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On Certain Subclasses of Meromorphically p-Valent Functions
Associated with Integral Operators
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Abstract. The object of the present paper is to introduce and study new classes of meromorphically
p-valent functions associated with the integral operators P/‘;‘p and Q% .

Key Words and Phrases: Meromorphic functions; Hadamard product; p-valent functions; differential
subordination; integral operators.

1. Introduction

For any integer m > —p, let > pom denote the class of functions of the form

1 o0
fE==+ X% azf(p eN=1{1,2,3,...}), (1)
k=m

which are analytic and p—valent in the punctured unit disk
U*={z:2€Cand0 < |z| <1} = U\{0}. For convenience, we write Zp,1—p = Zp )

If f(z) and g(2) are analytic in U, we say that f (z) is subordinate to g(z), written f < g
or f(z) < g(2) (z € U), if there exists a Schwarz function w(z) in U with w(0) = 0 and
lw(z)| < 1 (2 € U), such that f(z) = g(w(z)), (z € U). If g(z) is univalent in U, then the
following equivalence, (cf., e.g.,[3] and [7]):

f(z) < g(2) (z€U) & f(0)=¢g(0) and f(U) c g(U).

For functions f(2) € 3., , given by (1) and g(z) € 3, , defined by

1 &) K
g(z)= ”: + > bz (m>—p,p eN), (2)
k=m
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the Hadamard product (or convolution) of f(z) and g(z) is given by
1 x X
(f xg)z) = - + Y axbiz® = (g* f)(2). (3)
k=m

We now define the integral operators Pg » Q% b’ oo Zp,m as follows:

p,m

a 1 z a—1
PG = A et (o) o

_ 1.3 B C
- zp+2(k+/5+p) s

k=m

_ (ALY B\
- (zp+2(k+ﬁ+p) z)*f(z) @

k=m

(a,B>0;pEN;f e Zp,m),

and Y f(z) = P°f () = £ (2) (= 0 f > 0),

¢y - DB 1 Gy
%G = i) (1 z) F(o)dt

1 T(+a) & T(k+p+p) X
i r(B) Zr(k+/5+a+p)akz

k=m

B 1 TB+a)n Tk+B+p)
B (z_P+ r(B) Zr(k+[5+a+p)z)*ﬂz) ®)

(a>0;8>-LpeN;fed ),

k=m

and QY f () = Q°f (2) = f (2) (= 0; f > 1),

Jppf(2) = Zﬁ% JeP Pl f(ode
0

= l-Fi:La 2k
22 = k+pf+p g

_ (L. B
— (zp+];nk+[9’+pz)*f(z) (6)
7

where I'(a) is the familiar Gamma function. We write Plap fl®)= P[‘j‘ f(2) and
Pg . f(z) = P f (2), where Pf(2),Q5 , : Zp,o — Zp,o were investigated by Aqlan et al. [2],
Pgf(z): 251 — 21, was investigated by Lashin [6]andJg , : 3, ,, = >, ,, was investigated
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by many authors (see for example [1], [5], [13] and [16]). From (4), (5) and (6), we can
see that

Jppf (2) =P f(2) =Qp f (=) (B> 0),
2 (P F@) = BPE1F ()= (B+pIBE,£(2) (a = 0:5 > 0) ®

and
2(Q4,F() =(B+a-1QL @ (B+a+p-1Q%, fEaz0p>-1. (9

By using the integral operators ng f(2) and Q% » f(2), we define two subclasses of ZP m as
follows: ’ ’ 7

Definition 1. For fixed parameters A,B (—1 < B <A < 1), a function f(z) € Zp’m is said to be
. P .
in the class Zp,m([a’,a, AA B) if

_21;;1 {(1_1) (pg,pf(z)) +A(pa lf(z)) }

where a >0, 8>0,peNand A > 0.

& eu 10
T3 B. 2 <UD (10)

Definition 2. For fixed parameters A,B (—1 < B <A < 1), a function f(2) € Zp’m is said to be
. Q .
in the class mel([a’, a, A, A,B) if

p+1

Z
- {a-m(eg,r@) 1 (egkr@) } <
wherea >0, >—-1,peNand A > 0.

We note that Zil(ﬁ,a, LA B) = Zg’a(k,A,B) and 2(12,1(/5:‘1> LA B) = %’a(A,A,B)
(see Lashin [6]).

In this paper, we obtain some properties of the classes Z (B,a,A,A,B)and ZQ (B,a,A,A,B).
Our results generalize the work of Lashin [6].

+ Az
(z €U), (11)
Bz

2. Preliminaries

To derive our main results, we shall need the following lemmas.

Lemma 1 ([4] see also [7]). Let the function h(z) be analytic and convex (univalent) in U with
h(0) =1 and ¢(2) given by

P(2) =1+ Cpim® ™+ iz 4L (12)

If

¢(2)+

Z('bY(Z) < h(2) (Re(y) =0,y #0;z € U), (13)
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then

o
B <) =

and 1(z) is the best dominant of (13).

_r f
z rm [ermR(t)dt < h(z) (z € U),
0

We denote by P(y) the class of functions ¢(z) given by
©(z)=1+Dbiz+byz®+..., (14)
which are analytic in U and satisfy the following inequality:
Re(p(2)) >rv(0<y<1;z2€l).
Lemma 2 ([9]). Let the function ¢(z), given by (14) be in the class P(y). Then

2(1-7)
1+ |z|

Lemma 3 ([12]). Ifo;e P(yj) (0< vi<Lj= 1,2), then

Re(p(z)) =2y -1+ (0<y<1;z€l).

P1¥p2 €P(y3) (13 =1-2(1 =7 )1 ~72).
The result is the best possible.

For real or complex numbers a,b and ¢ (¢ # 0,—1,—-2,...), the Gauss hypergeometric
function ,F; is defined in U by

= (@g(b)e st
ZFl(a,b’C’Z)_kE:OWE,

where (x); denotes the Pochhammer symbol given by

(15)

(x), = x(x+1D)(x+2)...(x+k—-1) (keN,xeC)
T (k =0, x € C\{0}).

We note that the series defined by (15) converges absolutely for z € U and hence represents
an analytic function in the open unit disk U (see [14]).

Lemma 4 ([14]). For real or complex numbers a,b and ¢ (¢ #0,—1,-2,...),

1 _
ftb_l(l — ) P11 —zt) %t = W oF(a, b;c;2) (Re(c) > Re(b) >0); (16)
0

2P0, b3¢32) = (1=2)" 5Py (@, = by —=); 17)

a+b+1 1. VAN(EFH)
5 T L@y bEly
22 Ty

P12 ——y= 2
e T R

oF;(a, b; (18)

! In(1+2) (z #0). (19)
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3. Main Results
Unless otherwise mentioned, we assume throughout this paper that
m>-p,peN,a>0, A>0and —1<B<A<Z1.
Theorem 1. Iffez (B,a,7,A,B) (B >0), then

_zp+1 (Pg’pf(z)) B
P

1+ Az
(z€l), (20)
1 Z

where the function q,(z) given by

A +A-DH+B) TR A+ 1) (B#0)

= > Mp+m) > Bz+1
G =17 /5 * .
is the best dominant of (20). Furthermore,
zP Tl (P/‘;’pf (z))
Re | — >p (z€U), (21)
D
where
A+ -D0-B) R s+ L) (B#£0)
B+A(p+m) -
The result is the best possible.
Proof. Setting
zPHl (ngf (z))
$p(z)=— (z€U). (22)

Then the function ¢ (2) is of the form (12) and is analytic in U. Differentiating (22), and with
the aid of the identity (8) we get

¢(z)+mg(z) = —ﬁ{u—x) (e, f2) +2(PE17 ) }

. (z€l). (23)
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Now, by using Lemma 1 for y = E, we deduce that

1+ At
1+ Bt

4@ < w@=E [

0

A A -1 ._B . Bz
A+(1-H1+B)7 R (L L=+ 15 BA0)

= p _
1+ s (B=0),

by change of variables followed by the use of the identities (16) and (17) (witha=1,b = g

andc = b+ 1). This proves the assertion (20) of Theorem 1. Next, to prove the assertion (21)
of Theorem 1, it suffices to show that

|zi|rif1{Re(q1(z))} =q;(-1). (24)

Indeed, for |z| <r <1,
1+4+Az S 1-Ar

14+Bz” ~ 1—-Br’

Re(

Setting
1+ Asz
G(s,2) =
1+ Bsz

B _
and du(s) = ﬁs Term 1 ds (0<s<1),

which is a positive measure on [0, 1], we get

1
ql(z) = fG(S,Z)d‘U,(S),
0

so that
1—Asr

1— Bsr

1
Re(q1(2)) > [ du(s) = q1(—r) (Jz] < 7 < 1).
0

Letting r — 17 in the above inequality, we obtain the assertion (24). The result in (21) is best
possible as the function g,(z) is the best dominant of (20).

o L= O . - .
Putting A = 1_U(p+1)ﬁ(0 <0< B > 0) in Theorem 1, we get the following result.

Corollary 1. If f(z) € 3., ,, satisfies

—zPHL[ (Pg,p f (z))/ +0oz (P;;‘,pf (Z))”] 1+Az

pll1—o(p+1)] _<1+Bz (z<U),

then

P (pgp f(z))’

- ’ < qy(2) <
p

(z€l),

1+ Bz
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where the function q,(z) given by

A A -1 .1—0(1-m)., Bz
5 T (A=5)(1+B2)"" oF (1,1, =7 =5 577)  (B#0)

1-o(p+1) _
T oo (B=0),

q2(2) =

is the best dominant of (20). Furthermore,
s (pgp f(z))
Re | — - > p (p,0,A,B) (z €U),
p

where

4 _4 —_r)! .1-0(1-m)., B
p(p’o-,A’B): B +(1 B)(l B) 2F1(1, 1, U(p+m_) ’_B—l) (B#O)
_ 1—U(p+1)A (B _ O).

1-o(1-m)
The result is the best possible.

Remark 1. For m = a =0 and p = 1, Corollary 1 reduces to the recent result of Patel and Sahoo
[10, Theorem 1].

TakingA=1—2PT§ (0<6<p),B=—-1,m=2—-pand A= (B > 0) in Theorem 1 and
using (18), we have the following corollary.

Corollary 2. If f(z) € Zp,Z—p satisfies the following inequality

1"

Re{—z"*1[(p +2) (Pg’pf(z)) +z (Pg’pf(z)) >60<6<p; zel),
then )
TT
Re{-2"*! (Pg,f(@)) }>5+(p - 8)(5 1) ).
The result is the best possible.

Remark 2. For a = 0, Corollary 2 reduces to the recent result of Srivastava and Patel [11,
Corollary 2].
Taking 6 = —% in Corollary 2, we have the following corollary.

Corollary 3. If f(z) € Zp,z—p satisfies the following inequality

/ ” _ 2
Re{—2""1[(p+2) (P, f(2)) +2(Pg,f(2)) 1> —I% (z€U),

then )
Re{—zP+! (p;;,p f(z)) }>0(zeU).

The result is the best possible.
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Remark 3. For a =0, Corollary 3 reduces to the result of Pap [8].

Taking A=1— 2?5 (0<d6<p),B=—-1,m=1—pandA =f (f > 0)in Theorem 1 and
using (19), we have the following corollary.
Corollary 4. If f(z) € Zp satisfies the following inequality

Re{—2"*1[(p +2) (Pg’pf(z))/ +3 (Pg’pf(z))”]} >5(0<68<p; z€U),
then )
Re{—zP+1 (Pg’pf(z)) }>p+2(p—6)In2—1) (z V).

The result is the best possible.

Theorem 2. If f € Zg,m([a’,a, A,A,B) (B > —1), then

/

7 (Q5,/@)

Az
(B>-1;z€), (25)

< qs(2) <
() < 175,

where the function q;(z) given by

A A -1 . Btra—1 . _Bz
E+(1_E)(1+Bz) 2F1(1,1, l(p-i—m)_l_l’ BZ-‘rl) (B#O)

B+a—1 _
1+ /3’+a+7t(p+m)—1AZ (B=0),

qs(z) =

is the best dominant of (25). Furthermore,

/7

1 (Q2 (=)
- p

Re

>n(zel), (26)

where

4 A -1 Bt+a-1 B

_+(1__)(1_B) 2F1(1,1; +1’T) (B#O)

n(B,a,p,A,AB)=1 5 ) e Aprm) B-1 o
B+a+A(p+m)—1 =0).

The result is the best possible.

Proof. Setting

/

1 (Q2 ()
p

¢(z) = — (z € ). (27)
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Then the function ¢ (z) is of the form (12) and is analytic in U. Differentiating (27), and with
the aid of the identity (9) we get

Az¢ (2) (z) B zPHl el
b+ g7 = —7{(1 (e @) +1 (a5 @) }
1+Az U 08
b 1+Bz (=€ U). (28)
Now, by using Lemma 1 for y = %, we deduce that
B+a-—-1 f+a1 Bra-1 1 14 At
— otm) | t AG+m) d
$(=) = a(e) = 5 ye v e Gy

and the proof is completed similarly to Theorem 1.

Replacing ¢ (z) by 2P P“ f () in (22) and following the lines of the proof of Theorem 1,
we can prove the followmg result

Theorem 3. If f € 3., , satisfies

2 {(1- 2)PE,F(2) + AP, 1f(z)}

then

Az
(B>0;2€U),

1
PR ) < 01(2) < o5

and
Re (szg,pf(z)) >p (f>0;2€U),

where q, and p are given as in Theorem 1. The result is the best possible.

Replacing ¢ (z) by 2? Q% . f(2) in (27) and following the lines of the proof of Theorem 2,
we can prove the following result.

Theorem 4. If f € Zp . satisfies

D a a—1 1+Az .
7 {(1- Q5 f(2) + Q) f @)} < 175 (B> ~Liz € U),

then

1+ Az
', f () < 43(2) = 17

and

Re (27Q3,f(2)) >0 (B> 13z €U),

where q5 and m are given as in Theorem 2. The result is the best possible.
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Theorem 5. Let —1 < B; <A; <1 (j =1,2) and 3 > 0. If each of the functions f;(z) € Zp
satisfies the following subordination condition

p A a A a—1 1+A]Z . )
2 {(1— PEf(2) + APE, fj(z)}< 5 (j=1,2:2€U). (29)
then
1+(1-%)z
{(1—1) LH(z) + 2P 1H(z)} sz (zeU), (30)
where
H(z) = Pg ,(f1* f2)(2) (31)
and 4(A,—B)(A,—B,) 1 g1
1 _ 1~ D1 2 — D2 _ - e .
- [1-5 AL LS +1:5)]

The result is the best possible when B; = By = —1.

Proof. Suppose that each of the functions f;(z) € > ) (j =1, 2) satisfies the condition (29).
Then, by letting

pi(2) =2 {(1 = 0Pg, (fi(2) + AR5 (fi(2))} (1 =1,2), (32)
we have

A
¢i(z)eP(y)) (y;=7— ',J ,2).
J

Making use of the identity (8) in (32), we have
[)) _—p 2 ﬁ -1 .
Php (fi(2) =557+ P [t: g (0dt (j=1,2). (33)
0

From (31) and (33), we get

Pé H(z) = (gz_g_pftg_ltpl(t)dt ) . (gz_g_pftg_lcpz(t)dt )

0 0

_B_ B4
=z 2P (2 o (0)dt (34)
0

where
0olz) = zp{(l—k) H(2) + AP 1H(z)}

= Ez‘gftg_ (1% @,) ()dt. (35)
0

Since ¢,(2) € P(y;) and ¢,(z) € P(y5,), it follows from Lemma 3 that

(p1%x93)(Z) €P(r3) (r3=1-2(1— 1) —712)). (36)
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According to Lemma 2, we have

2(1—-73)
1+ |z

Now by using (37) in (35) and then appealing to Lemma 4, we get

Re{(p; * po)(z) =273 — 1+

1

Refp, (@)} = b [uf " Rellpy * pp)um}du
0

B by 2(1—1y3)
Zlur 2y —14 22
A{u (273 14 ulg

Btoe_, 2(1—73)
- 2y, — 1+ ——=)d
> G en -1 S

_ _4(A1_B1)(A2_B2) _El | -1
= 1~ ~a a8y U A{u (1+u)"'du]

v

)du

4 BBy 1 B0
= T aeya-By bR

= v(zel).

which completes the proof of the assertion (30).

445

(37)

When B; = B, = —1, we consider the functions f;(z) € Zp(j = 1,2), which satisfy (29)

and p Laa
_B_, ¢ B_ +A;t .
Phy (fi(2) =55 P{tl 1(1—_;) dt (j=1,2),
for which we have

1+A;t
vi@)=——0=12)

and
(1 +A1)(1 +A2)Z

1—32

(p1xp)z) =1+

Thus it follows from (35) and Lemma 4 that

1
oo®) = Lt (1_(1+A1)(1+A2)+<1+A1)(1+A2)) .
0

1—uz

= 1-(14+ADA+A)+A+A)DA+A)(1 —2) ,F(1,1; b +1; L)

A z—1
b

1
1;-)

1

asz — —1,

which evidently completes the proof of Theorem 5.

Letting A; =1 — % (o< n; <p),Bj=-1(j=1,2),a=0and % = 1, in Theorem 5, we

get the following result.
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Corollary 5. If f € 3. satisfies

Re z” {(1 +p1)fi(2)+ rzfj/(z)} >n;(j=1,2; z€U),
then )
Re? {(1+pm)(fy + )2 + 72 (L + @) } > 7,

where 1 1 1
y=1-40-0 -1 -2 2k(1, 1=+ 1320,
p p 2 T 2

Remark 4. For p = 1, the result (asserted by Corollary 5 above) was also obtained by Yang [15].

Theorem 6. Let —1 < B; <A; <1 (j=1,2) and 8 > —1. If each of the functions f;(z) € Zp
satisfies the following subordination condition

p a a—1 1+4z
2 {(1-2)Q% ,f(2) +2Q3 (@)} < (j=1,2z€U).

then
1+(1—275)z

2 {(1-21)Q5,B@) + 2Q5, (@) | < ——2— (z V),

where
E() = Q% (fr * f-)(2)

and 4(A, —B)(Ay—B,) 1 Bra—1 1

1 1~ b1\ Ay — by L prTa—1 L

E=1 -B)1-5,) [1-5 2R L ——+13)]

The result is the best possible when B; = B, = —1.

The proof is similar to Theorem 5.
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