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Abstract. Classical Koszul duality sets up an adjoint pair of functors, establishing an equivalence

F : D’(A) < DP(A) : G, where A is a quadratic algebra, A' is the quadratic dual, and D? refers to the
bounded derived category of complexes of graded modules over the graded algebra (i.e., A or A'). This
duality can be extended in many ways. We consider here two extensions: first we wish to allow a
A-graded algebra, where A is any abelian group (not just Z). Second, we will allow filtered algebras.
In fact we are considering filtered quadratic algebras with an (internal) A-grading.
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1. Introduction

Koszul duality originated from Bernstein-Gelfand-Gelfand [2] in the mid 1970s. It led to
the observation that for certain pairs of associative algebras A and A', there is a relationship
between the categories of A-modules and A'-modules. An example of such a pair is
S = k[xy,Xy,...,x,], the polynomial algebra over a field k, and E = /\, (e}, es,...,¢,), the
exterior algebra over k.

Bernstein-Gelfand-Gelfand constructed an adjoint pair of functors between the categories
of bounded chain complexes of S-modules and bounded chain complexes of E-modules which
induce an equivalence of the corresponding derived categories. This means that problems of
homological algebra for S-modules can be translated into problems of homological algebra
for E-modules and vice-versa. A key fact underlying this is that the Koszul complex of S and
E which is given by

oS5 ®E, =51 ®E =
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is acyclic in all degrees greater than zero. Given this fact we say that S and E are Koszul
algebras. This theory has been generalized by a number of people to algebras defined by
homogeneous relations. A general reference is [5] for background on quadratic algebras and
Koszul duality. Consider the free k-algebra k < xq,x,,...,Xx, > and define

A=k < xy,x,,...,x, > /R, where R is the ideal generated by homogeneous quadratic rela-
tions of the form X¢;;x;x; = 0. In our example above, the algebra S is defined by the quadratic
relation x;x; — x;x; = 0 and the algebra E is defined by x;x; + x;x; = 0 and xi2 =0.

More generally S and E can be replaced by a pair of dual quadratic algebras A and A'.
Note that this relation is symmetric, (A')' = A. Here A and A' are quadratic algebras meaning
that each is the quotient of a free k-algebra by homogeneous quadratic relations. Given a pair
of quadratic algebras we may form the Koszul complex given by

Lo AR A AR (A - A

and we say that A is a Koszul algebra if the Koszul complex is exact in nonzero degrees. By
symmetry, if A is Koszul then A' is also Koszul.

Koszul duality is a relation between the complexes of A-modules and the complexes of
A'-modules and this establishes an equivalence of categories

F:D*W) s DAY :G

where D? refers to the bounded derived category of complexes of graded modules over the
graded algebra A (or A'). For M € CP(A) where CP(A) is the category of bounded chain
complexes of graded left A-modules, the functor F is given by

— ! i
(FMP = P Aje M.
p=itj
q=l-j

For N € C?(A"), the functor G is explicitly described as

(GNY = D Homy(A_;,N)).
p=itj
q=l-j
Another example concerns a nondegenerate quadratic form, Q, in variables xq, x1,...,X,.
Let A= k[xg,Xx1,...,X,]/Q = Sym(V)/Q be the homogeneous coordinate ring of the quadric
Q = 0 in projective space P. The dual A' is the graded Clifford algebra attached to Q. This is
generated by elements & € V* of tensor degree 1 and an element h of tensor degree 2 with
the relations

En+nE=2Q(&,nh, &Enev™
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The ring A is proven to be a Koszul ring in [4].
Not every quadratic algebra is Koszul. A counterexample is

A= /\(x,y,z,w)/(xy +zw).
k

Using the software package Singular to calculate the minimal free resolution of A, we observed
that quadratic entries appear within the matrices, violating the property that an algebra is
Koszul if and only if k has a linear free A-module resolution.

If we now allow the relations, R, of an algebra A = k < x1,Xs,...,X, > /R to be nonho-
mogeneous, A will no longer be a graded algebra, but rather a filtered algebra. The dual of A
will no longer be the quadratic algebra A', but rather the curved differential graded algebra
(CDGA) (A',d,c). That is, we have a differential d : (A')" — (A')"*! with the usual property
that d(xy) = dx(y) £ (x)dy but with d?(x) = [c,x] = cx £ xc, where ¢ € (A!z)* is the
curvature. In the case where ¢ = 0 we refer to a CDGA as just a DGA (differential graded
algebra). Two canonical examples of DGAs are the Koszul complex and the deRham Complex.
Let us consider an example that illustrates dualizing a nonhomogeneous quadratic algebra.
Consider the algebra,

U=k<x,y>/B P=(x%—-y,xy—yx).

The associated graded algebra to U will be A=k < x,y > /(x2,xy — yx) which is dual to
A' =k < &,m > /(n? En +n&) which can be seen to be a curved differential graded algebra
(A',d,c) withc=0,d£ =0and dn = —&2.

A canonical example of a nonhomogeneous quadratic algebra which is filtered by tensor
degree is U = Ug, the universal enveloping algebra of a Lie algebra g. The dual of Ug is the
Chevellay-Eilenberg complex which is a CDGA (more specifically it is a DGA since ¢ = 0).

Given a filtered algebra, we can add a A-grading to it. A A-graded filtered algebra, U, is
an algebra with a filtration, F;, and also a grading

U= @ U, for some abelian group A.
AEA

If we allow V to be A-graded, and P is A-homogeneous, then we know that
U=T(V)/P

will be filtered by tensor degree and A-graded. Two examples of A-graded algebras are the
universal enveloping algebra of a semisimple Lie algebra, and the coordinate ring of a projec-
tive toric variety.

There is no obvious way to extend Koszul duality to a A-graded situation when A # Z.
Consider the functor F given by

— ! i
(FMP = P Aje M.
p=itj
q=l-j
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This functor is well defined for the case A = Z but if A is A-graded then we would have i € Z
but j € A. Now the addition i 4+ j no longer makes sense since i is a scalar and j is a vector.
The key step to our extension of Koszul duality is considering A!l not as a quadratic algebra
but as a CDGA, meaning

A=A, lez,ren,

with the multiplication

(A} x (A — (A

The benefit of switching over from a quadratic algebra point of view to a CDGA point of view
is that now we are allowed two new levels of freedom. First we may insert a A-grading and
second we can now let A be a nonhomogeneous filtered algebra.

We define Com,(A',d,c) to be the category of curved differential graded modules over
the CDGA (A',d,c). We define Com,(U) to be the category of complexes of A-graded left
U-modules. The version of Koszul duality that we are most interested in is that introduced by
Floystad [3] concerning the pair of adjoint functors

F:Comy(A',d,c) s Comy(U):G.

Here U is a A-graded filtered quadratic algebra and (A',d,c) is a curved differential graded
algebra (cdga) which is dual to U. We have generalized the functors F and G for this A-graded
situation, i.e.,

FOE = @ Uy
u+v=A7A

Gy, = ] [Hom(cay;, M50,

r=0 u

Notice that now integers are added to integers and elements of A are added to other elements
of A.

Let K\(A',d,c) be the category Com,(A',d,c) with morphisms being chain homotopy
equivalence classes of maps. The null system, N, of K,(A',d,c) is defined to be all of the
complexes, X, such that F(X) is acyclic. A similar definition is given for the null system of
K, (U). We define D,(A',d, ) to be the category K,(A',d,c)/N where N is the null system of
Com,(A',d,c). We also define D ,(U) to be the category K,(U)/N where N is the null system
of Com, (U).

The main result of this paper is that the functors F and G given in Proposition 4 induce an
equivalence of categories between the quotient categories D, (A',d,c) and D, (U).

2. Graded and Filtered Algebras
Floystad’s Koszul duality concerns a pair of adjoint functors

F:Comy(A',d,c) s Comy(U): G
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which induce an equivalence of homotopy categories. Here U is a A-graded filtered quadratic
algebra, and (A',d, ¢) is a curved differential graded algebra (CDGA) dual to U. Here Com, (U)
is the category of complexes of A-graded left U-modules (of finite type). We let Com, (A',d,c)
be the category of curved differential graded left modules over the CDGA (A',d,c). When
¢ = 0 these are just the usual differential graded algebras. It is important to note that this
form of duality is not symmetrical.

We will explain how classical Koszul duality relates to Floystad’s Koszul duality in the
special case U = A is a Z-graded Koszul quadratic algebra. So first let us recall the definitions
of some of the key terms we will be using.

Definition 1. Let k be a field. A A-graded associative k-algebra Awith unit is an algebra together
with a decomposition into k-subspaces,
A=Pa;

AEA
which obeys the multiplication law
14)L .AH C A?H—M'

Definition 2. A A-graded filtered algebra U over a field k is a A-graded algebra which has an
increasing sequence 0 C Fy C F; C ---F; C --- C U of k-subspaces of U such that

u=|JF
ieN
and the following property of the algebra multiplication holds:
Vm,neN, F,,-F, CFn.
In addition, the grading must be compatible with the filtration, meaning

F, = P(F; nU,) given the grading U =P U;.
AEA ren

Definition 3. If U is a A-graded ring, then a A-graded module M is a left U-module with a

decomposition
M=Pm,
AEA

into k-subspaces such that U, - M,, C M;_,.

Remark 1. We allow the case where there is no A-grading in which case the algebra (resp.
module) U is just considered a filtered algebra (resp. module). We also will allow the case where
there is neither a filtration nor a grading in which case U is just an algebra.

Definition 4. Let Com,(U) be the category of chain complexes of A-graded left U-modules MP
(of finite type). The differentials will be U-linear maps which preserve the A degree, i.e.,

d
p p+1
M; — M; .

If there is no A-grading then we use Com(U) to denote the category of chain complexes of left
U-modules.
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A general construction that we will be utilizing is that of a quadratic filtered algebra. Let k
be a field, A an abelian group, and V a A-graded, finite dimensional vector space over k, i.e.,

v=Pv,.
A€A

We can form the tensor algebra
T(V)=Vve(VeV)e(VeveVv)e:--

which will also be A-graded. For each v; ® ... ® v, € T(V), each v; has a A grading, A,
and the total degree will be the sum of all the A;. Let P be a A-graded sub-vector space of
koVve(VeV)suchthat PN(k® V) = 0. Let pg(P), p1(P), and p,(P) be the projections of
P onto k, V, and (V ® V) respectively. Let R = p,(P), now we may then define

U=T(V)/ <P >

to be filtered by tensor powers and A-graded. In the case where P =R, U = A is said to be a
quadratic algebra defined by R and this quotient induces an epimorphism ¢ : A — grU. Here
grU is the associated graded algebra of U defined by

U= @ Fiy1/F;.
i€Z
If ® is an isomorphism then we say that U is of Poincaré-Birkho ff-Witt (PBW) type.

Definition 5. Given a quadratic algebra A defined by R C V @ V, we may dualize this inclusion
and get an exact sequence
0—>Rt—>V*®V* >R 0.

The algebra A' = T(V*)/R* is called the quadratic dual algebra of A.

Now, assuming that (k ® V) NP = 0, the map P — p,(P) = R is a bijection, so we can
definemapsa:R—V and :R— k as

-1
p
a:R —2>p-2,v B:R p k.

Then
P ={x+a(x)+ B(x)|x €R}.

Now let A' be the dual algebra of A. Dualizing the maps a and 8 we have

A=ve A =R, k-2 Al =R~
Example 1. First let us examine the classical case. Consider the tensor algebra, T(V), of the
A-graded vector space V, where A = Z. Now assign deg(v) =1 for v € V. It is easy to see that
the A-degree will equal the tensor degree meaning that the filtration and grading of T (V') will be
one in the same. Given RCV ®YV,

U=A=T(V)/<R>.
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Example 2. Now let us examine a special case of a A-graded filtered algebra. Let g be a semisim-
ple Lie algebra, where A is the lattice of weights of g. It is known that we have a decomposition

0= [01,0,] So2spo 82 =1x€g | [hx]=2A(h)x Yhen}
AEA

where b is a Cartan subalgebra. If we consider the relation x® y — [x, y] for x € g; and y € g,
we can see that deg(x ® y) = deg(([x,y]) = A+ u. By definition, the universal enveloping
algebra of g is

U=U,=Tg/J

where Tg is the tensor algebra on g and J =< x ® y — [x,y] >. We can see that since J is
generated by homogeneous relations, U is graded by A and is filtered by the tensor degree.

3. Curved Differential Graded Algebras

A A-graded curved differential graded algebra (CDGA) (B, d, c) over k is a cohomologically
graded k-algebra such that

_ _ P . R4 +q9 pP.pq _ pPtq
B=(DB?, BP=(DB,, B"-B'CB'Y, B} -BI =B}
DEZ AEA

where the differential d is a k-linear map such that d : B? — BP*! with
d%(b) = [c,b] = cb + (~1)2®Mee@pe, d(b,by) = d(by)by + (~1)I*11b,d(b,).

Note that when A = 0 we have the notion of a curved differential graded algebra, if c = 0 we
have the notion of a A-graded differential graded algebra, and if both are zero then we simply
have a differential graded algebra.

Definition 6. A A-graded left curved differential graded module (CDGM) (N,d,c) over a CDGA
(B,d,c) is a graded left B-module N with a k-linear map dy such that

N =N, N =N}, B -NjcN,
i€Z AEA

dy :Ni >Nt di(n)=cn, dy(bn)=dg(b)n+(—1)"'bdy(n), b€B, neN.

Note that for a A-graded right curved differential graded module we have Np]; -B; CN ;;JH

and d,%,(n) = —cn.
We let Com, (B, d, c) be the category of these curved differential graded modules, with the
evident morphisms. When ¢ = 0, we have simply a differential graded module.
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Example 3. The following example is due to Floystad [3]. Let k be a field and let U be the
following filtered quadratic algebra,

U=k[x]/(x2=(a—b)x+ab)=k[x]/(x —a) ®k[x]/(x — b).
The dual of U will be A' = k[£] which is the CDGA with differential

aEm) {—(a +b)EMYL ifnis odd

0 if nis even

and curvature ¢ = ab&2. More details of this CDGA will be provided in Sections 5 and 6.

4. Koszul Algebras

Let A be a quadratic algebra over a field k, so A= T(V)/(R). Its dual A' is the quadratic
algebra over k given by A' = T(V*)/(RY) with Rt c V* @ V¥ = (V @ V)*.

We define the Koszul Complex of A to be the complex (isomorphic to)
Lo AR A AR (A - A

where (A'); = A'l We can note that A!1 = V* and A!2 = (V*®V*)/(RY) =R* so (A!z)* =R.
Before defining the differentials, recall the canonical isomorphism W* ®; V = Hom (W, V)
defined by ¢ (A ®; v)(w) = A(w)v. Now if A= @®;c;A;, then

A® (A = EPA; @ (A) = P Hom (A},A)).
JEZ JEZ

Since A!l. is finite dimensional, we know that

@Homk(A!i,Aj) = Homk(A!i, @Aj) = Homk(A!i,A)
JEZ JEZ

via the isomorphism A ®j (A!i)* = Homk(A!i,A). The differential 6 : A ®; (A!i ) AR (A!i)*
carries over to a differential d : Homk(A!i A - Homk(A!i,A). We define d as follows. Let
fe Homk(A!i +pA) then df € Homk(A!l.,A) is given by

df (@)= f(Vut)v, for d € AL,
a

where {v,} is any basis of V = A;, and {V,} is the corresponding dual basis of V* = A|. In
fact, this formula for df does not depend on the choice of the basis {v,}. If {w,} is another
basis for V, i.e. w, = Xgg,vg, where gg, is an invertible matrix with entries in k, then we
may also define the dual basis of {w,} as {W,} = Zh.,V.. Now,

Sop =<V, Vg >=<Wgy,wg >=< wa,zgmvy >= ZgYﬂ < Wy, Vg >
Y Y
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If we substitute in for w,, we have

Sap = Zgrﬁ < Zheave,vy = ZgYﬁhea <Te, vy >= ZgYﬁh6a5€Y'
Y € Y,€ Y,€

Since 6., vanishes unless € = y we may rewrite the last term above as
Oap = Z 8rphya
T

which can be rewritten as

Sap = Y (“Opyhya = (gh)ga-
T
This shows that {fgh =1, i.e., h=(‘g) . So, if we have another basis for V,

Woq = Zgﬁavﬂ:
B

we know that

We —Z( 8V

and we would like to show that
df (@)= fFed)ve = D> f (o)W,
a a

Observe that

Zf(w Bw, —Zf(Z( g)Y;y)Zgﬁavﬂ

allowing us to simplify to
D Frgidwg = D (“8)t gpaf (¥, Z Zpalar f (¥ d)Vp.
a a’ﬂ
Since £gpq(8 oy = 52 we may conclude that
D FOiIwe =Y gpa(g ™ ay)f (7, d)0 = D ().
a By @ B
Now we will define § so that the following commutes:

19
A®(AL)) —— A®(A)

d d

d
Hom(Al A — Hom(A!i,A).
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Since an element of A® (A!l.H)* isasumof tensorsa® A, a €A, A € (A!i-i-l)* = Homk(A!iH, k)
it is enough to define 6(a @ A). Set

6(a®A) =Zava®ka,

a

where A, = A(V,-—) € (A!i)* = Homk(A!i,k) is the map d — A(V,ad). Let f = ¢p(a ® 1) and
recall that ¢(a ® A (b) = A(b)(a) giving us,

dp(a®2)(@) = df (@)= fFaldlva = I bla® )T,V

so we have

dp(a®A) (@) =Y p(a® A (dVe)v, = Y AldV,)av,.

Now to verify that the diagram commutes, we must check that
dp(a® A)(a)= ¢p6(a® A)(d). Given that 6(a @ A) = Za av, ® A, we know the following,

$5(a®A)@) =Y p(av, ® )@ = Y Ag(d)av, = Y A(Vuddav,

showing that the diagram commutes. Now we will need to show that d? = §2 = 0. If we can
show that 62 = 0 then by duality we will know that d> = 0. The map & is defined as follows

5a®A) =Y av, ® Ay - ),

a

where 6 : AQ®; (A!i+1)* — A®; (A})*. Now define 5’ : A®; (A}) — A®y (A!i-i-l) by 6’ = xe where

e=)>V,®v, €A ®A. Now we want to show that A®A!i+1 = [Homk(A!iH,A)]*. Since any

k-linear map can be extended canonically to an A-linear map, and any A-linear map comes
from a k-linear map, we know that

(A)* ® A=Hom,(A} ® A,A) = Hom, (A}, A).

So A®A!l.+1 and A® (A!i+1)* are dual in the A-linear sense. Now since (6')?x = xe? and

assuming that e? = 0 that implies that (6")? = 0 implying that 52 = 0 which, by duality, tells
us that d? = 0. Now to show that e? = 0 first note that
A, ® Ay = (V®)*/RM) ® (VE*/R)
=R*® (V®?/R)
= Hom(R, V®?/R).

Now consider the following diagram:

A ®A))® A ®A) —— A, ®A4,

' |

Hom(V®?2,V®?2) 2, Hom(R, V®?/R),
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where m is ring multiplication defined by
m[(d; ® a;) ® (dy ® ay)] = d1d; ® aa,

with canonical isomorphisms p and q. Now given e = Y.V, ® v, € A' ® A, we know that
e =V, v )3 Vg ®vg) = Za’ﬁ VoVp ® v, vpg by definition of the ring multiplication m.
We will show that 3, 5V, s ® v4vg = 0.

Given f € Hom(V®2,V®2), then g = ¢(f) is the composite

R < V®2 i) V®2 N V®2/R.
Now we will check that the diagram commutes. To define p explicitly first recall,
(A ®AD® A, ®A)=(V'®V)®(V'®V)

so we know that
p:(V*'®V)® (V*®V) — Hom(V®? V®?2),

Now for (¥, ®vg) ® (V, ®vs) € (V' ®V)® (V*®V) and (v, ®vg) € V®2 define p as follows
p((V, ®vg) ® (V, ®V5))(ve ®vg) = 6?5211,5 ® vs.

Let us check that p(e ® e) = id € Hom(V®2,V®2), where

e®e= Y (V,8,)® Y (V5 ®vp).

We evaluate e ® e on v, ® vy and we have
(e®e)(v.®vy) = Z 52‘551/(1 ®vg
ap

which will equal zero when either a = € or 3 = 6 meaning that

(e® e)(ve ® VQ) = (Ve ® VQ)’

V®2

s0 e ® e is the identity map. The map ¢ clearly takes id € Hom(V®2,V®2) to the zero map in

Hom(R, V®2/R). To define the isomorphism q recall that

Ay ®Ay = ((VH®?/RY) ® (V*2/R)
=R*® (V®2/R).
If we can show that the diagram commutes, that will prove that g(e?) = 0. For an equivalence

class of elements v, ® v, ® vg ® v5 € (V*)®2/Rt ® (V®2/R) and for an element x € R define g
as follows

(Vg ® Yy, ® Vg ®;5)(x) = (Vo ® V(X)) - vgvs = (Vo ® V(X)) - vg ® Vs,
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where ¥, ® v, e V @ V* = ((V®2)* is a linear functional. To see that q is well defined, note
that v, ® v, is unique up to (v, ® v,(x) + p) where p € R'. Since p € RY, p(x) = 0 and
in the quotient (V®2/R) so the map q is well defined. Note that x € R is also contained in
(V®2) meaning that any linear functional on V®? restricts to R. So to see that the diagram
commutes, observe that

Pp[(Vy ®vp) ® (v, ®v5)](x) = [(Vo ® V) )(X)] - vg ® Vs
[(Be ® ¥ )(x) - (Vg @ vs)]
=qm[(V, ® vp) ® (V, ® v5)](x).

We have shown that the diagram commutes proving that q(e?) = 0, so e = 0 since q is an
isomorphism.

Thus we may define the Koszul complex K! = A® (A!l.)*. The notation K(A) will also be
used to indicate the Koszul complex of a quadratic algebra A.

Proposition 1. [Proposition 2.9.1, [1]]. Let A be a Koszul ring. Then A" is Koszul as well.

Proposition 2 (Koszul Algebra). Let A be a quadratic k-algebra, then following conditions are
equivalent:

() H(K(A),=0ifi>0andifi =0, n# 0, we have H(K(A)), = k.

(b) H;(A,M ), (Hochschild Homology) where A is considered as an A-bimodule, vanishes for
any Z*-graded A-bimodule M and i < —j.

(c) Ex t}‘:(k, k) =0 for all i # j, where Ext'(k, k) is taken in the category of left A-modules.
(d) K°® is a resolution of A in the category of A-bimodules.

(e) K*®* ®,k is a resolution of k in the category of left A-modules.

(f) There exists a free resolution of k such that the i’th syzygies are all generated in degree i.

Example 4. Let us consider the special case where A is the symmetric algebra on V, S(V). The
quadratic dual A' will be the exterior algebra on V*, E(V*). Therefore we may represent K(A) in
the following way

d d d
S AQANA(V) — AQV — A,

where dy : a ® v — av or more specifically for this example, dy : p(x) ® x; — x;p(x) with
p(x) € S(V) and x; € AY(V). More generally, we may define d; : A® AP(V) —» A® AP1(V) as
follows, .
di:a®v; Avyy A--- Ay — Z]avl-j(—l)]_lvi1 A /\ﬂj ANV
Note that the Koszul complex is graded by tensor degree since A and A' are both graded.
Fora®v e (A®V),, deg(a) = n—1 and deg(v) = 1 so deg(a ® v) = n. Also note that
H'(K*), = 0 for all i > 0 and for i = 0 with n # 0. The only nontrivial homology group is
H°(K*)o = k.
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5. Duality

Let U = T(V)/ < P > be a A-graded filtered quadratic algebra. Let A= T(V)/ <R >,
where R = 3(P) as in Section 2. We define a dual A-graded curved differential graded algebra
(A, d, c) as follows:

A'=T(V")/RY,
-1 -1

a:R-2.p -,y g.R-2p 2

with A!1 =V* d=a" and c = *(1).

Theorem 1. Assume A is Koszul. Then U is of PBW-type if and only if the map a* extends to
an antiderivation d on A' such that, letting ¢ = B*(1),(A',d,c) is a curved differential graded
algebra. In particular, when ¢ = 0, giving A' the structure of a differential graded algebra is
equivalent to giving a subspace P C V & (V ® V) with p,(P) =R such that grU =A.

Theorem 2. Assume A is Koszul. Then U is of PBW-type if and only if
1. im(a®id —id ®a) SR C V ®V (this map is defined on (R® V)N (V ®R)).
2. ao(a®id—id®a)=p®id —id ® .
3. Bo(a®id—id®a) =0.

These two theorems amount to giving A' the structure of a CDGA. The following lemma
will be made use of in Section 6.

Lemma 1. The element in U ®; A'
D xaXp ® gk, + Y x,®d(%)+1®cC 1)
and the element in A' ®, U
D % ® xoxp +d(%,) ® X +cB1
are both zero.

Proof. Consider the pairing
(U®A,)® (A, —U.

Denoting the element in (1) as m, we show that (m, —) : (A!Z)* — U is zero. Note that
(m,r) = Z <xax/3 ® Jvcﬁavca, r> + Z (xa ®d(x,), r> +{1®c,r).
Also note that for an element r in R = (A!Z)* we have

D XaXp (¥ptwr) =r D X (d(E)r) =alr), {e,r)=pr),

and since r + a(r)+ f(r) = 0 in U, the lemma is proven.
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Example 5. We may first consider the case where U = A is a A-graded filtered algebra. The dual
will be the cdga (A',d = 0,c = 0).

Example 6. Let U = Ug be the universal enveloping algebra of a Lie algebra g. Then the dual
(A',d,c = 0) is the Chevalley-Eilenberg complex of the Lie algebra g.

Example 7. The symmetric algebra on V, S(V), is defined by R=(x ® y — y ® x)y yey- The
quadratic dual algebra of S(V) is the exterior algebra E(V*) defined by the relations (x ® X),cy*
nv* v

Example 8. Continuing Example 3, we can show explicitly that Theorems 1 and 2 amount to
giving A' the structure of a CDGA. We have the following algebra

U=k[x]/(x?>=(a—b)x+ab)=k[x]/(x —a)®k[x]/(x — b).
Given U, we know that A' = k[£] assuming < x,E >= 1. By definition we know
a(x?)=—(a+b)x and B(x?)=ab,
so now to calculate the differential we have
<a*(&),x?>=<&,a(x?) >=<&,—(a+ b)x >=—(a+b).

This tells us that a*(&) is the element ofA!2 for which < a*(&),x? >= —(a + b), so a*(§) = &2
This tells us that d£ = —(a + b)E2. Now let us calculate d(E2). We have

d(E)=dE-E—E-dE=—(a+b)E2- E+&-(a+b)E? =0,

Therefore we have the differential

aEm) {—(a +B)E™ ifnis odd

0 if n is even.

It is easy to see that d® = 0.

6. The Duality Functors F and G

We let U be a A-graded filtered quadratic algebra such that A = gr(U) is Koszul, and we
let (A',d,c) be the dual cdga. Let T = U ® A'. This is a U — A' bimodule and we give it the
grading of A'. Let d be the endomorphism defined by

u®a»—>2uxa®%aa+u®d(a)

where x, is a basis for V and X, is the dual basis for V*. This definition is independent of
the choice of this basis and one can check that this gives U ® A' the structure of a right cgd
module over (A',d, ¢).
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Lemma 2. For T = U ® A' a A-graded (U,A")-bimodule, T is a right A'-CDGM.

Proof It is clear that T is a A-graded (U,A')-bimodule. We only need to check that
d*(u®a) = —u® ac. We define d as follows

du®a)= Zuxa ®x,a+u®d(a).
We have
d*(u®a) = Z ux,xp ® XgX,a+ Z ux, ® x,d(a)+ Z ux, ® d(%,a)+u®d?*(a)

= Zuxaxﬁ ® XpgXqa +Zuxa ®d(Xxg)a+u®ca—u®ac

=—-u®ac.

The minus sign is as we would expect since T is a right A'-module.

The pair of adjoint functors
F:Comy(A',d,c) s Comy(U): G

is given by
F(N)=T®y N, G(M)=Homy(T,M).

Explicitly, we have
= @ U, e

utv=2A
with
d(u®n)=2uxa®fcan+u®d1\,(n). (2)
a
Since deg, (X,) = —deg,(x,) one can show that d preserves the A-grading. Since
aXq € Upydeg(x,) and X4n € ij;eg(x )y the sum y + v = A remains unchanged in the tensor.

The map d is also U-linear, this can easily be seen since

d(uju®n) = Zuluxa ® Xon+uu®dy(n)
=u,; Zuxa ® X ,n+u®dy(n)
=u;d(u®n).

Lemma 3. d? = 0 in Equation (2) and if N is in Com,(A',d,c) then F(N) is in Com(U).

Proof. All of the axioms necessary to show that F(N) € Com,(U) are obvious except for
that d? = 0, so let us verify this. For u ® n € F(N) we have

d*(a®n) = Z(Z ax,xg ® XgX,n+ ax, ® dy(¥,n))+ Z ax, ® X, dy(n)+a® d,%,(n).
a B Y
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The term ), ax, ® dy(¥,n) may be rewritten as

Z ax, @d(x,)n—axy, ® x,dy(n)

a

which allows us to simplify and apply Lemma 1 as follows,

d*(a®n) = Z(Z ax,xg ® XgX,n+ax, +d(¥,)n)+a®cn
a B

= a(Z(Z XoXp ® XpXy + Xy +d(%,))+1®C)n
a B
=0.

Next, G(M) = Homy (T, M) = Hom,(A', M) has the structure of a graded A'-module, de-
fined as

(a-f)(b) = (~1)1P*f(ba), a € (A), be(A"), f € Homy(A',M).
One can verify that a; - (ay - f) = (a;a) - f. Also it carries an internal A-grading:
cm), = ] [Hom(ay;, M5T)
r=0 u

with d is given by

d(f) @)= (VD x o f (@) + (D £ (g (@) + dy(F(@))). (3)
Note that our sign conventions differ from that in [3].

Example 9. Continuing Example 3 the algebra U has two simple modules of dimension 1 over k
namely

k,=k[x]/(x—a) and ky=k[x]/(x—Db).
By definition, the CDG-module G(k,)P = l_[rzo Hom(A!r,kg+r). Note that kg+r is nongero only
if p = —r. Now since Hom(A!r, k,) = (x") we can check that for the CDG-module G(k,) we have
3 b& 3
() S ) S () S 1) = (0) -

The module multiplication for v € k, is defined as x - v = av. Now let us consider F G(k,) which
has the form
.._>U®(A;)*®ka—>U®(A;_1)*®ka—>--- .

The differential for FG(k,) is given by
du®éP®1)=ux @& 11+ (-1 ueé’ 'ea+u®d(EP)®1).

It is easy to check that d*> = 0 and the complex FG(k,) will be quasi-isomorphic to k, by Propo-
sition 4.
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Lemma 4. d? = c in Equation (3) and if M is in Com,(U) then G(M) is in Com,(A',d, c).

Proof To verify that d?(f) = cf we have
d(d(F) (@) =d[(-DI D e, f (2] + d (DI £ (dg(@)] + ddy (F(@))].

Let us examine the first term of this differential. Let g(a) = (—l)lf |+1 > xqf (%4a) and let
|f| = p so we have

d(g)(@) = (—1PP"2 " xpg(¥pa) + (—1)P?g(dy(a)) + du(g(a))
B

which can be rewritten as

d(g)(a) ==Y xpxaf (Xakpa) = D x, f(yda(@) + (1P Y dy(xsf (%50)).
B.a Y 5

Now recall from Lemma 1 that

D i xaXp ®%pX+ Y X, ®d(X)+1®c=0 )
wp

and since we know
dA!()\éYa) = dA!()\éY)a - )%YdA!(a)

we have
Do f Gpdp(@) = D x, f(du(E)a) = D x, f (da ().

So we may rewrite d(g)(a) as

d(g)(@) = f(ca) + Y x,f (du(,a)) + (=1 dy (O x5f (50)).
Y 1)

Now let us examine the second term of d(d(f)(a)). Let h(a) = (—1)?*1f(d,(a)) so we have

dh(a) = (—1)P*? Zxah(fcaa) + (=1"**h(dy () + dy(h(a))
=- Zxaf(dA!(fCaa)) — f(dp(da(a))) + (=P dy (f (dp(a)))
=~ Zxaf(dA!(J”faa)) + (=P dy (f (dg(a))) — £ (ca) + f (ac).
For the third term of d(d(f)(a)), let k(a) = dy;(f (a)). So we have
dk(a) = (—1)p+22xak(>vcaa) + (=1*"*k(dy () + dy(k(a))

= (—1)P*? D xady(f (%6@)) + (—1)P2dy (f (da(@))) + dy (dy (f (2)))
= (—1P2) " xody (f (%)) + (10 2dy (f (dg ().
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Note that since d,, is U-linear we have
A xsf(k5a)) = ) x5d(f (¥5a)).
Now we can list all remaining terms of the differential d?(f)(a) as so
*(F)@)=f(cd) + Y x, f (du(¥,a) + (—1)P+1dM(; x5 f (¥50)
T

= > xuf (dy(E,@) + (1P dy (f(dy () — f (ca) + £ (ac)
+ (1P ol (f (4a)) + (= 1P 2dyy (F (dg (a)))
=f(ac) = (c- f)(a).

We will now check that d(a- f)=da- f +(=1)%a-df. Let |f| =p, lal =g, and |b| =r. So
we have

d(a-f)(b) = (—1)p+q+1zxa(a - fIGtb) + (1P (a - £)(d(b))+d(a- f)(b)
which may be rewritten as
d(a-f)(b) = (—=1)®Far+prl Zxaf((J?aba))+(—1)qp+qr+p+1f((d(b)a))+(—1)qp+qrd(f(ba))-

Recalling that

f(d(b)a) = f(d(ba)) +(=1)"*"'f (b(da)),

we have

d(a- f)(b) =(—1)WPHI PN " x f(¥gba)) + (~1)P TP f (d(ba))
+ (= DT £ (b(da)) + (- 1P A(f (ba)).

Let us now calculate (da - f)(b) + (—1)%a - d(f(b)). For the first term, we have
(da- f)(b) = (=1)¥PTI"*PT f(b(da))
and for the second term, we have
(=1)(a-df)(b) = (—1)Wrar+p+ ZXaf((JVCaba))+(—1)qp+qr+p+1f(d(ba))+(—1)qp+qrd(f(ba))

which proves that d(a- f)=da- f + (—1)9a - df. These define a structure of a CDGM over
the CDGA (A',d, c). More explicitly

(A8 x G(M)L — G(M)p 1.

Note that when A' = E(V*) with dim V < oo, the above direct products are direct sums
since dim A' < oo.
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Proposition 3. We have:

1. For N in Comy(A',d) and M in Com,(U) there is a canonical isomorphism of differential
graded A-graded vector spaces

Homy(F(N),M) = Homyu(N,G(M)).

2. The functors F and G are adjoint, i.e.,

Homgom,u)(F(N), M) = Homgopm, a4y (N, G(M)).

3. The functors F and G are exact.

Proof. Since F(N) =T ®, N and G(M) = Homy(T, M), the first statement follows directly
from the adjointness of Hom and tensor product. Explicitly both complexes have (p, A)’th

term equal to
+
[T Tromy )
reZ W

with differential d given as follows for f € [ |.., Hom(N",MP*")and n € N,

rez

d(f)(n) = (=1)"dy f (W) + (=1 fdy () + (=)™ Zxaf(ffan)-

To see that the functors F and G are adjoint we note that the two sides are the cycles of degree
0 in the complexes described in the first statement. The functor F is exact since as a module,
F(N)=T®y N =U®; N and k is a field. For the same reason, the functor G is exact since
G(M) = Homy (T, M) = Homy (A', M).

Lemma 5. Let M be a U-module considered as a complex situated in degree 0. Then FG(M) — M
is a quasi-isomorphism.

Note that FG(M) is the complex
= URMA))' OM—URA, ) @M —--—U®M
and the differential is given by
du®a*®@m)= Zuxa Q X a* ®m:|:Zu®a*>vca @ x,mEtu®d*(a*) ®m.
Proof. Proof is from [3]. The complex FG(M) has a filtration F;G(M) defined as
o> F L, U®A) ' ®M —»F,_U®A))'®M —» F,U®M.

We claim that for i > 0, we have HP(F;G(M)) = M for p = 0 and zero otherwise. This follows
by induction from the exact sequence

0— F;_1G(M) — F;G(M) — F;G(M)/F;_1G(M) — 0
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by noting that the term F;GM /F;,_;G(M) is a homogeneous part of the Koszul complex for A
and A' tensored with M (over k) i.e.

Ag®AY @M — - > A ®(A) ®M
with differential
du®a*®@m)= Zuxa ®a*x, @ m.

We want to show that F;G(M) — M is a quasi-isomorphism, that is, H?(F;G(M)) = 0 for
all i and with p < 0, and H°(F;G(M)) = M for all i. We know that FG(M) = li_n)lFiG(M) o)
therefore
HP(FG(M)) = HP (lim F,G(M)) = lim HP (F,G(M))

and thus FG(M) — M is a quasi-isomorphism provided that F;G(M) — M is for all i. Now we
will prove by induction that HP (F;G(M)) = 0 for all p < 0 and H°(F;G(M)) = M for all i. The
case when i = 0 is trivial since FyG(M) = M. Now assume i > 0 and consider the following
commutative diagram of exact sequences,

0 — F,G(M) — F;1G(M) —— F;;G(M)/F,G(M) —— 0
I d d |
0 —— M _ M D 0 — 0.

The map a is a quasi-isomorphism by the induction hypothesis and the map y is a quasi-
isomorphism since A is a Koszul algebra. Now by applying the 5-Lemma we know that the
map f3 is also a quasi-isomorphism. We know that FG(M) is lii)nFiG(M ) and since taking the
filtered direct limit is an exact functor it commutes with cohomology so we get the lemma.

Corollary 1. For M* a bounded complex indexed as follows
0—>Mb —)Mb+1 —)"'—)Mt_l —)Mt—>0.
HP(F;G(M*)) =0 for all i and for p < b.

Proposition 4. Assuming that A and A' are Koszul, the natural morphisms coming from the
adjunction
FG(M)— M, N — GF(N)

are quasi-isomorphisms.
Proof. Assume M is bounded and indexed as follows
0_)Mb _)Mb+1 _)"'_)Mt_l —>Mt—>0.

Let 0”PM be the truncation M?*! — MP?*2 — ... and so M?[—b] will just be a module
considered as a one term complex. We may now form the following short exact sequence

0—0 "M > M- M[-b]—0.
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Consider the following commutative diagram of exact sequences

0 —— FG(o >*M)) —— FG(M) —— FG(MP[-b]) —— 0

| ‘| /| $ |
0O— oy —5 M —— M’[-b] ——oO.
The map a is a quasi-isomorphism by induction on the length of the truncation, the map y

is a quasi-isomorphism by Lemma 5 so by the 5-Lemma we know that the map f3 is also a
quasi-isomorphism.

Now let us assume that the complex M is bounded above so M = li_I'l)lO'sz where the
0=PM are bounded. Since we know that

cm)y = ] [Hom(cay;, M5iT)

r=0 u

we can now show that G commutes with direct limit. We know that M = li_r)nafsM and even
M]! = [li_n}crssM]l. Now note that [li_n}crssM]l =0if [ <s and equals M! if [ > 5. Since M

is bounded above, we know that M! = 0 for [ >> 0 which tells us that there exists an s, such
that for all s > s, we have (c=*M)P*" = MP*" for all p and r > 0. Therefore

: >p _
G(ll_l‘l)l o=PM) = G(M).
Since F is a left adjoint it also commutes with the direct limit so we have that
FG(M) =FG(limo=PM) =limFG(cZPM) — limoc=’M =M
— — —

is a quasi-isomorphism since h_n} is exact in the category of vector spaces.
Next suppose that M is bounded below e.g. M = 0> M and indexed as follows

O—)Mb—>Mb+1—>"'.

We know by Lemma 5 that for a module M over U, F;G(M) is exact in cohomological degrees
< 0. First we must define the filtration F;G(M) for when M is a bounded complex, not just a
module. Let
[F;G(M)]® =F;,,U® | | Hom(a}, MP**).
p=0

If M is bounded above, in particular bounded, then

GrIFGM) = PAi1 ® (A))* ® MPTe,
p=0

Let M be a complex bounded below i.e. M*®* =0 for i < b. We want to show that FG(M) — M
is a quasi-isomorphism in degrees < b. Also we know that H'(M) = 0 for i < b. Since we
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know that FG(M) = lim F;G(M) and since we know that taking cohomology commutes with
taking direct limits, it suffices to show that H!(F,G(M)) = 0 for i < b and for all v >> 0
which amounts to showing that H'(FG(M)) = 0 for i < b. By our proof of Lemma 5 we
know that H'(F,G(M)) = 0 for i < b and for all v >> 0 is true for the case where M is a
module considered as a one term complex situated in deg b. Now if we allow for M to be a
bounded complex, again by our proof of Lemma 5 we can induct on the length of the complex
and again show our intended result. Now let M = liLnGSPM and note that each o=PM is
bounded since M is bounded below. We know that

F,G(M) = F,G(lim oSPM) = F,(lim G(o=PM)) = lill(FVG(O'SPM)).

The first equality is easy to see since M = lillO'SpM , the second equality follows from the
fact that G is a right adjoint and the third equality follows from the fact that each F, G(M) is
finite dimensional, and therefore commutes with inverse limit. Now we would like to show
that even though inverse limit does not usually commute with cohomology, in our case we do
have

Hi(yEFvG(ofPM)) = @Hi(FVG(ofPM)).

This equality follows from the fact that each F, G(0c=PM) and H'(F, G(0c=PM)) satisfy the
Mittag-Leffler condition (See Proposition 5). We also know that for i < b the following is
true,

Hi(yLn oSPM) = @Hi(ofPM),

since M = 0 for i < b and we know by our proof of Lemma 5 that since each =P M is bounded
we have _ .
yLnHl(FvG(ofPM)) = yLnHl(ofPM),

proving that H(F, G(M)) =0 for i < b and for all v >> 0.
Now let M be an arbitrary complex. Consider the following diagram

0 —— FG(0”P)M —— FG(M) —— FG(c=PM) —— 0
| ‘| d 4 |
0O—— oM —— M —— oM —— 0
and the resulting cohomology diagram:
H{(FG(o>PM)) —— H{(FG(M)) —— HY{(FG(c=P(M)) —— H™(FG(c>PM))
|« ls I |«
H{(¢>PM) —— H'M) —— HY{(c*M) —— HTY(o>PM).

We know that the map vy is an isomorphism in all degrees i since c=PM is bounded above.
We have also shown that « is an isomorphism in degrees i < p since c”PM is bounded below.
Similarly, ¢’ is an isomorphism in degrees i + 1 < p. The 5-Lemma now shows that f is an
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isomorphism in degrees i < p — 1. Since p is arbitrary, § is an isomorphism in all degrees i.

We now would like to show that N — GF(N) is a quasi-isomorphism. The complex GF (k)
is the complex
= (A) U (A, ) ®U— = U.

By the same argument as in the proof of Lemma 5 the map k — GF (k) is a quasi-isomorphism.
So if N = N° we have GF(N) = GF(k) ®, N and so N — GF(N) is also a quasi-isomorphism.

By induction on the length of the truncations, we know that N — GF(N) is a quasi-
isomorphism for bounded N. Now let N be bounded above. We know that N = li_n)lc7>PN for
p — —oo and we also know that for N bounded above,

0PN — GF(c”PN)

is a quasi-isomorphism for all p since each c”PN is bounded. Since we know that direct limit
commutes with taking cohomology, we would like to show that

GF(li_n)1cr>pN): Gli_n)1F(o>pN):h_n)1GF(a>pN).

The first equality is clear since F is a left adjoint but it remains to show that G commutes with
direct limit. We know

GF(0”PN)' = [ [Homy((4")", F(0”PN)™*")

r=>0
and sincep—i+1<r <t —1iwe have

t—i
GF(0”PN)'= B Homi((A),F(c”PN)*").
r=p—i+1

If we take the direct limit of both sides as p — —oo we have

t—i
lim GF(0™PN)" = (P Hom((A'), F(67PN)'*")
0

which we would like to have equal to G li_r)nF (o”PN). We know

GlimF(o>PN) = | [ Hom,((4')", [lim F(c>PN)]**")

r=0
= [ [Hom((4')",limU & (0P N)"*")
r=0

[ imstom@.ve s+

r>0
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The third equality is due to the fact that each (A')" is finite dimensional and since we know
that r is bounded, i.e., p—i4+1 <r <t —i we have for p —» —o0

t—1
Glim F(0PN) = lim € Hom, ((A')", F(c PN )"*")
r=0

which eventually stabilizes in this range of r giving us
GlimF(o”PN)=1imGF(c”PN)
— —

showing that G can commute with direct limit and showing that for N bounded above, we
have N — GF(N) is a quasi-isomorphism.
Now let N be arbitrary. We know for p — oo,

limo=PN =N
Pa—
and we know that each 0=PN is bounded above so for all p we know that
0=PN — GF(0c=PN)
is a quasi-isomorphism. By Lemma 7 we know
limo=PN = lim GF(0=PN)
— —

and we also know that
yEGF(afPN) = G@F(OSPN)

since G is a right adjoint. It remains to show that F can commute with inverse limit. We know
that F(N)' = U ® N' by definition and we know that for a fixed i and for p — oo we have

limF(oc=PN)' =limU ® (c=PN)’
— «—

and since p will become greater that i after finitely many steps, both sides will equal U ® N
showing our intended equality and thus proving that for arbitrary N, N — GF(N) is a quasi-
isomorphism.

Proposition 5. Let K; be a projective system of complexes of modules over a ring
R:...>K ,— K; — .... Suppose that K;‘ satisfies the Mittag-Leffler condition (ML) and that
each H “(Kp) satisfies the ML condition, for instance if it satisfies the descending chain condition
(dcc), (eg., if each is a finite dimensional vector space over the field R = k). Then

(m)H*(K;) = H(im K;).
p p
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Lemma 6. For all sufficiently large i, the projective systems
p— F.G(c=PM) and p — H*(F,G(c=PM))
satisfy the ML condition when M is bounded below, therefore
@H“(PiG(apr)) =HYF,G(M)) = H“(yEFiG(ofPM)).
P P

Proof. Since M is bounded below we know that =P M is a bounded complex. By choosing
i large enough we know that F;G(0=P)M — o=PM is a quasi-isomorphism. Note that the i
that works depends only on the lower bound of the complex c=PM and this is the same for
all p, so let us fix an i. Thus p — H(F;G(c=PM)) is ML since for large p (in fact p > a), these
values are constant and equal to H*(M).

For F;G(0c=P)M note that in any degree, the transition maps

p+1-j
F,G(o* M) = Uy, @ [ | Hom((4),M™*") - F,G(o=* MY
r=0

induced by the natural projection

ptl-j _ p—j .
[ ] Hom((ay, M) — [ [Hom((a')", m7*7)
r=0 r=0

are surjective, hence we have the ML condition satisfied.

Lemma 7. For all sufficiently large i, the projective systems
p — GF(0=PN) and p — H%GF(o=PN))
satisfy the ML condition for any N, therefore
@H“(GF(USPN)) = H%(GF(N)) = H*(lim GF(o=PN)).
p P

Proof. The second of the two projective systems clearly satisfies the ML condition since
H*(GF(0=PN)) = H%(0c=PN) and since each c=PN is bounded above, and since for all i the
projective system is constant for large values of p and it equals H*(N). Now to show that the
first system satisfies the ML condition observe that

(GFo=PNY =] [Hom((4')",U ® (0=PNY*")

r=0
and since c=PN equals N/*" when j + r < p and zero otherwise we have
p—j

(GFo=*NY =] [Hom((4')",U @ N/*")

r>0
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so the natural projection

pP—J p—j-1
l_[Hom((A!)r,U®Nj+r) - ]_[ Hom((A")",U ® N/t7)
r=0 r=0

is clearly surjective thus showing that the ML condition is satisfied.

7. Equivalences of Categories

Let K,(A',d,c) be the category Com,(A',d,c) with morphisms being chain homotopy
equivalence classes of maps. Similarly we may define the category K, (U).

Definition 7. The null system, N, of KA(A',d,c) is defined to be all of the complexes, X, such
that F(X) is acyclic. The null system, N, of K,(U) is defined to be all of the complexes, Y, such
that G(Y) is acyclic.

We define D,(A',d,c) to be the category K,(A',d,c)/N where N is the null system of
K\(A',d,c). We also define D,(U) to be the category K,(U)/N where N is the null system of
K\ (U).

Theorem 3 (The Main Result). The adjunction F and G given in Proposition 3 induces an
equivalence of categories between the quotient categories D (A", d,c) and D,(U).

Proof. The proof of this is exactly the same as in [3].

8. Relating Floystad’s Duality to the Classical Koszul Duality

Classical Koszul duality concerns the pair of positively graded algebras A and A'. Floystad’s
version of Koszul duality considers the case where U = A for a filtered algebra U, meaning
that the filtration arises from a grading of A. The case which is of interest to us is represented
in the following commutative diagram

G,:C(BH) — C(B): Fy
| i

G:C ) —— Cy(AL) : F
| 61 Ly

G:Comy(U=A) —— Comy(A,d=0,c=0):F.

In this commutative diagram B = A', C;(A) is the category of chain complexes of graded left
A-modules and C(A) is the category of chain complexes of graded left A'-modules. The
functors Fj, and Gy, are the functors from [1] given by

(FpM)b = D Blom! (GpN)E = D Homy(B_;,N)).
p=it] p=itj
q=l-j q=l—j
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The functors F and G have been constructed such that F = Fap and G = G¢ making the lower
half of the diagram commute. We would like to relate the following

Y : Cy(AL) S Comy(A,d =0,c=0): ¢

by defining ¢ and v such that they are well defined, inverses of each other, and make the
diagram commute. Now note the A, on the left hand side is a ring while the A' on the right
hand side will be regarded as a CDGA with d = ¢ = 0. Namely we define
(yYA.) = (A',d = 0,c = 0) as the Z-graded CDGA by the rule,
: 0 ifi+j#0
A! l_ —
(A, {A’i if —j=i>0.

For any complex (M, dy,) € CZ(AD we define a CDG-A'-module (y)M) = (N, dy) by the rule

(wM)j. = N].i = M:j with differential dy(x) = (—1)*dy;(x) for x € N°. One must now check

all the necessary axioms to show that ¢ (M, d,;) = (N, dy) is an element of
Comy(A',d = 0,c = 0) for (M, d,,) € C,(A.). Clearly dﬁ, = 0 since we know that dﬁ[ =0. We
also need to check A'-linearity of dy meaning that for x € N° and a € (A')* ; we have

dy(ax) = (1) ady(x).
This is clearly true since both sides equal (—1)*T*ad,;(x). This also verifies that
dy(ax) = dg(@)(x) + (-1 @ady(x)
since d4 (a)(x) = 0. Now we need to check the module structure of (N, dy ). We know that
A;) xM'? c Mgfﬁ
and under v this corresponds to

\P p+r
(A )_p XN/ C NZ 4

and we know this is true by our definition of 1 verifying that v)(M) is an A'-module. Now
we’d like to check that ¢(N,dy) = (M,dy,) for (M,dy;) € C4(AL). Now let us define ¢ such
that ¢(A',d = 0,c = 0) = A. Namely we define ¢(A',d = 0,c = 0) as the chain complex of
graded left A'-modules by the rule

Doy — i — (A
$(A,d=0,c=0) =(A)
and we will define an A'-module by the rule

i i — ity
(¢N)j =M; =N_;

with differential dy;(x) = (=1)"dy(x) for x € M]l Clearly df,[ = 0 since dy, = 0. We also

must show that dy;(ax) = ady;(x) and this is clear since

dy(ax) = (=1 a(dy(x)) = aldy (x)).
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Finally it remains to show that
! i i
A XM i C M it

which, under ¢, corresponds to
! i+j i+j+r
@)y, eN_ cNTTT
which we know is true by our definition of ¢ thus completing our verification that
p(A',d=0,c=0)=A..
Now we need to verify that the diagram commutes. The lower half of the diagram com-

mutes by definition of F and G. More explicitly, F = F1) and G = G¢ by definition. What
remains is to verify that

Fp(M,dy ) = (F,M)? and  ¢G(N,dy)E = (GyN)D.

We know that
FyM,dy )y = D A, @MY = P B o M-

r+s=q r+s=q

and we also know that
D _ ! i
(FyM) = €D Bj @ M!
p=itj
q=l-j

SO Ft,b(M,dM)g = (FbM)Z aslong asi =p+s, j = —s, and I = r which are all clearly true
since we know that p =i+ j, q =1 —j and r +s = q. We also must check that the differential
on Fy(M,dy, )5 matches the differential on (Fy, M )g. For x € N® we have the differential on
F(M,d,,) is given by

dp(a®n)=Xax, ®x,n+a®dy(n)=Xax, ® x,n+(—1)’a®dy(n).
The differential for F,(M,dy;) witha® m € B, ® M ]‘ is given by
dp,(a®n)= (-1 zav, ® v,m+a ® dy(n).
Since i + j = s we see that dp and dj, differ by a sign:
dp(a®n) = (—1)i+deb(a ®n).

Let us check that G, = ¢ G. We know that the following expression

(GyN)2 = P Homy(B_;,N})
p=it]j
q=l=j

will be equal to
$G(N,dy)b = G(N,dy)" s = D Homy (B,, N ;41")

—q-r
r>0
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onlyif r = —I, j = —q—r,and i = p+q+r. These identities follow immediately by definition
of p and q proving that G, = ¢G. To verify that the differentials agree consider the total
differential on (G, N )f, for b € B=A' given by

(dg, fI(b) = (~1)'EVaf (v,@) + dy(f (b))

and the differential on ¢ G(N, dy )y = Homy ((A")",,N? ;ﬂjr) for a € A' which is given by

(def)(@) = (—DV 1 sx, f (@) + (DI £ (da (@) + dy (F (a)).
= (1P, f (%4a) + (1P dy (f (a))
= (=1)"+1 3, f (X4a) + dy (f (a))

We can see that the two differentials, d;, and dg, only differ by a sign.
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