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Abstract. In this paper, a new theorem on degree of approximation in L2(£2) Sobolev space of in-
tegrable functions of two variables by Bernstein-Chlodowsky polnomials on an unbounded triangular
domain is studied. Also by using the K- functional of Peetre the order of approximation are established.
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1. Introduction

The aim of this paper is to study the problem on degree of the approximation of function
of two variables of f € Lg(ﬂ) by means of Bernstein - Chlodowsky polynomials in a triangular
domain extending infinity, where Q = lim,,_,,, A5 , 4, ={(x,y): x <0,y Z0,x+y < by}
and (b,) is a sequence of increasing positive number, such that:

lim b, = oo, lim — =0. (1)
n—00 n—oo n

Some properties of approximation of functions of two variable by Bernstein -Chlodowsky poly-
nomials was proven in [1]-[5] and [7]. In addition, convergence of Bernstein-Chlodowsky
polynomials of two variables were investigated on a triangular domain in [6] and [7]. In
this paper we will use Bernstein-Chlodowsky polynomials on Q which is introduced in [7].
Let,f € Lf)(m,

Z X+y. . kok—i i X Y
Bn(f;x,y)=kz_(:)cff(1—b—n) F 2 e GGG
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for (x,y) € A . We note that formula (1) is the sequence of linear positive operators in
the space of integrable functions L, of two variables, that is these linear positive operators
translate a positive function to an another positive one. But, in general, the function is not
necessarily a continuous one in L, space. We can not use Korovkin’s Theorem. First, We give
certain results which are necessary to prove the main results.

Lemma 1. Suppose that e; ,(t,) = tk™ then
By(eo0;%,y) =

B,(e10;x,y) = x
B,(eg1;x,y) =

x(b, —x)
Bu(eg0;%,y) = X2+HT
y(b,—y)
Bu(ega;X,y) = y2++

Simple calculations can be calculated above Lemma.

Theorem 1 ([7]). Let f € L,(Q2) and a be a fixed point in (0, b,,). If, for every (x,y) € A, and
(t,S) S Abn
|f (t,s) — f(x, y)l
<M 2
[CORIER)] @

hold with the constant M,then

1B(f) = flls,(a,) = 0,1 — co.

Where a > 0.

2. Main Theorems
To simplify notation, we need the following.
L2(Q1) = {f € L,(Q1): A¥If € L,(A)), lal = 23,2, € [0,b,) x [0, by).
We consider also the following K-functional of Peetre;

Ky(f;6)= geLilzl(f )[Ilf = 8llz,a) *+ 0(ligllz2(a,)],6 = 0.
P a

for f € L,(A,), we have lims_,oK(f;6) = 0. Therefore the K-functional gives the degree of

approximation of a function f € L,(4,) by smoother functions g € Lg(Aa). Remember that

the second order integral modulus of smoothness is given by

wyp(f38) = sup I1f Ge+h) = 2f () + f (x = W)l (a,) )

\h\
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foran f € L,(A,), where I indicates that the L,-norm is taken over the interval [h, b, — h].
It is also know that there are constants a; > 0,a, > 0, independent of f and p such that

a0, (f36%) < K,(£38) < min(L, 8)1f 1, (a,)+205005, (612 (3)
We prove the following theorems:

Theorem 2. Let f € L;(Ql), 1 < p <ooanda, M are constants, If the condition,

If (t,5) = f(x,¥)l
|(¢,8) — (x, ¥)

SM,te(a,byl,s€(a, byl (x,¥) €4,

is satisfied, then

a(b, + a)
1Bn(f) = flli2can< CpUllf lli2a))0n: 0n = HT
p
>1,2 P
C = P (p+1)
p= 1,a2

Proof. For f € LIZ)(Ql) we can write that,
B (f(6,8) = fOx,¥)sx,y) = filo,¥y)Bp((t —x);x,¥)+ f, (6, ¥)Bp((s — ¥); x, ¥)

+Bn( ( fuu(u:y)(u_ t)du;X,J’)
J

X
N

+ Bn(J frk(x, K)(k —s)dk; x, y)
y

v
Jx

f fts(t,s)det; X, )’)

y

Now, we need the Hardy-Littlewood majorante of f,, at x , Which is defined as following:

0t <x, t#x

1 t
Pleclxy) =  SUP (:) j fuu(w, y)du
X

and using following inequality

a a
p
f los, plPdxdy < 2(——=)F f f |fis(t,5)Pdsdt
Q p + 1 0 0

using L,-norm, we get

|Bl(x: }’)| + |B2(X, }’)| + |BB(x>.y)| < (pfxx(x,y)5n + (Pfyy(x,y)5n + Prxy(x,y)V 5n
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B1lr, (a0 T 1B2li,ca) +1Bsl,) S CpUlfxxllz,can + 1fyyllz,can + 1 fxyll,a,)8n
< Cp(||f||L§(Aa))5n
IBof = fllL,ca0 < Cp(||f||L§(Aa))5n

where p
-),(1<p <o)

— ol
( 2 /P(
Hp—].,

ra ra t
J |B1(x, y)ldxdy < IBn(J S, y)u—t)du; x, y)ldxdy
(Ad) Jo Jo x
ra ra (‘t
< Bn(|t_x| fuu(u:y)du;x:y)dxdy
Jo Jo Jx
= |fexllz,a,)a6n.
ra ra rt
J 1Bo(x, y)ldxdy < Bn(ls—yIJ SO, k)dk; x, y)dxdy
(4Aq)

JOO X

= ”fyy ||L1(Aa)a25n'

a a t S
J B3 (x, y)ldxdy < f f |Bn(f f fes(t,s)dsdt; x, y)ldxdy
(Aa) 0 0 X y

= ”fxy”Ll(Aa)a25n'
then

||Bl||LP(Aa)‘|‘||Bz||Lp(Aa)+||Bs||Lp(a) < a2(||fxx”Lp(Aa)+”fyy”LP(Aa)+”fxy”Lp(Aa))5n
”an_f”Lp(Aa) < az||f||L§(Aa)5n-

Thus, the proof is completed.

Theorem 3. Let f € Lg(ﬂl) , 1 < p <ooand f satisfies the condition (2) then the following
inequality
”an _f“LP(Aa) < Mp[”f“Lg(Aa)(gn + wZ,p(f; 6(1/2))] 4
holds. Where a, M are constants.
Proof. For all sufficiently large n, from Theorem 2 we can write
(e +M6,a)llhllL,a,) >h€Ly(Ag)
Collfllz,ca08n JheL3(A)

where C, is positive constant which independent of h,n and where h satisfies (2). When
lez)(Ql) and g € LIZ)(Aa) the condition (2) is satisfied then

1B —hlly s, < {

1Bof = fll,ca0 < IBu(f —8) = (f =&l a0 +11Brg — &llL (a0
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< (e +ME,0f — gl a, +Collgliaa, 5
< BN - gl ca, + Iglliza, 5]

where M = max{e + Mé,a,C,}.
Using the K-functional we get,

IBof = fllp,can <M sup [IIf —gllg,a, +lIgllzza,)6n]
geL2(A,) ’

since, for a sufficiently large n,6,, and from (3),

Kp(f’ 6) < 6n||f||Lp(Aa) + 2a1w2,p(f; 5(1/2))
MK, (f;8) < MI&,|fl, ,, +2a105,(f;542)]

we obtain (4),
1Bof = fllL,ca,) < MpIIf llizca,)8n + @2, (F 564/,

Thus, the proof is completed.

References

[1] A Gadjiev, R Efendiev and E Ibikli, Generalized Bernstein -Chlodowsky Polynomials.
Rocky Mountain Journal of Mathematics, issue 2-3 , 1998.

[2] A Izgi, Order of Approximation of Functions of Two Variable by New Type Gamma Op-
erators. General Mathematics. Vol.17, No: 1 23-32 (2009).

[3] E Gadjieva and E Ibikli, On Generalization of Bernstein —Chlodowsky polynomials,
Hacettepe Bulletin of Natural Sciences and Engineering Volume 24 /p.p.31-40 1995.

[4] E Ibikli and E Gadjieva, The Order of Approximation of Some Un bounded Functions by
the Sequence of Positive Linear Operators, Turkish J.of Math. V19 No.3 1995.

[5] E Ibikli, On approximation of L, locally integrable functions by the sequences of linear
positive operators. Dokl. Nats. Akad. Nauk Azerb. 59. 2003.

[6] E Ibikli, On approximation for functions of two variables on a triangular domain. Rocky
Mountain J. Math. 35. 1523-1531, 2005.

[7] S Serenbay, E Ibikli and I Biiyiikyazici, Approximation of Functions with Two Variables
in Sobolev Space.Journal of Classical Analysis (is submitted).



