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Abstract. The fractional Hartley transform, which is a generalization of the Hartley
transform, has many applications in several areas, including signal processing and optics.
In this paper we have introduced convolution theorem, modulation theorem and

Parseval’s identity (Rayleigh’s Theorem) for the generalized fractional Hartley transform.
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1. Introduction:

The fractional Fourier transform has become the focus of many research papers,
because of its recent applications in many fields, including optics and signal processing.
Hence fractional Hartley transform is also useful tool in many fields, due to it’s close
relation with fractional Fourier transforms.

Many properties of the fractional Fourier transform are well known, including its
product and convolution theorem, which have been derived by Almeida [5] and Zayed

[2].
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Using the eigen value function as used in fractional Fourier transform, different
integral transform in Fourier class, including Hartley transform are generalized to

fractional transform by Pei [4]. He had shown that for all non negative integer m,
_t2

eTHm(t) is the eigen function of the Hartley transform and had given the formula for

fractional Hartley transform as,

00

H{f()}(s) = [ FOK, ¢ s)dt,

—00

where

. 52 2
— i—cotg i—cotg
Loicotg ryee gte 1[(1—
27 2

K, (ts)= ie'”)cas(csc g.st) + (1+ie')cas(— csc¢.st)]. (1.1)

Almedia [5] had defined convolution for the fractional Fourier transform as

2 2

H, (u)=|seca |e7iu7tana TFa W)g[u-v) seCa].ei[zjma dv (1.2)

Since the convolution theorem for the Fourier transform, which states that the Fourier
transform of the convolution of two functions is the product of their Fourier transform,
the one for the fractional Fourier transform does not seem as nice or as practical. The
reason is that the convolution operation defined by (1.2) is not the right sort of

convolution for the fractional Fourier transform. Zayed had defined fractional Fourier

icotgl
type convolution as follows. For any function f (t), if f(t)= f(t)e 2 then for any two

function f and g the convolution operation * is defined by Zayed [2] as,

h®)=(f * g)(t) = “‘Z%W’.e“”‘%(f £ 30,

where = is the convolution operation for the Fourier transform as defined by (1.2).
In this paper first we have defined generalized fractional Hartley transform in
section 2. We have proved convolution theorem for fractional Hartley transform in

section 3. Also discussed the modulation theorem and Parseval’s identity in section 4.
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2. Generalized fractional Hartley transform

2.1 The test function space E(R")
An infinitely differentiable complex valued function  on R" belongsto E(R")

if for each compact set K — S, where S, ={t e R"[t|<a,a> 0}
}/E]k(l//)=StU£‘ D} y/(t)\<oo, k=123....

Note that the space E is complete and therefore a Frechet space.
2.2 The fractional Hartley transformon E’

It can be easily proved that function K_(t,s) asa function of t, isa member of

E(R"), where

: .52 12
1-icotg 02 o7

K, (t,s)= e %[(1— ie'?)cas(csc g.st) + (1+ie'’)cas(—csc ¢.st)],

and ¢=a_27r'

The generalized fractional Hartley transform of f (t)eE (R"), where E'(R") is the dual
of the testing function space, can be defined as,
H{F ) Jo)=(f ). K. t.9)). (22.1)

Another simple form of fractional Hartley transform as in Sontakke [3] is

- 2
1—|cot¢ei%cot¢

He{f(t)}(s) = >

Teitzm [cos(csc $.st) —ie'" sin(csc ¢.st)] f(Hdt (2.2.2)

3. Convolution of fractional Hartley transform

3.1 Convolution theorem:

We define fractional Hartley type convolution as follows.

2
icot ¢t—

For any function f (t), define the function f(t)= f(t)e 2. Then for any two function f

and g we define the convolution operation “ =’ by
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ht)= (f * g)(t) = 1“2%“”.e““’”’2(f' £ 3)0).

Now we state and prove our convolution theorem.

Theorem:
Let h(t)=(f * g)(t) and H*{h(t)}, H*{f (t)} and H*{g(t)} denote the fractional

Hartley transform of h(t), f(t)and g(t) respectively, then

262" H ()} (5) = H (g} &) [(H{F O )S) - H{F (0} (5))
+e.cosg(H {f (O} (s) + H{F (0)}(s))|+ e .singH“{g (-0} G)(H“{F (-0}(8) - H{f (©}(5)

Proof: From the definition of the fractional Hartley transform (2.2.2) and definition of
convolution we have,

- .SZ
-1 cot¢e-;cot¢

H{h()}(s) = 1 5 Teitzcow[cos(csc;ﬁ.st)—iei’”sin(csc¢.st)]h(t)dt.

—0

2 ) 2 2

1-icot i cotg % i cotg o e s

:L 5 ¢J e' 2 cot J-e' 200'[ [COS(CSC¢.St)_|eI¢ Sln(CSC¢,st)1e I2C0t j f(u)el 5 cot
T

—0 —00

. t-u)?
i cot =Y

g(t—u)e . dudt

i ? iico <% icol ﬁ icol ﬂ .
:( %ﬂ] e? tqﬁ_[_[f(u)g(t—u)e t¢2e v [cos(csc¢.st)—ie'“’sin(cscqﬁ.st)]dtdu.
T

—00—00

By making the change of variable t —u = v, we obtain

i 2 'ico ri i cof v ico v )
=( P;ﬂ] e? tqjjh.[f(u)g(v)e t¢2e hE [cos(csc¢.s(u+v))—ie'¢ sin(csc ¢.s(u +v)]dvdu
T

—00—00

s?
iZ—c

2 e )9 = @ g - s (1) ficosgH e [gks)
—isingH “{g(—v)}(s)

V4
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where C“and S“denote fractional cosine and fractional sine transform.
Using the relation of fractional cosine transform and fractional sine transform to

fractional Hartley transform, we get

2
.S
i—cotg¢

2¢ 2 H*{h(t)}(s)=H “{g(v)}[(H “{f(u)}-H{f (—u)})+ e’”’.cosqﬁ(H “Lfu)j+H{f (—u)})]
+esing H{g(-v)(H {f (~u)l—-H“{f )})

ie.

2¢ 2 " H ()} 5) = H g} [H{F O}s) - H{f (-0)}(s))
+ e“¢.cos¢(H “{f () }(s) + H*{f (-1)}(s) )]
+esing H{g(-0)}(s) (H* {f (-0)}(s) - H*{f ©}(5) ) (3.1.1)

3.2 Convolution of various combinations of even and odd functions:
Next we consider different cases of convolution for even and odd functions.

Case I: If the function f and g both are odd functions, i.e. f(-t) =—f(t)and

g(-t) =—g(t) then

He (h)(s) = H {f *g}(s) = [1+e” singe 2 " "H{F O}H“ {g (D))
Case 11: If the function f and g both are even function i.e. f(-t) = f(t)and

g(-t) = g(t) then

2

He th®}(s) = H{f *g}(s) =e ™ cosge 2" H{F )}(s).H g ®))(s)

—i| —cotg+¢
:e[z Jcos¢.H“{f(t)}(s).H“{g(t)}(s).

Case Il1: Iffiseven, g is odd then

o2
—cot ¢p+¢

He{f xg}(s) = H“{h(V)}(s) = el( i ] cosg.H “{f (1)}(s).H “{g (1) }(s).

Case IV: Iffis odd, g is even then

He {h(®))s) = H{f * g}(s) = (l—esing)e 2" H{g()} (s)H“{F ())s).
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Case V: Iff is even function and g any function then,

2
—cotg+¢

He {h(t)}(s) = H* {f *g)(s) :e"(z ]cos¢-H“{f(t)}(s).H“{g(t)}(s).

Case VI: Iffis odd function and g any function then,

H {h(t))(s) = H{f xg)(s)=e 2" "H*{f (©)}(s)
(He{g®}s) e sing H {g(-1)}(s))

Case VII: If fisany function and g even function then,

2¢'2 " He{h(®)}(s) = H* {f *g)(s)
= H*{g()}(s) [H {f ©))(s){L+e7 (cos g —sing))+ H {f (-t) }(s)(e ™ (cos § +sin g) —1|

Case VIII: If fisany function and g is odd function then,

2

2¢ 2" Hefhy)l(s) = H {g (O} (s) [He{f ©))(s)+e ™ (sin g+ cos b))
—H{f()}(s) L+ e (sin g — cos )|

4. Modulation Theorem for fractional Hartley transform

4.1 If H*{f (t)}(s) is fractional Hartley transform of f (t) then
a 1 —iﬁsianﬁ —isucosg | | « :
H {f(t)cosut}(s):ge 4 {e H“{f (t)}(s +usin @)
+e™ I H L (t)}(s—using)}
Proof: Using the definition of fractional Hartley transform

i 'ico X iico :
H“{f (t)cosut}(s) = 1_Iziwe 2% Ie 2 t¢[cos(csc¢.st)—ie""sin(cscqﬁ.st)]
T

—00

.f(t) cosutdt,
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by solving, we get

2
uc

—i—sin2
2 ¢

H{f (t)cosut) (s) = %e {e70e0¢ 1« (£ (t)}(s + usin g)

+e O H L (t)}(s —using)} (4.1.1)

4.2 If H*{f (t)}(s) is fractional Hartley transform of f (t), then

2
—i—sin2¢

H“{f (t)sinut}(s) :%e [ {[e*is”“’”(i cotgH “ {f (t) }(s +usin g) —singH “ { f (-t)}

(s +using))]— ™ (icot gH “ { f (t) }(s — usin g) —sin gH “ { f (~t) (s —usin ) )|}
Proof: Using the definition of fractional Hartley transform

- .52 o .t
1_|00t¢e'7wt¢f [
27

H{f (t)sinut}(s) = 6’2" [cos(cscgst) —ie™ sin(esc st) | () sinut dt

—00

by solving, we get

2
—iu—sin 2¢

H“{f (t)sinut}(s) = %e 4 {[e‘““””’(i cot gH “{f (t)}(s +usin g) —sin gH “{f (-t) }(s + usin g))]

—[e e (icotgH « {f (1) }(s —using) —singH “ {f () s —using) )|}  (4.2.1)

4.3 If H*{f(t)}(s) is fractional Hartley transform of f (t)then
H“ {f (t)eiut} (S) _ %eiASiHZ:/ﬁ {(1_ C0t¢)e_isuwt¢-H a {f (t)}(s +usin ¢) + (1+ Cot¢)eisucot¢

H“{f (t)}(s —usin g) —ising(H “ {f () (s +usin g) — H“{f (-t)}(s —usin #) )}
Proof: Using (4.1.1) and (4.2.1)

4.4 Parseval’s identity for fractional Hartley transform:

Statement: If the fractional Hartley transform of f(t)and g(t)be H ”‘{f (t)}(s) and

H“{g(t)}(s) respectively then
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D[ f(0).g"t)dt= coszg [HFO)s)H {g®)s) ds+sin2§ [HAFO)-s)H {g®}(-s)ds

—2ising T H{f (t)}(s).H*{g(t)}(~s)ds + 2isin ¢ T H“{f(t)}(-s).H*{g(t)}(s)ds

and

2)j\f(t)\ dt = cos® "”j (£ ®))(s) Jds + sin? ¢j (f©)-s) Fds

where g (t) isa complex conjugate of g(t).

Proof: The Parseval’s relation for the fractional Fourier transform is as follows,

j f (t)g”"(t)dt = j F_(s)G. (s)ds. (4.4.1)

—00

Now using the relation between fractional Fourier transform and fractional Hartley

transform is as follows.

FAf)}(s) = %[(1+ e Y H{F(t))(s) + L—e™*)H“ {f (t)}(-s)]

F{f(t)}) = _[ O +H" {f(t)}(—s)+cos¢(H”‘{f(t)}(s)_H“{f(t)}(_s))}
2| —ising(H“ {f ®)}(s) - H*{f ()}(~3))
and
G g} () = —{ “loOis) +H {9“)}(—S>+COS¢(H“{g(t)}(s)—H“{g(t)}(—s))}
2| +ising(H " {g®)(s) - H g ())(-5))

Where G (s) isa complex conjugate of G (s), hence equation (4.4.1) becomes

4 TR HOKD a0} 8+ s § [H [FO}-1H fo0}-5)05

0

Tf(t).g*(t)dt:cos

—2isin ¢TH “{f (t)}(s).H“{g(t)}(~s) ds + 2isin ¢T H*{f()}(~s).H*{g(t)}(s)ds.

In particular if f =g then,
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(1) dt—cosz¢ (£ ())s) ds+sm2¢ “(f(t))(=s) Fds
ﬂ |

5. Conclusion

We have proved convolution theorem, modulation theorem and Parseval’s
identity for fractional Hartley transform.
Convolution of two functions for fractional Hartley transform may be used in filter

design.
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