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Abstract. In this paper, we define a family of Generalized Gaussian Numbers that gives the number
of linear codes over Galois rings directly. Also, we study some of their properties and obtain some
relations between them.
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1. Introduction

Binomial coefficients and Gaussian binomial coefficients are two fundamental classes of
numbers arising in enumerative combinatorics. Binomial coefficients give the number of sub-
sets of a finite set. On the other hand, Gaussian binomial coefficients give the number of linear
codes over finite fields of a particular dimension. Since the theory of linear codes over fields
has been extended linear codes over rings recently, the problems that had found answers for
field cases remain open for the ring cases. One of such problems is establishing a formula for
the number of linear codes of a particular type similar to Gaussian Number formula. In this
paper, the authors provide such a formula that directly gives the number of linear codes over
Galois rings of a particular type.

Linear codes over finite rings have been a very important field of coding theory due to
Hammons et al [4]. The enumeration problems over rings are studied by many researchers.
Some of them are [1, 2, 3, 5, 10, 11, 14]. The enumeration in all of these works are based on
recursive formulae.

In this work, we give a direct calculation of the number of linear codes over an important
family of finite rings which is Galois rings. As a result of this, we define Generalized Gaussian
Numbers as a further generalization of the previous works [10, 11] and give some of their
properties similar to Gaussian binomial coefficients. Finally, some number sequences are also
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presented.

In the sequel, we present some well known concepts and results in both coding theory
and algebra. F, will denote the finite field with g elements where q is a prime power. A linear
code C of length n over F, is a subspace of ]FZ.

Definition 1. [8] For positive integers b # 1 and n, and all nonnegative integers k, the b-ary

are defined by
b

n
=1, and
|:Oi|b

n] _("-DB"-1).. (b 1)
k|, (k=DM 1-1)...(b-1)

. . . . . n
Gaussian binomial coefficients k

k=1,2,...

Theorem 1. [8] The number of distinct (although not necessarily inequivalent) [n, k]-codes over

F, is the g-ary Gaussian binomial coefficient k } where q is a prime.
q

For the proof of this theorem and some more details the reader is kindly directed to [8].

Definition 2. [13] A Galois ring is defined to be a finite ring with identity 1 such that the set of
its zero divisors including 0 forms a principal ideal (p1) for some prime p where

pl=1+1+---41.
—_—
p

It is well known that the characteristic a finite Galois ring is a prime power number. A
finite Galois ring of characteristic p™ and cardinality p™‘ where p is a prime number and m, t
are positive integers is denoted by R = GR(p™, t). Besides some further remarks which will
be given in the next section, more detailed and further information regarding Galois rings can
be found in [9, 13].

Definition 3. An R submodule of R" is called an R-linear code.

Theorem 2. [6] A generator matrix of an GR(p™, t)-linear code C is equivalent to a linear code
generated by

I, An A Aim

0 pl, pAaxp PA,

: : ’ : : : " @
0 0 - p" . P Aum

where A;;’s denote matrices whose entries are from R and Iy, Iy, ..., Ir,  are identity matrices of
sizes kq, ko, ..., k,, respectively.

A linear code C generated by a matrix (1) is called a (kq,k,, ..., k,,)-type code.
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2. Codes over Galois rings

A definition in a closed form for Galois rings is given in the previous section (Definition
2). Here, first we give an alternative description of a Galois ring which is constructive and it
will be referred frequently. Define the following map [13] from polynomial ring Z,=[x] over
Zyn to the polynomial F,[x] over I,

— 1 Zpm[x] = Fp[x]

ay+ax+...+ax"—ayg+ax+...+a,x"

where x is an indeterminate over Z,~ and also over F, a; € Zj, is the residue of a; € Z,n and
i=0,1,...,n.

Definition 4. [9] Let f(x) = ag + a;x + ...+ a,x™ be monic polynomial of degree d > 1 in
Zym[x]. If f(x)=ay+a;x +...+a,x" is irreducible in Fp,[x], f(x) is called a monic basic
irreducible polynomial in Z,n [x].

Let R = Z,n[&] where p is a prime and m is an integer. A Galois ring of characteristic p™
and cardinality p™" is a ring isomorphic to R, where & is a primitive root of a basic irreducible
polynomial f (x) of degree n.

Obviously, R = Z,n[x]/{f (x)) and R = GR(p™,d), where (f (x)) means the ideal gener-
ated by f(x) and d is the degree of f(x). In the remaining part of the paper, R will be always
referred as the ring GR(p™, d). Although R is not a vector space, we will nevertheless call its el-
ements as “vectors” . The Galois ring R has elements of orders (p™)¢, (p™ 14, (p™=2)4,..., p¢
and the element zero is of order 1.

Here, we give a formula for the number of distinct (not necessarily inequivalent) linear
codes over R. We do the enumeration by constructing the generator matrices of those codes.

Theorem 3. The number of distinct (not necessarily inequivalent) linear codes over R is

NE o (D)= " -2 e)
kukoek TV T K Ky, K . B
-1 .
where A= HT:1 nf;;l((pm—(t—l))dn _ (pm—l—(t—l))dn.de:o k; .pdl)’ and
T11( 1T Il
B— (pm—(s—l))dkz (pm—(j—l))dkj
s=1 r=0 \ z=1 j=s+1
s m
_( (pm—S)dkz)(pm—(s-i-l))dkS_H . l_[ (pm—(t—l))dkt pr)
z=1 t=s+2

Proof. In order to enumerate linear codes of length n and type (kq, ks, ..., k,,) over R, we
construct their generator matrices by choosing ordered k; R-linearly independent elements of
order (p™ 14 i €{1,2,...,m} respectively. Let

_ e ™t (p™ (™ (pm 1y (pm1yd (p?)¢ )¢ (p) (p)*
S=0y 7,y e Ve V) e Ve P SRR i ,...,vkm)
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-~Nd
be the ordered set of such elements where vi(J ) denote the it" element of order (j )d,
p<j<p™1<i<k,andw=1,2,...,m.

m)d m)d

There are ((p )" elements in R". In order to choose the first free vector, v , we
subtract the number of elements which are not of order (p™)¢ from the whole group R". The
elements of order (p™)? have at least one unit element of R in any of n components. The
number of the unit elements of R is (p™)¢ — (p™ 1)< since the number of elements which are
not of order (p™)? in Ris (p™ 1)4.

Since there are n choices for a unit in order to get an element of order (p

(p
1

m=1d e obtain

the number (p(m_l)d)n as the number of elements of R" which are not of order (p™)?. We
have
(™" = (™ HH"
possibilities.
For the second vector, vép m)d, we can take all vectors of order p™ except the vectors which
are linearly dependent with the first taken into account. Hence, we choose the second one

myd myd
such that (vgp ) , vép ) ) =Cy and |Cy| = ((Pm)d ). The set of vectors that cannot be taken for
the second vector is the following:

K, = {alvl(pm)d + w|w is not of order (p™)? and a; € Z,[&1}.

Since |K,| = ((p™ 1)*)"p?, we have

(™ = (™ HN*p?
possibilities for the second vector.

myd myd
Next, we choose v:gp Y from R" such that C3=(CyU {vép ) }) and |C5| = ((p™)?)*. While
making this choice, again we exclude the set
K = {an "™ + 0,0 +wlo(w) # p™ and ay, @, €2, [£]}.

Hence, we have

(™" = (™ N p*h)
ways to choose vépm)d since |K3| = ((p™ 1)4)"(p?)? possibilities.

The same calculation for the remaining k; — 3 vectors yields the following number (by
considering all possibilities)

(pmdn _ p(m—l)dn)(pmdn _ p(m—l)dnpd)(pmdn _ p(m—l)dnpzd) o ((pm)n _ (pm—l)npd(kl—l)) —
ki—1
ll_[ pmdn _ p(m—l)dnpdj.
j=0

(p(mfl)d)
1

(m—1)d
Crp41 = (Ci, U {v%p )}) and |Cy, 1] = (pmd)kl.(p(m_l)d)l. Here, we have to take into

(m-1)d

Now, we choose k, elements of order p and the first one is v such that
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account the k; elements which have been already considered of order p™ that will contribute
to the set of elements of order p(™~14,
We consider the elements of the following set:

md md md
— : m—1)d
Ky, 11 ={laivi? +agv? 4. 4+ agv,? +wlw is of order less or equal to pm—1

and a; €Z,[&],i =1,2,...,k4}

which has elements of order less or equal to p(™=1)4,
Since Ky 41| = (p(m=2dynpdki and there are p(™ 14" elements of order < p™~14 in R,

(m—1)dn .
we have v%p )

(m—1)dn (m—2)dnpdk1)

(p -p

possibilities.
The same calculation for the remaining k, — 1 vectors yields the number
{(p(m—l)d)n _ (p(m—Z)d)npdkl }{(p(m—l)d)n _ (p(m—Z)d)npdklpd}{(p(m—l)d)n _ (p(m—Z)d)npdk1p2d} o

kz—].

{(p(m—l)d)n _ (p(m—Z)d)npdklpd(kz—l)} — l_[ {(p(m—l)d)” _ (p(m—Z)d)npdklpdj}.
=0

Inductively, if the remaining k;, (i = 3,4,...,m), linearly independent vectors of orders

(p™~*1)4 are chosen in a similar way, the we get
m A Y odk
A= l_[ (m—(t—l))d) ( (m=1—(t— 1))d) p del)
t=1 i:0
possibilities.

Analogously, the term

m k—1
B zl_[ l_[(pm (s— 1))dk l_[ (pm - 1))dk
s=1r=0 \ z=1 j=s+1
s m
_( (pm—s)dkz)(pm—(s-i-l))dksﬂ A l_[ (pm—(t—l))dkt.pr)
z=1 t=s+2

describes the number of bases determining linear codes of length n and type (kq,k,,...,k;)
over R. Here, the choices are taken from inside a linear code of length n and type (k;, ks, ..., k).
Such a code has (pmd)kl.(p(m_l)d)kz...(pzd)km"l(p)dkm vectors. Hence the following ratio
gives the result

N==.
B
Now we give a corollary for counting the linear codes over the first non trivial Galois ring
Z4[&] of 16 elements.
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Corollary 1. The number of distinct linear codes of type (ky,ky) over Z4[&] is

n l_[kl—l (16n 4n+1)nk2—1(4n 4k1+j)
Ky k =N, (1) = T —
1, Ko Z4lE] 1 (16k1 4ka — 4k1+k2+t)l_[ 2 (4k1+k2 _ 4k1+l)

where & is a root of the basic irreducible polynomial 1+ x + x? € Z4[x].

Example 1. The number of distinct linear codes of length 3 and type (ky,k;) = (2,1) over Z4[&]
is
(16° - 4°)(16° - 4M)(4° - 4%)
(1624 — 424)(1624 — 4242)(4241 —42)
These linear codes are given by the following generator matrices:

1 0 x 1 x
01 x 0o 2
0O 0 2 0 O

= O O
o onnN
o R O
= O O

where x € {0,1,&,1+ &} and & is a root of the polynomial 1+ x + x2.
Definition 5. Let R be a Galois ring. An additive code of length n over R is subgroup of R™.

Here we emphasize that an additive code is actually a Z- submodule of R". On the other
hand, a linear code is an R- submodule of R". Now we give the number of additive codes of a
particular type over Galois rings.

Theorem 4. The number of distinct (not necessarily inequivalent) additive codes over R is

n

oA
+R _ _
N ek (M= [ ki ko, ..., ks L B’ ®)

-1 .
where A= l_[t 11_[kr—1 (( m—(t— 1)) (pm—l—(f—l))dn.ij:Okj.pl)’ and

S

B = ﬁn l_[(pm (s— 1))k l_[ (pm G- 1))k
r=0

s=1 z=1 j=s+1

_( (pm—S)kZ)(pm—(s-i-l))ksﬂ . l_[ (pm—(t—l))kt 'pr)

z=1 t=s+2

Proof. We prove the theorem similar to the proof of the Theorem 3. Here, we will take the
additive orders of the elements of Z,n[&].

Corollary 2. The number of distinct additive codes of type (kq, k) over Z4[&] is

[ n T [T:5 (16" — 420 T, (47 — 28+)

(n)=
ki, ky Z4[E] kl k2 l_[kl—l (4k1 . 2k2 — 2k1+k2+t)l—[k2—1(2k1+k2 — 2ki+)

where & is a root of the polynomial 1+ x + x2.
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3. Generalized Gaussian Numbers

In this section, we are interested in the properties of the numbers fol Ko km(n). Since they
resemble in some sense the Gaussian numbers we call these numbers Generalized Gaussian
Numbers. Hence, we study some properties of these numbers.

Some of the well known properties of the classical Gaussian binomial coefficients are as
follows:

Theorem 5. Assume the notations in Definition 1. Then,

. -Tl- i n
(l) k - n_kj|’
L dg L q
[ n ] __n _
(i) ol = n} =1,
L dq L q
o] __n—l | n—1
(iid) P k—1} +q{ k }
- -4 - q q
[ n] __n—l k| n—1
OO I R }J“q [k—l}’
- -4 - q q

n

(v) limg_,; |: X } = (Z) (binomial coefficient).
q

Now we present some properties of Generalized Gaussian Numbers in the following theo-
rem:

Theorem 6. Let n be a positive integer, R = Zyn, (k < n) and (k; < n). Then,
@ If 23, ki =n, then [ kl,kz,r.l..,km } - { km,km_ri,...,k1 } ’
R R
(W [ kl,kz,rf..,km L: { n—ZLki,an,km_l,---,kz L’
(i) [ n—(k:lf),lk,...,o L: [ ne (k=1 ~1,0,0...,0 Lﬂ’k [ "=k K0.0....0

. -1
av)(p—l)[oonkl}=(p"—1)[00” ko},
3 2 3 R 2 E ] 3 R

n n n
) [n,0,0,...,Oi| _[O,n,O,...,Oi| _"'_[0,0,0,...,ni| =1
R R R
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(vi) The followings hold:

. n f— n
vi).(1). [ k,0,0,....0 }R_ [ n—k,0,0,...,0 }R’

. n n
v).(2). [ 0,k,0,...,0 }R_ [ 0,n—k,0,...,0 }R’

. n n
(iv).(m). [ 0,0,0,....k L_ [ 0,0,0,...,n—k L.

n _ n
O S B

P

(vii) For m=2,3,..., we have .
? km_l VA m—1
P

n _ (nkyn—k n — ((~kyn—ky2 n _
(viii) [ k,0,0,....0 L—(p ) {o,k,o,...,o L_((p ™ {O,o,k,...,o L_

n

((pFynFy3 [ 0.0.0.k.0 0 i| = ... = ((pkyrkym-1 |: n
, U, U, K, U, ., R

0,0,0,...,0,k } '
R

Proof. The proof follows by applying the definitions carefully.

The properties given above are generalizations of the given properties in [10]. Also very
recently some similar studies are also done over different rings in [11]. In a similar approach
to those works, there may be obtained some new and existing number sequences. Here we
only give a few examples of number sequences.

Table 1: Number of linear codes over Z,[&] for n=2, n=3 and n=4.

n (length) (kq, ko) Number | n (length) | (k;, k) Number

(0,1) 5 (0,1) 85
(0,2) 1 (0,2) 357

n=2 (1,0 20 n (0,3) 85
(1,1) 5 (0,4) 31
(2,0 1 (1,0) 5440
(0,1) 21 (1,1) 28560
(0,2) 21 n=4 (1,2) 7140
(0,3) 1 (1,3) 85
(1,0) 336 (2,0) 91392
(1,1) 420 2,1) 85680

n=3 (1,2) 21 (2,2) 357
(2,0 336 (3,0) 5440
(2,1) 21 3,1) 85
(3,0) 1 (4,0) 1
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Table 1 is given as a special example of Theorem 6 for p™ = 4. Here, for k; = 0,k, = 1, for
the values of n, we obtain a sequence: 5,21,85,341,1365,.... This sequence exists in OEIS
[12] by reference number A002450 and it is given by the formula 4”3_ L For ky = 1,ky = 0,
we obtain a sequence: 20,336,5440,... which exists as A166984 in OEIS [12]. Moreover
some new number sequences may be obtained by further examining the numbers obtained
by fixing (k;,k,) and changing n. For instance, if we take k; = 1,k, = 1, then sequence:
5,420,28560,1855040... does not exist in the literature [12].

4. Conclusion

In this paper, we have developed and proved a direct formula for the number of linear
codes over the Galois Ring Z,=[E]. As an application of this formula, we generalize the
properties given in [10] and name them Generalized Gaussian Numbers. A new number
sequence is also presented. It is believed that the properties of Generalized Gaussian Numbers
can be further explored. Also some more new sequences can be obtained from these numbers.
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