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1. Introduction and Preliminaries

Several mathematicians have studied the integrability conditions for trigonometric series
with different types of coefficients. The first results pertaining to the trigonometric series of
the form

o0
% —I—Zak coskx @)
k=1
oo
Z a sinkx 2)
k=1

considered the case of monotone coefficients. Later, some authors investigated the series (1)
with quasi-monotone coefficients (a,.; < a,(1+ a/n), n > ny, a > 0).

Many papers have been written on the series (1) when the sequence {a;} is a null-
sequence and convex or quasi-convex, i.e. A%a; > 0 or

D (k+ 1A% < oo, 3)
k=1

where A2, = A (Aay), Aay = a — ajq.
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Furthermore, when {a;} is a null-sequence of bounded variation, i.e. 2211 |Aagy| < o0, is
also considered.

We shall consider the series (1) and (2) whose coefficients tend to zero and satisfy any
condition that provides their convergence on (0, 7t]. Let us denote their sums with f(x) and
g(x) respectively.

If the coefficients a; are quasi-convex, it is well-known that f is an integrable function on
[0, ] (see [1]), and the estimation

f FGOldx < 7Y (k+1)| A%
0

k=1

is valid.
In a similar direction, among others, S. A. Telyakovskii [6] obtained some estimates of the
integrals of the following form

/L
f lp(x)ldx, 1<f<m, ({,meN), 4)
n/(m+1)

expressed in terms of the coefficients a;, where he used null-sequences of bounded variation
of second order (Ziozl |A%a;| < 00), instead of quasi-convex null-sequences. Here ¢(x) is
either f(x) or g(x).

It is obvious that the condition

o0
Z |A2q,| < 00 (5)
k=1

is a weaker condition than the condition (3).
The following definition is introduced in [4]: A sequence {a,;} is of bounded variation of

integer order p > 0 if
o0

D 1APgy] < oo, 6)

k=1

where APa, = A (Ap_lak) = AP~1lq, — AP71q;,,, and we agree with A% = qy.

In [4] an example is given to show that (6) is an effective generalization of the null
sequences of bounded variation. This fact encouraged the present author to consider the
series (1) with coefficients that satisfy the condition (6). The results are published in [2].
Also similar results the reader can find in 3, 4].

For an integer non-negative number r and a sequence {a; } we write A, a, = a; —a;,, and
ANlqp = A, (Arar) = ag — 2ax4, + agpor- Note that for r = 1 we obtain ordinary differences
Aa = ai — qi4q and A?q = A (Aay) = a; — 2aj41 + Qya-

LetreN,k=1,2,...,r,n=0,1,2,...,

sin((2k —r)x/2)
2sin(rx/2)

Bg’r’k(x): , x#2mmn/r,meEZ,
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. X
sin ((Zn + 1)r5)

: X
2sin (FE)
n n

1 0 2 1

BrsC) = 2 B (), BL ()= D By (1),
m=0 m=0

sin ((Zk +(2n+ 1)r)§) —sin ((Zk - r)%)

Bgﬂ’r’k(x) =cos(k + nr)x, BCi’r,o(x) =

1 _

BConi0)= 2sin (r%)

_1 & _ cos ((2k —r)%) = cos ((2k + (2n + 1)r)¥)
BnH,r’k(x) —mz:;)sm(k +mr)x = en (rg)

The following definition is introduced in [5]: A sequence {a,} keeps its sign if either
a, > 0 for all n, or a, <0 for all n.
Also in the same paper are proved some lemmas formulated below.

Lemma l. LetreN, k=1,2,...,r,n=0,1,2,....

(a) If the sequence {A,aj, -} keeps its sign separately for each k, then the series (1) and (2)
converge for almost all x. The function g(x + mZT”) is almost everywhere representable in
the form

27 r 21 > =1
glx+ mT) = Z cos (ka) Z Ay Qe By g (X)
k=1 n=0
r—1

27
: 1
+ ; sin (ka) ;)Araﬂan Cp i ()

(b) If the sequence {Afakﬁr} keeps its sign separately for each k, then f (x) is almost everywhere
representable in the form

FGY =D Alag oy BE ().

k=1n=0

Lemma 2. Let r €N, a, — 0 for n — oo and A, ,a, > 0 for all n. Then A,a, >0and a, >0
for all n.

The aim of this paper is to achieve some results, similar to those of Telyakovskii [6], for
the series (1) and (2) with coefficients that satisfy the conditions: the sequences {A,a; , -}
and {AfakJrnr} keep their sign separately for each k.

We write g(u) = O, (h(u)), u — 0, if there exists a positive constant A,, that depends only
on r, such that g(u) <A, h(u) in a neighborhood of the point u = 0. The constants A, may be,
in general, different in different estimates.
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2. Main Results

We begin with the following result regarding to the cosine series.

Theorem 1. Letr €N, k=1,2,...,r. Ifa, — 0 as n — oo and the sequence {AfakJrnr} keeps
its sign separately for each k, then the series (1) converges for almost all x, and for 1 <{ < m,
the sum function f (x) satisfies

/L r {—1
m+1-/¢ n+1
J F(0)ldx =0 (T > |Arak+(n_nr|)
k=1n=

n/(m+1) =1n=0
r (0]
+0 (ZZmin(n +1-6,m+1— €)|Afak+(n_1)r|) .
k=1n=(

Proof. The convergence for almost all x of the series (1) has been proved in Lemma 1(a).
Moreover, from Lemma 1(b) the sum function f (x) is almost everywhere representable in the
form

r o0
fx)= Z Z Agak+(n—1)rB,21,r’k(x)- (7)
k=1n=0
Let i be a positive integer and x € (1+L1’ %] . With agreement that B2 1 x(X) =0 and using the
equality
roi—1
ZZAEak-i-(n—l)rBrzl,r’k(x) =
k=1n=0
r i—1
:Z (Arak+(n—1)r - Arak-i-nr) Bir’k(x)
k=1n=0
r i—1
= ( A @Gt (n-1yr (Br%,r,k(x) - 35-1,r,k(x)) - Arak-i—(i—l)rBiz—l,r,k(x))
k=1 \n=0
r i—1
=Y, (Z Ay -1y By () = Arak-i-(i—l)rBiz—l,r,k(x)) ;
k=1 \n=0

from (7) we have
r i—1 00
HEEDY (Z Aty BL () + D A2y (B2 () - Bf_l,r,k(x>)) :
k=1 \n=0 n=i
It is obvious that |Brll () < n+1, and since from (see [5, page 65])

sin? ((k + nr)%) — sin? ((k - r)%)
2sin® (r%)

Brzl,r,k(x) =
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follows 5
|Bzrk(x) B —1, rk(x)l < ol X\’
sin (r%)
we have
/i r i—-1 k+1 00
f F()ldx =0 {Z (Z|Arak+<n_1)r|m Zm et (n- m) }
7/(i+1) k=1 \.n=0

Now if we take the summation, when i goes from ¢ to m, to the both sides of the above

equality we get

/L r m i—1
J |f(X)|dX=O{Z (ZZ AL (n-vyrl 3 ( +1) sz et (n—1)r ) } 8

n/(m+1) ={ n= ={ n=i

For the first term in the parentheses of the right-hand side of (8) we have

3 nt1
|Arak+(n 1)r|
i={ n=0 ( + 1)
m (—1 m
n+1 n+1
:Z |Arak+(n—1)r Z Z|A Afe+(n— l)r
i={ n=0 ( + 1) i=(+1n= ( + 1)
(-1 1 1
4 (n+ DIA ax4 (n—1)r | (Z - m—-l—l)
n=0
m—1
1 1
+3 (4 DIA as gy | | — — ——
;(n NA Qg (n—1)r | (n+1 m+1)
m+1-03n+1 m, o
S ——— > Byl + D 1A oy 9
n=0 n={ j=n

But the second term in (9) can be written as

m o0 m m m [o0)
Z Z |A2ay 4 (ne1yr| = Z Z |A2ay 4 (n1yr | + Z Z |A2ay 4 (n1yr

i=( n=i i={ n=i i={ n=i

(Tl +1- €)|A§Gk+(n—1)r|

[l
1M:

Hm+1-0) Y. |A2ap 0yl (10)

n=m+1

The proof of theorem follows from (8), (9) and (10). O

Now we shall prove an estimation of the integral in Theorem 1 only in terms of second
order difference of the sequence {ay (1) }-
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Corollary 1. If the coefficients of the series (1) satisfy conditions of the Theorem 1, then
/L r oo 2
m+1-—1¢ [ (n+1)
f If (x)ldx =0 (TZZmln (T,n—i-l,m |A2a1, (no1y] | -
t/(m+1) k=1 n=0

Proof. To deduce the required estimation we use the identity

[e8)

Arak+(n—1)r = Z (Agak-i-(i—l)r) .

i=n

We have

-1 =" 00
n+1 n+1
> 71 Ariia-nyr] SZ TZ | Al ey imay|

n=0
n+1 n+1
A28 i1yl +ZZ |A2ag -1y

(\

-1

i=0 n=0 i=t n=
=" 2
(i+ 1)
< |AZa - 1)r|+£Z|A Ut (i—1yr |- (1n
i=0 i={

If k < m, then we can estimate the second term in the estimation of the Theorem 1 by means

of the fact that
n+1 _m-

1
n+1—-(<n+1-4 (n+1).

Finally, from the above and (11) along with the estimate of the Theorem 1 we immediately
obtain the required estimation. O

In the following we shall deal with trigonometric series of the form (2).

Theorem 2. Let r €N, k=1,2,...,r. Ifa, — 0 as n — oo and the sequence {A,ay, } keeps
its sign separately for each k, then the series (2) converges for almost all x, and for 1 <{ < m,
the sum function g(x) satisfies

/L
f |f(x)|dx—ZZ % lagairl

t/(m+1)
m + 1— r -1 le r m oo
+ O, Ze_z Arak+nr|_'_Zz:z:lAgak-i-jr 5
k=1n=1 k=1n=( j=n
where Cen
sin 2% krm km(2i +1)
d; i :=In —2— + cos (

COS .
2i(i+1)  2i(i+1)
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Proof. Under assumptions of the theorem and Lemma 1(a) the series (2) converges for
almost all x and for m = 0 the sum function g(x) is almost everywhere representable in the
form

glx)= 2 i Arak+nr§;11+1’r’k(X)-

k=1n=0
Let us denote
cos(2k + (2n + 1)r)§
Son,r,k(x) = o5 X 5
sin (ri)

sin(k + nr)x + sinkx
s 2 X
4 sin (rz)

q1bn,r,k(x) :=Z (ps,r,k(x) =
s=0

Let i € N be such that i > r. From definition of B (x) we can write

n+1,r,

(X) ZZA Age4nr n+1rk(x)+ZZA Ak4nr n+1rk( )
=1n=i
cos(2k —r)Z
_ZZA Apesnr nHrk(xH—X;ﬂZ;A rQietnr Sin(rg)z
cos(2k +(2n+ 1)r)3
_21:; rcenr Zsin(rg)

cos(2k — )7 < i1

_Zak+lr in (r_) ZZA ak+nr n+1 rk(x)
2

k=1n=0
r o0
) A i P () = o) + Iy () + hy(x). (12)
k=1 n=i
For x € (Hil,%], i=1,2,..., we have

-

/L m /i -1
J |h1(X)|dX = f Z A ak+nr||Bn+1 rk(x)ldx
t/(m+1) i=¢ Y /(i+1) k=1n=0
m (-1 /i 1
=D 1A G 1By ()Idx
i=0 n=0 7/(i+1)
m i—1 /i 1
)03 Y 1A G| B,,s1 . (Oldx
i=0+1n={ n/(i+1)
r (-1 /¢
k(ldx

| n+1 T,
k=1n=0 n/(m+1)
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rt/(n+1)
+ZZ A, ak+nr|f B,y (0)ldx. (13)

=1 n=( /(m+1)

Since

n
|§r11+1,r,k(x)| = Z(k +mr)x < 4rn’x,

m=0

then from (13) it follows that

/L 1
[ oo < 35 1A (z-7577)

n/(m+1) k=1n=1
r m—1 1 1
+C, A
;;n 1A @] (( —_ (m+1)2)
m+1-—
ZZ Ezm Getnr| + €, ZZZm Gyl (14)
=1n=( j=n
Now we shall estimate the integral of the function |h,(x)| for x € (ﬁ: E.]. Indeed, the
summation by parts gives
hz(X) - 111’1‘1 ZZA ak-‘rnr(pn rk(x)
=1 n=i
= ph_)rglo (ZA ak—i—an@s rk(x)
- Arak+ir Z Lps,r,k(x) + Arak+pr Z st,r,k(x))
s=0 s=0
r o0
= (Z A3ak-i—m‘’(/)n,r,k(x) - Arak+irﬁ(1bi—1,r,k(x))
k=1 \ n=i
r o
= ZA Ak+nr (wn rk(x) 'lrbl 1 rk(x))
k=1 n=i
where 1, ., (x) are defined as above. So, we have
/L
f |ha(0)ldx <C, ZZJ ZlA ak+nr|
nn/(m+1) 1i=( J 7n/(i+1) n=i
r m
<C, Z 1A% . (15)
k=1 i={ n=i
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It is clear that fori > r

cos(2k — r)

2sin ( dx

/i
J;-c/(i+1)

1 f
2 /(i+1)

1 m/i rx 1 m/i .
<- cot (—) dx + = sinkxdx
2 /(i+1) 2 2 n/(i+1)

rx )
cos kx cot (?) + sinkx

1 sin 57 kr krm(2i+1)
SE In ———— +cos — COS ———
sin 70y 2i(i+1) 2i(i+1)
di rk
=, 16
P (16)
Therefore from (16) we have
m/t rdn © | cos(2k — )%
j lho(x)[dx < Z |Qeyir| —xz X
7/(m+1) l=1 i=t /(i+1) | 2sin (ri)
r m k
<D . a7

k=11i

Il
~

Finally, the proof of the theorem is an immediate result of relations (12), (14), (15) and (17).
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