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On Statistical Boundedness of Metric Valued Sequences
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Abstract. In this work, statistical boundedness is defined in a metric space and, statistical boundedness
of metric valued sequences and their subsequences are studied. The interplay between the statistical
boundedness and boundedness in a metric spaces are also studied, and it is shown that boundedness
imply statistical boundedness and if the number of elements of the metric space is finite then these two
concepts coincide. Moreover, here is given analogy of Balzano-Weierstrass Theorem.
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1. Introduction and Definitions

The statistical convergence of real or complex valued sequences was first introduced by
Fast [7], but the idea of statistical convergence goes back to Zygmund [16]. In recent years,
statistical convergence has become popular research area for many mathematicians [2, 3, 8,
9,10, 12, 13, 14, 15] etc.

On the other hand, analysis on metric spaces has rapidly developed in present time [see
11]. This development is usually based on some generalizations of the differentiability.

Some approaches which based on the convergence of the metric valued sequences have
been studied in [6] [see also 1, 4, 5]. But in these studies it is not deductive clear that the
usual convergence is the best possible way to obtain the smooth structure for arbitrary metric
space.

A lot of different convergence methods were defined (Cesaro, Norlund, Weighted Mean,
Abel etc.) and applied to many branches of mathematics. Almost all convergence methods
depend on the algebraic structure of the space. It is clear that metric space does not have the
algebraic structure in general. So, the generalization of boundedness by using these methods
for metric valued sequences is impossible. However, the notion of statistical convergence is
easy to extend for arbitrary metric spaces.
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The concept d-statistical convergence for metric valued sequences was given first time in
[12]. In this work, d- statistical boundedness of metric valued sequences is defined, and the
relations between usual boundedness, convergence, d- statistical convergence and d-statistical
boundedness are investigated.

Let (X, d) be a metric space. For convenience denote by X the set of all sequences of points
from X. That is, X = {¥ = (x,,) : x, € X}.

Let us remember the usual definition of convergence and boundedness in any arbitrary
metric space:

Definition 1 (In usual case). Let ¥ = (x,) € X be a sequence.

(i) X is called convergent to a point a € X if for every € > 0 there exist an ny = ny(e) € N
such that
d(x,,a)<e (D

for every n > n,,.
(ii) X is called bounded if for every x € X there is a M > 0 such that
d(x,,x) <M 2
forallneN.

The set of convergent and bounded sequences in X will be denoted by C(X) and B(X),
respectively. It is clear that C(X) < B(X). But, in general the inverse is not true: To see this,
take into consider the sequence ¥ = (x,) with

X, neven
X, =
y, nodd

for an arbitrary x, y € X. It is clear that X is bounded, but it is not convergent.
Definition 2 (Statistical case). Let ¥ = (x,,) € X be a sequence.

(i) X is called d—statistical convergent to a point a € X if, for every € > 0,

1
lim—|{k:k§nandd(xk,a)Ze}|=O 3)

n—oon
is satisfied.
(ii) X is called d-statistical bounded if, for an arbitrary x € X there is a M > 0 such that

1
lim—|{k:k§nandd(xk,x)ZM}|=O 4)

n—oon

is satisfied.
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In (3) and later |B| denotes the number of elements of the set B.
The set of d-statistical convergent sequences and d-statistical bounded sequences in X will
be denoted by Csdt()? ) and Bsdt()? ), respectively.

Definition 3 (Asymptotic Density).

(i) Let K €N and
1
6(K) := lim — |[K(n)|,
n—oon

where K(n) := {k € K : k < n}. If the limit exists and finite, then the number 6(K) is called
asymptotic density of the set K [13].

(i) If 5(K) =1 then the set K € N is called a statistical dense subset of N [7].

2. Main Theorems and Their Proofs

The relation between bounded sequences and convergent sequences in an arbitrary metric
space is known. How will be it for d — statistical boundedness and d — statistical convergence?

In this section, we will answer this question and give some relations between d — statistical
boundedness and d — statistical convergence and with usual boundedness and convergence.

Theorem 1. Let (X, d) be a metric space and % = (x,,) € X. The following statements hold:
(i) If X is bounded, then X is d- statistical bounded.
(i) If x is d- statistical convergent to a € X, then X is d- statistical bounded.
Proof.

(i) If x is bounded, then for an arbitrary x € X there is M > 0 such that for all n € N
d(x,,x) <M.

That is,
{k:k<n,d(x;,x)=M}=0.

Hence, we have
1
lim — |{k tk <nandd(x,x)> M}| =0.
n—oon
(i) For any arbitrary € > 0 and large M > 0 we have
{k:k <nandd(x;,a)>M} C {k:k<nandd(xa)>¢e}.

This inclusion gives

|{k:k <nandd(x,a)>M}|<|{k:k<nandd(xg,a)> e}l
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From this inequality, we have

1
lim—|{k:k§nandd(xk,a)2M}|=O

n—oon

for every € > 0. This gives the proof.

Remark 1. The inverse of (i) in Theorem 1 is not true in general.

Example 1. Let us take X = R with usual metric d(x,y) := |x — y| and consider the sequence
£=(x,)=(1,1,-1,2,-1,1,-1,1,3,...) with

k, n=k2,
X, =
(-1, n#k>.

It is clear that X is not bounded in usual case. Let’s show that x is d-statistical bounded.
For this aim, choose x = 0 and a sufficiently large M > 0. Then,

[lvnl] - [IM]]+2

n

1 1
—Hk:k<n,|x| =M} ==|{k:k=m?<n,|m| >M}| <
n n

This calculation shows ¥ = (x,,) is d-statistical bounded.
Remark 2. The inverse of (ii) in Theorem 1 is not true in general.

Example 2. Assume that x,y € X are distinct points and let us define the sequence X = (x,,)
with
x, ifn=2k+1,keN
X, 1=
Y, ifn=2k
that is,

5 7
LY. X,Y,X, ..

=yw

1
X=Xy,
Let us choose M > 0 satisfying
M > 2 max{d(x,2),d(y,z)}
for an arbitrary fixed z € X. Then we have
{k:k <n,d(x;,2) > M} =0.

So, we obtain

1
lim — |{k :k <nand d(x,z2) 2M}| =0.

n—oon
This shows that X is d—statistical bounded.
Now let us show that ¥ is not d—statistical convergent to x (or y). For this aim, set € < d(x, y).

Then we have

=2 neven;

[{k:k <n,d(x,x(ory)>e}={ 2’
<3 n odd.
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According to this,

1 1
lim — |{k :k <nandd(xg,x(or y)) = e}| =3 #0.

n—oon

So, X is not d-statistical convergent to x (or y).
Examples 1 and 2 show that the inclusions

B(X) c BL(X) and ¢ (X) c BL(X)
are sharp.

Corollary 1. If ¥ = (x,) is convergent to a point a € X, then X is d- statistical bounded.

Proof. From [12] we know that convergence implies d- st convergence in an arbitrary
metric space. Therefore, taking into account (ii) in Theorem 1, we get the proof.

Another way, if X is convergent to a € X, X is bounded. By using (i) in Theorem 1, we
have the result.

Corollary 2. Let (X,d) be an arbitrary metric space. Then the following diagram holds:

B(X) —2- B ()

1 4
()TA{ T()

~ dro
C(R) = CA)
where A — B means that A C B.

Proof. The inclusion (5) is obtained directly from Corollary 1. The inclusions (2) and (4)
are obtained from Theorem 1-(i) and (ii), respectively. The inclusion (3) is obtained from
Proposition 2.1 in [12].

The inverse of all inclusions in the diagram are not true. Take into consider Example 1 in
[12] for the inverse of (3), and in this work Example 1 and Example 2 for the inverse of (2)
and (4). The following theorem gives necessary and sufficient condition on X for which the
inverse of the inclusion (2) in the Corollary 2 is true:

Theorem 2. Let (X,d) be a metric space with X # (. The following two statements are equiva-
lent:

(i) The set of all bounded sequences ¥ = (x;) € X is the same as the set of all d — statisti-
cal bounded sequences X € X.

(ii) The cardinality of X is finite.
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Proof. (ii) = (i) The cardinality of X is finite. That is, there exist a number n, € N
such that X = {x,xy,...,Xp,}, since the cardinality of X is finite. From the hypothesis, the
diameter of X,

d(X) :=sup{d(x,x;) : xp, x; €X;k,1 =0,n0}
is finite.

If X is bounded, then from Theorem 1-(i), X is also d—statistical bounded.

So, we must only show the inverse is true under the hypothesis. Let’s take d— statistical
bounded sequence % = (x;) € X, i.e., AM > 0 and x € X such that

1
lim —|{k: k <n,d(x;,x)>M}| =0. 5)
n—oo n
Especially, if we take M := 2d(X), we have, from (5),
{k:k <n,d(x;,x)>2d(X)}=0.
In other words,
{k:k<n,d(x;,x)<2dX)}=n.
Therefore,
1
lim —|{k: k <n,d(x;,x)<2d(X)} =1.

n—oo n
This shows that X is a bounded sequence.
(i) = (ii) Suppose that |X| = co. Then, there exist at least one sequence that d— statistical
bounded but not bounded (see Example 1). That’s why, our assumption is not true.

Corollary 3. Let (X,d) be a metric space with finite number elements. Then, the following
diagram holds:
L. (2 o
B(X) < B, (X)

1 4
](% T()

o dro
C) —&7 Ci(X)
Corollary 4. Let (X,d) be a metric space with X # (. Then, the following two statements are
equivalent:
) BX)=CX)=B,X)=CiX)
(ii) The set X is a singleton.
Proof. The proof is open from above the Theorem 2 and Theorem 2.2 in [12].
Theorem 3. Let X be a set which has at least two elements and endowed p discrete metric. Then,
we have
X =B(X)=BL(X) (6)

and
C(X) c chH(X). (7)
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Proof. We know that any space with discrete metric has finite diameter. Therefore, any
sequence in this space is bounded. That is, there is a M > 0 and arbitrary x € X such that
p(x,,x) <M for every ¥ = (x,,) € X. So, we have

{k:k<np(x,x)=>M}=0.

Hence,

1
lim —|{k:k <n,p(x;,x)>M}| =0.

n—oo n

This shows that & € Bf,(X) for all ¥ € X.

Let us take an arbitrary sequence X € B!, If we choose M > 1, then
{k 1 k < n,p(xg,x) > M} = 0. It means that p(x;,x) < M for all k € N. Thus, we see that
% € B(X).

Now let us see that C(X) C C5(X). Let ¥ € C(X). Then for an arbitrary £ > 0 there exist
ng = ny(¢&) € N such that x, = x,, for all n > n,. Therefore, we have

1 n
lim =|{k : k <n,p(xp,xy,) > €} < lim — =0.
n—oon n—oo n

This shows that ¥ € C/(X).
If we consider the sequence X = (x,) with
x ifn=k*keN
Xn 1= . 2
y ifn#k
then X is p- statistical convergent to x but not convergent. So, the inclusion in (7) is sharp.

Corollary 5. Let X be a set which has at least two elements and endowed bounded metric. Then,
(6) and (7) hold.

Theorem 4. Let (X,d) be a metric space, ¥ = (x,,) € X and let ¥’ = (xp, ) be a subsequence of
X. If X is d-statistical bounded then X’ is also d-statistical bounded.

Proof. Suppose that X is d — statistical bounded. It is clear that there is a number M > 0
and x € X such that

{ny :ne <n,d(x,,,x) =M} C {k:k <n,d(x;,x) =M}

Then, since
Hny e <n, d(xp,, x) 2 MY < |{k 1k < n,d(x;, x) = M},
we have 1
OSHILHSOE J{nk:nk <nand d(x,,,x) ZM}’ <0.

The last inequality shows that X’ is d — statistical bounded.
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Lemma 1. Let (X, d) be a metric space and X = (x,,) € X. Then, the sequence X is d —st bounded
if and only if the real sequence (d(x,,x)) is statistical bounded for an arbitrary x € X.

It can be obtained directly from the Definition 1.2-(ii). So, the proof is omitted here.

Lemma 2. Let (X,d) be a metric space and X = (x,) € X be a d—statistical bounded sequence.
Then, the sequence X has at least one bounded subsequence.

Proof. From the Lemma 1 the real sequence (d(x,,x)) is statistical bounded in real num-
bers. That is, there is a positive number M such that 6(A) =1, 5(B) = 0 where

A:={k:d(x;,x) <M}, B:={k:d(x;,x)=M}.

Let k; € N be the minimal element of A and d(x;,,x) < M. Since 6(A) = 1, it can be choosen
ky > kq such that the minimal element of the set

k:k>k{, keA
1

satisfying d(xy,,x) < M.
In the n-th step we can choose k, > k,_; which is the minimal element of the set

{k . k Z kn—l: k EA}

such that d(x; ,x) < M.
So, we obtain non-decreasing sequence (k,),cy such that X’ = (x; ) is the subsequence
of X satisfying d(xy_,x) < M for all k,, € N. This shows that the subsequence X" is bounded.

The following theorem gives the analogy of Balzano-Weierstrass Theorem:

Theorem 5. Let (X,d) be an arbitrary metric space. Every d—statistical bounded sequence has
at least d —statistical convergent subsequence.

Proof Let us take d—statistical bounded sequence ¥ = (x,) € X and denote the real
sequence (d(x,,x)) for arbitrary x € X by (y,). From Lemma 1, the real sequence (y,) is
statistical bounded with usual metric on R. Take into account the following sets for sufficiently
large M > 0,

A([0,M],n):={k:k <n, y,€[0,M)},
B([0,M],n):={k:k<n, y,€[M,0)}

such that AUB ={1,2,3,...,n} and 6(A) =1, 6(B) =0.
Also, denote I, := [0, M] with the length [(I) = M and divide it into two parts as

1 M 9 M
Iy:=|0,—| andIg:=|—,M|.
2 2

It is clear that asymptotic density of these sets satisfy

0<68(I})<1,0<6(2) <1.
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If§ (101) =0 (oré (Ig) = 0), consider Ig (or consider Ié) otherwise consider the interval having
big asymptotic density and denote it by I;. Note that the length of I; is [(I;) = % and I, C I.

If we divide the new closed interval into two parts as I 11 and 121, we can choose a new one
and denote this interval by I, from the above explanation such that the length of this interval
l(I,) = 12\/1_2 and I, C I;. After continuing this procedure we obtain closed nested intervals which
length tends to zero. From the nested Theorem, we get

N =1} 8
n=1

Now our aim to construct a subsequence of (y,) such that it is convergent to y*. For this
turn to begin of the proof and choose k; which is the minimal element of I, choose k, > k;
which is the minimal element of I; and so on. If continue this process we obtain k, > k,_;
which is the minimal element of I,,. Also, we can choose k,,; > k, that is minimal element
of I,,,;. Otherwise the number of elements of Ii (or Irzl) is at most k,,. This is contradiction
to assumption on I ; (orI 5). So, non-decreasing sequence (k) gives the subsequence (y; ) of
the sequence (y,,) satisfying

M
For every ¢ > 0, there is a k, = k;, (¢) € N such that z%n < ¢ for every k,, = k, . So, from (9)
we have

i, =¥

v, = | <. (10)

The equation (10) shows (y ) is convergent to y* in usual case. It means that there is an
element x* € X such that the sequence y, := d(x;, ,x) convergent to y* = d(x*, x).

In [12], we know that this implies the sequence d(x; ,x) is d—statistical convergent to
d(x*, x). Hence, we have

{ky:ky <n, d(xy,x*) = e} < {ky k<,

d(xp ,x) — d(x*,x)| > e} .

From this inclusion and the Definition 2-(i) we have

.1 . 1
Osnll)n;o; {kniknfn,d(xkn,x )28} Snll)ngo; {kniann,

=0.

d(xp,,x) — d(x*,x)| > 8}

The last inequality says the sequence X has a d-statistical convergent subsequence.

The following theorem gives the relation between statistical equivalence and statistical
boundedness for sequences.

Theorem 6. Let (X,d) be a metric space, ¥ and ¥ belong to X and assume that X be a d -
statistical bounded sequence. If X < ¥, then ¥ is also d — statistical bounded.

Proof. We can follow the method in the proof of Lemma 3.2 given in [12]. Let us define a
subsetAof Nas'n € A< x, # y,". Then, subset N\A is statistical dense from the Definition 2-
(ii). This implies that

1
lim—|{meA: m<n}| =0. (1)

n—oon
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Let M > 0 be a sufficiently large number. According to the definition of A we have

fmeA:m<nandd(y,,a) > M}
C{meA:m<ntu{meA: m<nandd(x,,a)> M},

for all n € N and arbitrary point a € X. By using this inclusion and equality (11), we get

|{m€N:m§nand d(ym,a)ZM}|

lim sup
n—o0 n
) [{meA:m<n} . |{m€N:m§nandd(xm,a)2M}|
< limsup + limsup
n—o0 n n—oo n
. |{m€N:m§nandd(xm,a)2M}|
= lim sup .
n—o0 n

Since X is d - statistical bounded, we have

|{m€N:m§nand d(xm,a)ZM}|

lim sup 0.
n—00 n
Consequently the inequality
meN:m<nandd(y,,,a)>M
lim sup |{ o) }| <0 (12)
n—o00 n

holds. By using (12) we obtain

meN:m<nandd(y,,a)>M
OSliminf|{ O ) 2 M}
n—oo n

|{m€N:m§nandd(ym,a)ZM}| <0

<limsup
n—o0 n

Hence the limit relation

|{m€N :m<nandd(y,,a) ZM}|
lim =0
n—o00 n
holds. Therefore, this gives the desired result.

Suppose (X,d) and (Y,d’) are two metric spaces. We say that Y is a metric subspace of X
and X is a metric superspace of Y if, and only if Y is a subset of X and d’ is a restriction of d,
ie.

d'(x, ) :=dy(x,¥).

Theorem 7. Let (X,d) be a metric space and (Y,d") be a metric subspace. Then, the following
statements hold:

() If (y,) €Y is d’—statistical bounded then (y,,) is d—statistical bounded.
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(i) If (x,) € X is d—statistical bounded, then (x,,) d’—statistical bounded in subspace that
contains all terms of (x,,).

Proof.

(i) From the definition of subspace metric and statistical boundednes and for arbitrary
y* €Y and sufficiently large positive M > 0 we have

{k:k<n, d'(y,y)=M}={k:k<n, d(y,y*)=M}.

Therefore,
. 1 / * . 1 *
0= lim = |{k:k<n, d'(y4,¥") = M}| = lim = |{k : k <n, d(y4, ¥*) = M}|.
n—oon n—-oon

(i) It can be prove by using the same arguments in (i).

Let X # () be a metric space with equivalent metrics d; and d,. That is, there are positive
constant m; and m, such that

mldl(xzy) SdZ(ny) szdl(x:}’) (13)
for every x,y € X.

Theorem 8. Let X be a metric space with equivalent d; and d, metrics. Then, the following
statements hold:

@ B (X)=B2 (),
() Ch(X)=Cc2(X).
Proof.

(i) Assume that ¥ = (x,) €X is an arbitrary d; - statistical bounded sequence, i.e.

X e Bsd 1(X) . Then, there is a positive M > 0 and arbitrary x* € X such that

1
lim = |{k : k <n, dy(xy, x*) > M}| =0.

n—oon
Also, from (13) we have
{k:k<n,di(x,x*)>M} < {k:k<n,dy(x,x*)>mM}

m,
C {k:k<n,di(xp,x*)>—M
my

and

[{k -k <n, dy(xi, x*) = M}

IA

|{k tk <n, dy(xp, x*) > mlM}|
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(i)

* m
< k:k<n,d;(x,x)>—M;|.
my

By using this inequality, we obtain

1
lim — |{k k< n, dy(xp, x*) = mlM}| =0.

n—oon
This shows that ¥ = (x,,) € X is d,- statistical bounded sequence, i.e. X € Bftz (X). To

obtain inverse, it is enough to consider (13) as follows:

1 1
_dz(X,)’) < dl(X,)’) < _dz(X,J’)
my m

for every x,y € X.

The proof is clear from Theorem 2.3 in [12].
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