
ro” To™

Alsoon T, UT, with b=x,c=0:

Irur,y = f Q(ux,uy)ds+f Tu?ds
Uly’

Uy’

= J N2(xv;)Hds + J (xvru?ds =0,
yUly’

Ul

where ulr, r, = 0 and H|r,yr, = Ky M,yv,2 + K,M;v,2 = 0, because both I'y, T’y are charac-
teristics.

Similarly we get
Loy, = f N?((y — 1)v,)Hds +J ((y = Dvy)ru*ds =0,
T2UY2’ Y2Ur2’

IAluA1/=f Nz((x+1)v1)Hds+J ((x + 1)vy)ruds =0,
AUA, A

VA,

Is,us, = J N?(yv,)Hds + f (yvy)ru*ds =0.
51U67" 5,08,

AlsoonT; Ul withb=x,c=0:
A= (xv)K;M, >0, B = (—xv;)K,M; > 0;
f = (xvl)r Z O, A - szM]_Vz.

Ir‘lurll = f Q(ux,uy)d5+J fuzds
r,ury’

ryury’

= f {X [(Klevl)uxz + (_Klevl)uyZ + 2(K2M1V2)uxuy] },
r,ury’
+J (xv)ru?ds >0
r,ury’

because r|r,yr,s <0, vi|r,ur,” <0, and H = 0 since both T'y, ', are characteristics as well as
AB — (A)? = —x?K,M,H = 0.
Similarly, we get

Loy, = f Q(ux,uy)ds-i—J Tu?ds
riurt’

71Uy’
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= f {(y = D[(=K1Mav)u,® + (KoMyvo)uy,® + 2(Ky Mavy u,uy 1},
r1Ury’

+J ((y = 1)vy)ru*ds >0
r19r1’

Inuny = f Q(u,, u,)ds + f Fu?ds
A UA,' AjUAY

= f {(x + D [(K Myvyu,* + (_KZMlvl)uyz + 2(KyMyvo)u,uy, ] 1,
AQUA,

+J ((x+ vy ru*ds >0
AUA,

Is,us, = f Q(ux,uy)ds+f u?ds
5308, 5,U8,y’

= f {y [(=K . Myvy)u,® + (Klevz)uyz + 2(KyMoyvyu,uy, ] }
5,U85

+J (yvy)ru*ds > 0.
5,Uby

From (7) we get 0 =1Ip + I3p = 0 with I, > 0 and I5p > 0. These relations yield

IDZIaDZO.

It is clear that ff Midxdy = — ff (2r +xre+(y — Dr,)udxdy =0.

G G
Therefore, we get u(x, y) = 0 everywhere in G,. Alternatively

J:f [(XKlMZ + (y - 1)K1/M2)ux2 + (XKZMl + (_y - 1)K2/M1)uy2] dxd_y = O,

Gy

yielding u, =0; u, =0 in G;. Thus, in G; : u(x,y) =0.
Similarly
u(x,y)=0in G;UG; UG UGY".

It is clear that ff rddxdy = — ff(r + xr u*dxdy = 0.
Gy G,
Therefore, we get u(x, y) = 0 everywhere in G,. Alternatively

[[ Tty + o Jaxay <o

Ga

199

8)

)
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yielding u, = 0; u, =0 in G,. Thus in G, : u(x,y) =0.
Similarly
u(x,y)=0in G, UG, UG, UG’

From (8) we get

Iop = Igxe(p) * Iine(p) = Ir,ur,/ur, ury”
+(IF1UF1/ + 1L vy Haua,y + Iézuéz’) =0.

Thus,
Irlur‘ll =0. (10)

Also alternatively, by a well-known theorem on hyperbolic equations if u|r,yr,» = 0 (from the
boundary condition) and Ir, yr,» = 0 (from (10)), then u(x, y) = 0 everywhere in G,.
Pertinent to the above, there is the following general uniqueness approach:

First, from the maximum principle, if uIE2 SEAAN A 0, it follows that

uIE1 Us.Ug Us” = 0. Second, from the uniqueness of the solution of the Cauchy problem,

if uIE1 AN 0, it follows ulEzUEIZUE/Z/UE/ZN = 0. Thus, u(x, y) = 0 everywhere in D,

completing the proof of the uniqueness theorem.
Note that the case: r = r(x,y) = 0 in D and K;’(0) = M;(0) = 0 (i = 1,2) yield also
uniqueness results for the problem (ET).

3. The Exterior Frankl Problem

Consider the quaterelliptic-quaterhyperbolic equation (1) with eight parabolic lines of de-
generacy in a bounded doubly connected mixed domain D with a piecewise smooth boundary

0D = Ext(D)uInt(D) = [ExtEl(D)UExtHn(D)] UInt(D),
where D is a part of D, and Int(D) = Int(D), as well as
ExtEl(D)=TouTy uTly,”ury,”
is the elliptic exterior boundary of D and
ExtHn(D) = (I, UT)) U (F, UF,) U(A UADU(E,US))
is the non-characteristic hyperbolic exterior boundary of D, such that:

Ext(D)=ExtEl(D)UExtHn(D)= (ToUTy UTy” UTy")
U[(FuTDUF U U AL UAD U6, US))]

is the exterior boundary of D, with the following non-characteristics:

1:‘2) 1:121 }72) ’)7/2) Al: All: 81: 81 :
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Figure 2

F, : V/M@)dx > V=K()dy;

AL 0<y/M(x)dx < /—K(y)dy;
I, VM(x)dx < —+/—K(y)dy <0;
Ay VMGO)dx = —/—K(—y)dy;
7y © 02 v/—MGOdx = VKO)dy;
8+ 0=/ -M(dx < VK(dy;
e N9

or

dy _ +M(x) " Jdy VM(x)
> 2

FLUAl:0< =< UA;:0> —>—
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FoUbl = > ——r ; FLUS i< —

satisfying the non-characteristic relation
H = K;Myv,® + Ko,Myvy? >0, or K(y)(dy)? +M(x)(dx)* >0,

and intersecting characteristics I'y, T}, 11, 17, Ag, A3, 85, 55, only once.
Note that

(P UAD U, UAD : (VM(0)dx — /=K (y)dy) (v M(x)dx + /=K (y)dy) = H;
(F2U81)U(F5U87) 1 (V=M(x)dx — v K(y)dy)(v/ —M(x)dx + +/K(y)dy) = —H.

Let us consider the intersection points of the hyperbolic characteristics:

'y NTY = {P,}, where P, = (&, %), 0<x;< % < %y <xy<1; A;n A} ={P]}, where

p| = (JNC{,% , —2<x; <X <—1; 2Ny ={Qy}, where Q, = (—%,5’2),

1<y <2<y3,<y,<2;6;n6] ={Q}}, where @} = (—3,71), —1 <y’ < 7] <0.

Let the right hyperbolic domain G, € G, = {(x,y) €D : 0 < x < 1,0 < y < 1} with boundary
9Gy=(0,B,)U(0,B)U(I Ul )U(lUly).

Let the upper hyperbolic domain G, C Gy’ = {(x,y) € D : =1 < x < 0,1 < y < 2} with
boundary 9Gj = (0,7;) U (01/E1~) U(r1Uri DU Uts).

Let the left hyperbolic domain G; C G,” = {(x,y) € D : =2 < x < —=1,0 < y < 1} with
boundary 9G; = (0,/A;) U(0,/A) U (A UAD U (A UAY).

Let the lower hyperbolic domain G;” € G,”/ = {(x,y) € D: -1 <x <0,—1 < y < 0} with
boundary G}’ = (0,Z,) U (05/E;) U (6, U8,)U(6,U85). )

Assume boundary conditions on the above exterior boundary Ext(D) :

¢1(s)on  Ty; @a(s) on Ty’
(p3(s) on 1“9”; (p4(s) on rlom
YPi(x)on Ty Y,(x) on Iy
Ys(x)on  fu;5  Yu(x)onf,
ds(xyon Ay 4he(x) on A,
Ps(x)on 6y Yg(x) on 67

(11)

with continuous prescribed values.

The Exterior Frankl Problem or Problem (EF): consists of finding a solution u of the
quaterelliptic -quaterhyperbolic equation (1) with eight parabolic lines in D(c D) and which
assumes continuous prescribed values (11).

Uniqueness Theorem 2. Consider the quaterelliptic - quaterhyperbolic equation (1) with eight
parabolic lines and the boundary condition (11). Assume the above mixed doubly connected
domain D(c D) and the following conditions:
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(Ry) r <0 on the interior boundary Int(D)(= Int(D)),

xdy —(y—1)dx>0o0nT,

xdy —ydx>0onTy
(x+1)dy—-(y—1)dx>0onT," "’
(x+1)dy —ydx>0o0nT,”

Ry

2r+xr,+(y—1Dr, <0in G

2r +xr+yr, <0in G’
2r+(x+Dry +(y—r, <0in G
2r+(x+Dre+yry <0in G,
r+xr,<0in G, ’
r+(y—1)ry§OinCN;£
r+(x+1r,<0inGJ

r+yr, <0in Gy’

(Rs) {

(R4) Ki > 0, Mi >0 (l = 1,2), in G]. U G]_/U G’]_// U G]_///,

(R Ky <0, M;>0inGyUGy
¥ | K;>0, M;<0inGyuGy "’

M;>0,M,>0 ; K;>0,Ky>0inG,
M;>0,M,>0 ; K;/<0,K,<0inGy
M; <0,M, <0 ; K{>0,K,’>0inG," "’
M;<0,M,<0 ; K;/<0,K,<0inG,"”

(Re)

(R;) K, >0, M, >0in D(C D),

M; >0, M,<0inG,
K\'>0, K)y<0inG)
M; <0, M,>0inGy °
Ky <0, Ky>0inGY)

Let ), = 90/0x, () =d0/dx, O, =90/3y, (' =d0O/dy, where f = f(x,y) is
continuous in D(C D), r =r(x,y) is once-continuously differentiable in D(C D),

K; =K;(y) (i =1,2) are once-continuously differentiable for y € [—ky,k,] with

—k, = inf{y : (x,y) € D(c D)} and ky = sup{y : (x,y) € D(c D)}, and M; = M;(x)
(i = 1,2) are once-continuously differentiable for x € [—my, m,] with

—my =inf{x : (x,y) € D(C D)} and m, = sup{x : (x,y) € D(C D)}. Then the Problem (EF)
has at most one quasi-regular solution in D(C D).

(Rg)

Proof. We apply the well-known energy integral method, and use the above mixed type
equation (1) as well as the boundary condition (11). First, we assume two quasi-regular
solutions uj, u, of the Problem (EF). Then we claim that u = u; — u, = 0 holds in the domain
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D(c D). In fact, we investigate
0=J=2<luLu>,= ff 2luLudxdy
D

where [u = b(x)u, + ¢(¥)uy, and Lu = L(uy —uy) = Luy — Luy = f — f =0in D(c D) with
choices

x in G,UG," UG,
B = B(x) = x+1 in le// U~G1/// U Gg ,
0 in G, UGy
and
y inG;”uUG;”"u Gé”
t=2¢y) = y-1 inGUG"UG,
0 inG,UGY)

The rest of the proof is similar to the proof of the uniqueness theorem 1 (for the exterior
Tricomi problem), except clearly proving in additional that the following condition holds on
the non-characteristic hyperbolic exterior boundary

ExtHn(D) = ([, UT) U (F,UF) U (A UA)U(E,U8)):

XV onT,uTl

(y-1v, onjUf,

(x+1Lyv;  onA;U NA’l

N on 6, U 6]

O<Bv1+5v2:

Uniqueness Theorem 3. Consider the quaterelliptic - quaterhyperbolic equation (1) with eight
parabolic lines and the boundary condition (11). Assume the above mixed doubly connected
domain D(c D) and the following conditions:

(Ry) r <0 on the interior boundary Int(D)(= Int(D)),

xdy —(y —1)dx>0o0nT,

xdy —ydx>0onT
(x+1)dy—(y—1)dx>0onT," "’
(x+1)dy —ydx>0onTy"”

Ry)

2r+xr,+(y—-1Dr, <0in G4

2r +xro+yr, <0in G’
2r+(x+Dry+(y—1r, <0in G,”
2r+(x+1ry+yry, <0in G,
r+xr, <0in G, ’
r+(y—-1r,<0in G,
r+(x+1r,<0in G}

r+yr, <0in Gy’

(R3) <
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(R4) Ki >0, Mi >0 (l: 1,2), in G1U6’1/UG’1//U6’1///,

(RS Ky <0, M;>0inG,UG])
> | K, >0, M;<0inGLUGy”’

(Rg) BLOK(yIM;(x) + (3K (Y)M;(x) > 0, (1 < i #j < 2) in G,UG,/ UG,” UGy, where

B X inG UG’
b(x) = { x+1 inG UG °’

B y—1 inG UG,
C(y) - { y iTl Gll U G1/// .

(R;) Ky >0, M, > 0in D(c D),
(Rg)

M;(x) = (—1)'BCO)M;(x) >0 in G UG
{ K:(y)—(=1)E()K/ (y)>0 in GZ U GZ// (ief{1,2}),

where
x in Gy
b(x) = x+1 inGY ;
0 inGLugy
y—1 inG
Ey) = { v in Gy’
0 in G, UGl

Let us denote (), = d()/dx, (' =d0/dx, (,=29(0/3y, () =d()/dy, where

f = f(x,y) is continuous in D(c D), r=r(x,Yy) is once-continuously differentiable in

D(c D), K; =K;(y) (i = 1, 2) are once-continuously differentiable for y € [—ky,k,] with

—k,; = inf{y : (x,y) € D(c D)} and k, = sup{y : (x,y) € D(C D)}, and M; = M;(x)
(i =1, 2) are once-continuously differentiable for x € [—my, m,] with

—my = inf{x : (x,y) € D(C D)} and m, = sup{x : (x,y) € D(C D)}. Then the Problem (EF)
has at most one quasi-regular solution in D(C D).

4. Open Problems

4.1. Extend “quasi-regularity” of solutions to “regularity” by fixing singularities at the fol-
lowing twelve points:
Ol = (O, 1): Oll = (_1) 1)) 02 = (O: 0): 02/ = (_1:0):
A]. = (_21 1): Bl = (15 1): AZ = (_21 0): BZ = (150);
El = (_152)5 Zl = (0) 2)) EZ = (_1) _1)1 ZZ = (O, _1)
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4.2. Investigate the exterior Tricomi and Frankl problems in a multiply connected mixed
domain.

4.3. Establish “well-posedness” of solutions for the exterior Tricomi and Frankl problems, in
the sense that there is at most one quasi-regular solution and a weak solution exists.

4.4. Solve the n - dimensional Tricomi and Frankl problems in a multiply connected mixed
domain.

4.5. Establish the extremum principle for the exterior Tricomi problem:
‘A solution of the exterior Tricomi (or Frankl) problem, vanishing on the exterior bound-
ary of the considered mixed domain, achieves neither a positive maximum nor a negative
minimum on open arcs of the type-degeneracy curves.”

4.6. Solve the Tricomi problem for PDE of second order:

4.6.1 K(y —x™ = x"uyy tuyy, +r(x,y)u=f(x,y);
4.6.2 Uy, + M(x —y™ = y"uy,, +r(x, y)u=f(x,y);
4.6.3 K(x™+y" — Duy, +uy, +1(x,y)u= f(x,y), for example m=n =2 or = 2/3;
464 K((y = x™)(y = x")ity + 11y, + 106,300 = £(x,7);
4.6.5 K(y — xMuyy + M(x — y™uyy, +1(x, yJu= f(x,y);
4.6.6 K(y* —x™+ xMu,, + M(xk —ym+ Yy, +r0yJu=f(x,y);
4.6.7 K(y™(y — x™))utyy + M (x™(x = y")uy,, +1r(x, yJu=f(x,y);
4.6.8 K((y = x™)(y = x"))tye + M ((x =y — yP))uyy +r(x, yJu = £ (x,¥).
4.7. Solve the Tricomi problem for PDE of fourth order:
2 2

d o
(sgnly =xDly = x'I" 55 +sgnle =y lx =y 1"z 1) u= £,

4.8. Solve the 3 - dimensional Tricomi problem for mixed type PDE of second order:

sgn(@)[3[ (U £ )+ sgn(xy)|xI™ Y gy + ru = f.
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