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Abstract. In this study we find a basis of the space S4(I';(191)) and derive explicit formulae for the
number of representation of positive integers by all possible direct sum of 13 quadratic forms from
the representatives x> + x;x, + 48x2, 2x2 + x1xy + 24xZ, 3x% + x1x, + 16x3, 4x? + x1x, + 12x3,
5x2 4 3x, x5 + 10x2, 6x2 4 x1 X, + 8x2, 6xF + 5x1x, + 9x5 of the class group of equivalence classes of
quadratic forms with discriminant —191.
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1. Introduction

The problem of determining which positive integers are represented by quadratic forms
has been studied extensively since earlier mathematicians. Fermat’s assertion of 1640 about
representation of integers by the binary quadratic form xf + x§ was proved by Euler. With La-
grange’s four square theorem which states that, the quadratic form x% -|—x§+x§-|—x§r represent
all positive integers, the theory of universal quadratic forms has been started in 1770. It has
been proved by Legendre in 1798 that the quadratic form x% + x% + xg represent all positive
integers except precisely the numbers of the form 4%(8k + 7). Legendre also gives a general
theory of binary quadratic forms in his study Theorie des Nombres in 1830. In 1930, Mordell
[7] proved the five squares theorem, which states that the quadratic form x%+x§+x§+x§+x§
represent all positive definite binary quadratic forms. In 1997, Conway and Schneeberger
proved that a positive definite integral quadratic form represents every positive integer if and
only if it represents the integers 1,2,3,5,6,7,10,14, and 15. It is known as the 15 theorem
and later has been proved by Bhargava [1] by a simpler method. Bhargava and Hanke [2]
have shown in their studies that every integer valued quadratic form is universal if and only
if it represent every integer less than 290. For a general information about the theory of
quadratic forms one can see [6].
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Determination of positive integers represented by a given quadratic form Q is an inter-
esting problem, but it is also interesting to ask in how many different ways is the integer n
represented by Q? If we let r(n,Q) count the number of ways of representing n by Q, then
we are asking for a description of the function r(n,Q). In these terms, the question of which
integers n can be represented by Q means, for which n, r(n,Q) is > 0? Finding exact formulas
for r(n,Q) is a classical problem in number theory. In some cases formulas can be obtained
for r(n,Q), but such formulas are quite rare [3].

For instance, if we consider the quadratic form Q = xf + x§ + x§ + xﬁ and n > 0, then we
have the following Jacobi’s result [3]:

r(n,Q)=8 Z d.
d\n
4d>0

Peterson [8], for the first time, considered the problem of representation of numbers by
the direct sum of some binary quadratic forms. Kendirli [4] has given the number of repre-
sentations of positive integers by some direct sum of binary quadratic forms with discriminant
—79. In this study we obtain a basis of the space S4(I'j(191)) and formulae for the number
of representations of positive integers by some direct sums of binary quadratic forms with
discriminant —191 which are all quadratic forms 8 variables.

There exist 13 inequivalent classes of binary quadratic forms with discriminant —191.
These are:

F, = xf-i—xlxz +48x§

@) = 2xT+x1xy +24x5, 8] = 2xF — x1 x5+ 24x3

U, = 3xZ+x1x54 1633, U] = 3x% — x;x, + 16x5

Ay = 4x3 4 xxy + 12x5, A} = 4xF — xyx, + 12x3,
T, = 5x]+3x3xy410x3, T) =5x7 — 3x;x, + 10x3,
Q= 6xZ+x1xy+8x3, Q) =6xF — x1x5 + 83,

M, = 6x2+5xxy 4 9x3, 1T} = 6x7 — 5x7x5 + 9x3,

Here &7, U7, A7, 17, Q7, and IT] are respectively the inverses of ®;, ¥, Ay, Ty, €y, and I1;.
Therefore the theta series of &, ¥, A}, T7, Q], and II] are respectively same with the theta
series of ®;, ¥, A, T, ©;, and II;. Here F; is the identity element and these quadratic
forms form a group of order 13 which can be described as:

2 _ 3_0 &4 — 0 &5 — 6 _ ' &7 — 8 _ 17 &9 —
0,92 = A, 0 =00t =0, 0 =11,,8°=T1,8] =71,,0% =11/,8) = ¥,
10 _ 11 _ A 312 _ @/ &3 —
ol = ) 0l'=A,012=9/,6=F,.
Since 191 is prime number then there is only one genus, i.e., the principal genus.

For any quadratic form Q; let Q; = Q1 + ... + Q; (k times) be kth direct sum of this
quadratic form. In the present paper we obtain formulas r(n,Q) for any of the quadratic
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forms

Q =F4 0,V A, Ty 011, F,©8,F&V,F,6A,F;&T,F,eQ,F el
%OV, 00N, 0T;,P 00,0, V0N, V6T, V00,V eI,
ABT AOQASIL,T, 60, T,00,2 el ,Fod ¥, Fed oA,
FFod, @1 ,F,0d00,Fod oll,¢,0V,0A,5,00,0T,8,0V; a0,
OOV, O, U, ONOT, V0N 0T, 0N SR T,OA S0, 6,
AOY; 01, T, 00 I0,F,00, 00, &A,F0d, 00, 0T ,F,0d, 0¥, 00,
Fi00,0U,0M,0,00, 06\, 8Y,0,00, 0\, 6Q,,9, ¥, B\, ST,
Y OAM T80,V 0N, ST, &, and A, T, ©Q; ST,
(1)
(where i,j,l,m > 1 and in any direct sum the sum of the indices is 4). In these direct sums
one can replace the quadratic forms &, ¥;, Ay, T4, Q;, and I1; by their inverses.

2. The Positive Definite Quadratic Forms

In this section we give some definitions, an important theorem and evaluation of the
quadratic forms.

Definition 1. Let Q : Z* — Z be a positive definite integer-valued form of 2k variables,

2k
Q: Z bl]xlxj,bUEZ
1<i<j<2k
and the matrix A is defined by
a;; = 2bil-,aﬁ = aij = bl] for 1< _]

Let D be the discriminant of the quadratic form

2k
2Q: E Clijxix]'
i,j=1

ie., the determinant of the matrix A. Let A;; be the cofactors of a;; for 1 <i < j < 2k. If

6= gcd(%,Aij, for1<i<j<2k), thenN := 5 is the smallest positive integer, called the level
of Q, for which

NA™! is again an even integral matrix like A.

A = (=1)*D is called the discriminant of the form Q.

Theorem 1. Let Q : Z2* — 7 be positive definite integer-valued form of 2k variables of level N
and discriminant A. Then
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1 The theta function

o0
@Q(q) = Z qQ(nl,le ..... ne) — 1+ Z T'(Tl; Q)qn’q — eZTEiZ

(n ,n_,.., N )ELXTLX ... XL n=1
is a modular form on I'y(N) of weight k and character yq4, ie., ©q € Mi(To(N), xq),
where
A A
xald) = (3) ,d €(Z/NZ)™, (E) is the Kronecker Character.
2 The homogeneous quadratic polynomials in 2k variables
1 Ay ..
pij = Xpxj — - 2Q 1SS j S 2K (2)

are spherical functions of second order with respect to Q.

3 The theta series

=1

Oq4; (@) = Z (Z %‘j) q" (3)
n Q=n

is a cusp form in Si;5(To(N), x4)-

4 If two quadratic forms Qq, Q- have the same level N and the characteristic are y,(d), y-(d)
respectively, then the direct sum Q; ® Q, of the quadratic forms has the same level N and
the character y,(d), y-(d).

Proof. See [7].

Now let’s look at the positive definite quadratic forms of discriminant —191.
For the quadratic form F; = x% + x1x9 + 48x§,

2 1 X

— 9,2 2 _ 1
2F) = 2x7 + 2x1x5 + 96x5 = (x1,%5) ( 1 96 ) ( Xy )
the determinant D = 191,A,, =2, s0 6 = 1,N = D = 191 and the discriminant is

A = (—1)*?191 = —191. Similarly, it can be easily seen that for any of the quadratic forms
®,, Uy, A, T4, ©; and I1; the determinant, the discriminant and the character respectively

are
-191
D=191,A=—-191, y(d) = (—) .

d
Consequently F;, ®;, ¥;, Ay, T, 2; and II; are quadratic forms whose theta series are in

—191
M;(T(191), (T))

Hence by Theorem 1 Fz, q’z, \Ijz, Az, Tz, Qz, Hz, Fl &® CI>1, Fl & \Ijl, Fl ® Al’ Fl &® Tl’
F1oQ, F10I1,2,0¥Y, P, ®A, 2,071,200, 21011, V1 OA, V10T, ¥ 0Qy,
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UM, AT, A @O, A BT, T1®Qq, T &1, Q; & I1; are quadratic forms whose
theta series are in

My(T'o(191)).
Theorem 2. Let Q be a positive definite quadratic form of 2k variables,

k=4,6,8,...

whose theta series @, is in My(To(p)), p prime, then the Eisenstein part of ©, is

E(q: Q=1+ Y (aoy_1(n)g" + Boy_1 (Mg,

n=1
where k . k/2 _ :k k k/2
g Lo :Lu = (—1y2E D,
px pk—1 pr pr-1 (2m)k

Proof. See [7].

We immediately obtain the following corollary.
Corollary 1. Let Q be a positive definite quadratic form of 8 variables whose theta series ©, is
in
M4(T'o(191))

then the Eisenstein part of ©, is

E(q:Q) =1+ Y (ao3(n)q" + Bos(mg' ™),
n=1

where
3 = 3 3t ot 1 _2401912—1 _ a0 120
Pa= (2 )4 2rn)*90 240 T 10141 “T1o124 1 18241
191%—1912 1912 , 120
B= 240— =240———— =1912——
1914 -1 1912+1 18241
and for any Q in (1)
o0
E _1 1 12 191n —_ * n
(@: Q=1+ Z(q 191470 = 1527 2,03

where

() = os(n) ifn>1and 191¢n
T3 = o5(n) +191205(n/191) if191|n
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3. The Selection of Spherical Functions

Here we will select 47 spherical functions such that the corresponding generalized theta
series span all the generalized theta series of (3) induced by spherical functions of the form

(2).
1 For

2F, :2xf + 2x1x9 + 96x§ + 2x§ + 2x3x4 + 96x§

2 1 0 0 X
1 96 0 0 Xy
= (Xl,XZ,X3,X4) 0 0 2 1 X3
0 0 1 9 x4

the determinant D = 1912,A;; = 76.191. By putting 2k = 4, Q = F,, and appropriate
i,j in Theorem 1, we get the spherical function of second order with respect to F, as:

, 196191, 48
=X, - —-— = X5 - —
PL=X T g1z 2T T 191

2 For 28, = 4x742x,x,+48x5+4x3+2x3x,+48x3, by taking A;; = 48.191,A;, = —191

we get
, 148191 , 24
Y11= X7 — szq’z = X117 191 %2
1 191
P12 = X1Xg + ZWZCI)Z =X1Xp + F91¢2’

which will be spherical functions of second order with respect to ®,.

3 For 20, = 6x2+2xX5+32x5+6x2+2x3x4+32x2, by taking Ayy = 6.191, Az3 = 32.191

we get;
, 3 , 16
P22 = X5 — ﬁ‘l’z,ﬂpgs =X3— ﬁ%’

which will be spherical functions of second order with respect to W,.

4 For 2A, = 8xf+2x1x2+24x§+8x§+2x3x4+24xi, by taking A;; = 24.191,A,, = —191

we get;
2_ 12 A + A
= X5 - — , = X1X _— 5
$11 17 701 2, P12 1X2 2.191 2

which will be spherical functions of second order with respect to A,.
5 For 2T, = 10x% 4 63 x5 + 20x3 + 10x2 + 6x3x4 + 20x7 by taking A;; = 20.191,
Ayy =10.191 we have;
2 10 ), 5
= x5 — — 5 = x5 - — 5
P11 17 707 2 P22 27 797 2

which will be spherical functions of second order with respect to A,.
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6 For 20, = 12xf +2x7x9 + 16x§ + 12x§ + 2x3x4 + 16x§r, by taking A;, = —191,
Ayy =12.191 we get;

2 6
QZ, P2 = - _QZ’

1
= XyXq+
Y12 = X1 5007 191

which will be spherical functions of second order with respect to Q5.

7 For 2IT, = 12x7 + 10x1x5 + 18x5 + 12x3 + 10x3x,4 + 18x, by taking A;; = 18.191,
Agyp = 12.191 we get,

5 6
Iy, oy = x5 — —1I,,

9
P11 = x% ~Taq
191 191

which will be spherical functions of second order with respect to IT,.

8 For2(F;® %) = fo +2x1x5 + 96x§ + 4x§ +2x3x4 + 48x§r the determinant D = 1912,
A, = —191, A33 = 48.191, the spherical functions of second order with respect to
F, & &, are;

2 24
012 = X1Xg + 7——=(F; ® ®1), p33 = E(Fl@q)l):

2.191

9 For 2(F; & ¥;) = 2x7 4 2x7xy + 96x3 + 6x2 + 2x3x4 + 32x§ the determinant D = 1912,
Ayy =2.191, A3, = —191, the spherical functions of second order with respect to F; ¥,
are;

1 1
2
=x2— —(F,® V), Pz, = + Fiev
P22 = Xy 191( 1 1), P34 = X3X4 5 191( 1 1)
10 For 2(F; @ Ay) = 2x2 + 2x1 X5 + 96x3 + 8x3 4 2x3x4 + 24x§ the determinant D = 1912,
Ay =—191,A,44 = 8.191, the spherical functions of second order with respect to F; ®A;
are;

4
(FL® A1), paq = X3 1—91(F1 ®A),

1
= + —
P12 = X1X2 2.191

11 For 2(F; ®T;) = 2x3 +2x1x5 +96x3 +10x2+6x3x4+20x the determinant D = 1912,

Aq; = 96.191, A3, = —3.191, the spherical functions of second order with respect to
F,® 7T, are;
, 48
Y11 =x7 — E(Fl © Y1), p3q = X3x4+ 5 191(F1 &),

12 For 2(F1 ® Q) = 2x% +2x7x9+ 96x§ + 12x§ +2x3x4+ 16xﬁ the determinant D = 1912,
Ajy = —191, A33 = 20.191, the spherical functions of second order with respect to
F, &, are;

10
(F, ®9Q1), P33 = x5 1—91(F1 ®Q,),

1
= + —
P12 = X1X2 2.191
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13

14

15

16

17

18

19

20

For 2(F; @11;) = 2x%+2x1x5+96x3+12x2+10x3x4+18x the determinant D = 1912,
Ayy = 2.191, A3y = —5.191, the spherical functions of second order with respect to
F, ®©1I, are;
> 1(F€BH) +5(F€BH)
=Xx5—— , =X3X4+—— ,
22 27 qg1V 1 1), P34 P RTIRE 1
For 2(®; @ ¥,) = 4x% +2x1%, +48x§ + 6x§ +2x3x4+ 32xﬁ the determinant D = 1912,

Aq; = 48.191, A,;, = 4.191, the spherical functions of second order with respect to
®, ® ¥, are;
24

2
= x4 =
L T

2
— 2
(21 © W), 090 = x5 — ﬁ(‘pl ®v,),
For 2(®; @ A;) = 4x3 + 2x1xy + 48x3 4 8x3 + 2x3x4 + 24x3, D = 1912, A;, = —191,
As3 =24.191, the spherical functions of second order with respect to ®; + A; are;
- (P, 0A;) 2 12(<I>€BA)
=X1X9+ —— , =Xx5—— ,
¥12 12T 5T\ ™ 1), ¥33 37 o1 1 1
For 2(®) ® Y1) = 4x} + 2x1x5 +48x35 + 10x3 + 6x3x, + 20x7, D = 191%, A}, = —191,
A,y =4.191, the spherical functions of second order with respect to ®; + T, are;
+1(<I>€BT) 3 2(<I>€BT)
=X1X9+—— , =Xx5—— .
P12 X2 5T\ 1), P22 27 o1 1 1
For 2(®; @ Q) = 4x3 4 2x1x5 + 48x3 + 12x35 + 2x3x, + 16x2, D = 191%, A33 = 16.191,
A3, = —191, the spherical functions of second order with respect to ®; ® 2, are;
2 8(@@90) +1(<I>€BQ)
=Xx5—— , =X3X4+—— .
¥33 37 Jg1 1 1), P34 3X4T 5797 "1 1
For 2(®; ®T1;) = 4x] +2x, X, +48x3 4+ 12x3+10x3x,+18x3, D = 191%, A}, = 48.191,
As3 =18.191, the spherical functions of second order with respect to ®; @ II; are;
24

2
=x< =
LA TN

9
&, @), P33 = x2 — —(&; ®I1,).
(& ©114), P33 = x3 191( 1©11;)

For 2(U) ® Ay) = 6x7 + 2x1X5 + 32x5 + 8x3 4 2x3x4 + 24x7, D = 191%, A, = —191,
A,y = 6.191, the spherical functions of second order with respect to ¥; @ A; are;

1 3
=x1Xyg + ——(U; B A{), Pog = x2 — — (U, B A),
P12 1X2 2.191( 1 1)> P22 2 191( 1 1)

For 2(W¥; @ T1) = 6x3 + 2x1 X5 +32x5 4+ 10x3 4+ 6x3x4 +20x3, D = 191%, A33 = 20.191,
A4y =10.191, the spherical functions of second order with respect to ¥'; & T, are;

10 5
_ 2 _ .2
P33 = X3 — 191(‘1’1 @ Y1), Pag = X4 — —191(‘111 ®7Ty).
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21 For 2(¥; & Q) = 6x3 + 2x1 X5 + 32x5 + 12x3 + 2x3x4 4+ 16x5, D = 191%, A}, = —191,
As3 =16.191, the spherical functions of second order with respect to ¥; @ 2; are;

1 8
_ )
P12 = X1X9 + 2.191(\111 ®Q), P33 =x3 — —191(\111 ® Q).

22 For 2(W; ®T1;) = 6x7 +2x; X5 +32x5+12x5+10x3x4+18x3, D = 1912, A}, = 32.191,
As, = —5.191, the spherical functions of second order with respect to ¥; @ II; are;

16 5
2
=xi——(U,0II,), = + — (v, ®I1,).
P11 = X7 191( 1 1); P34 = X3X4 2.191( 1 1)

23 For 2(A; ® T1) = 8x3 + 2x1x5 + 24x3 + 10x3 + 6x3x4 + 20x7, D = 191%, A}; = 24.191,
A,y = 8.191, the spherical functions of second order with respect to A; @ T, are;

12 4
_ 2 _ .2
P11 =X] — —191(/\1 ®T1),pap = X5 — —191(/\1 ® ).

24 For 2(A; + Q) = 8x% + 2x1x; + 24x5 4+ 12x3 + 2x3x4 + 16x7, D = 1917, A33 = 16.191,
Auq =12.191, the spherical functions of second order with respect to A; @ Q; are;
8

6
191(A1 (&) Ql)? (‘044 = xi — E(Al @ Ql)

)
P33 = X3 —

4. The Solutions of Q = n and the Theta Series Associated to the Quadratic
Forms

The equation F; = x% + x5 + 48x§ = n have the following solutions:

= 1=>x;=%1,x,=0
= 4=>x;=%4,x,=0
= 9=>x;=33,x,=0
= 16=>x;=%4,x,=0
= 25=>x;=%5,x,=0
= 36=>x;=%6,x,=0

S | =2 = = =

and there is no integral solutions for: n =2, 3,5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 17, 18,
19, 20, 21, 22, 23, 24, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39, 40, 41, 42, 43, 44,
45, 46, 47. Thus the theta series of F; is given by

O, (@) =1+2q+2¢" +2¢° +2¢"°+2¢*° +2¢% + ...
By a similar way theta series of ®;, ¥, A1, T1, Q, and II; are obtained as follows:

0s,(q) =1+2¢* +2¢° + 2" +2¢** + 2¢*° + 2¢*7 + 2¢°° + 2¢>* + 2¢** + 2¢*° + 2¢™ + ...
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Oy, (q) = 1+2¢° + 29" + 24" +2¢"% + 2¢°° + 29 + 24”7 +2¢°° + 2¢* + 2¢* + ...
05, (@) = 1+2q* +2q'2 +2¢"° +2¢'° +2¢'7 + 2¢%° + 2¢*° +2¢° + 2¢® + ...
Or,(Q) =1+2¢° +2¢"° + 29" + 2™ + 2¢%° + 2¢** + 2¢°° + 2¢* + 2¢* +2¢* +2¢* + ...
0q,(q) =1+2q° +2¢% + 2" +2¢"° + 2¢** + 2¢°° + 2¢°* + 2¢** + 2¢°° + 2¢*° + . ..
On,(q) =1+2¢°+2¢° + 2™ + 29 + 29 + 29 + 29 + 2¢°° + 29" + 29" + . ..

Here as an example we will compute the theta series of F4. Theta series ©4,(q) for any
quadratic form in (1) are obtained in a similar way.

©r,(q) =0r,(9)-0,(0)-OF, () - ©5,(q) = 1 +8q +24¢ + 32¢° + 249" + 48¢° + 96¢°
+64q” + 24q% + 104q° + 144q*° + 96¢'! 4+ 96¢*2 + 112¢'3 + 192¢** + 192¢1°
+24q'® +144q" + 312¢*® + 160q'° + 144¢%° + 2564%! + 288¢%** + 192¢*
+96q%* 4+ 248¢%° 4 336¢%° + 320¢%7 + 192928 + 240¢%° + 5764 + 256¢>!
+24q%% 4 384¢%° +432¢>* + 384 + 312¢°° + 304¢*" + 480¢°® + 448¢™
+ 144q* 4 336g™ 4 768¢*2 + 352¢*® + 288¢* + 624q™* + 576¢*° + 384q* + ...

Theorem 3. The following system of generalized fourfold theta-series is a basis of S4(I'(191)),

1 o0
Or, o0 (9) = To7 D> (191xF - 48F,)q",

n=1Fy=n

1 [08]
O, (@) = 757 2, D, (191x] —24%5)q",

n=1®,=n

1 & 1
Ou,0,(0) =7 2 2, (191x1xp + 5 8)0",

n=1®,=n

1 o0
Ou,(0) =57 D, D, (19123 = 303)q",

n=1 \I’ZZH

1 [&.°]
() = g7 2, D, (19123~ 16%5)q",

n=1 \I’ZZH

1 [0°]
O (@) = 797 2, 2, (191x] —12A5)q",

n=1 A2=n

1 & 1
On,,0,(@) = o1 Z Z (191xyx, + §A2)q”,

n=1 A2=n

1 [&.°]
O ()= 157 2, 2 (1912~ 10T5)q",

n=1 T2=n

1 o0
O, (@) = 757 2, O, (19125 = 5T2)q,

n=1 T2=n
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1 1
O0,,0,,(@) = o1 Z Z (191x1x, + Eﬂz)q",

n=1Q,=n

1 o0
@QZ,¢22(Q) = 101 Z Z (191x§ —69,)q",

n=1Q,=n

1 o0
@n2,¢11(Q) = 101 Z Z (191x% —9I1,)q",

n=1II,=n

1 o
Oty (@) = 757 2 D, (19163 — 6L,)q",

n=1II,=n

1 & 1
OF, 06,,0,,(4) = 101 Z Z (191x7x5 + E(Fl ® ®1))q",
n=1F

1@<1>1=n
1 o0
Or00,00 (D =To7 2, D, (19133 —24(F & 21))q",
n=1F163<I>1=n
1 o0
OF, 0v,,0,,(q) = To1 Z Z (191x3 — (F; & ¥1))q",

n=1 F1€B\111=n

1 & 1
OF, 0u,,¢,,(q) = To1 Z Z (191x3x4 + E(Fl ®¥q))q",

n=1F,&¥,=n
I 1 .
@FI@AI"PH(q):EZ Z (191x1x2+§(F1€BA1))q >
n=1F,®A,=n
1 o0
Oron @ =197 2, D, (191x]—4(F @AD",
n=1F163A1=n
o0
Or o1 (q)=i2 Z (191x2 — 48(F; & T1))q"
19 11,011 191 1 1 1 >
n=1F163T1=n
1 & 3 .
Or,e7,,0,, (1) = EZ Z (191X3X4+§(F1€9T1))q ,
n=1F,®Y;=n
1 & 1 .
O 00,,0,,(1) = To1 Z (191x1x, + E(Fl ®09))q",
n=1F,&0;=n
o0
o (q) = LZ D (191x3 - 10(F, ©9,))q"
198,33 191 3 1 1 >
n=1F1€Bﬂlzn

1 o0
Orom () =157 2, 2, (191x5—(Fi@Mm))q",
n=1F163l'[1=n
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o0

1 5
OF, o1, ,¢5,(4) = To1 Z Z (191x3x4 + §(F1 ®11;))q",
n=1F;®Il;=n
1 o0
Ou0u,0n (@D =Tg7 >, Y, (191xF—24(2, 8 ¥1))q",
n=1®,®&¥;=n
1 o0
Ov00,0( @D =757 >, D, (1912328 001",
n=1 <I>1€B\111=n
1 & 1 )
Os,0n,,01,(0) = To1 Z Z (191x1x5 + E(q)l ®A))q",
n=1 <I>1€BA1=n
1 o0
Os,0n,,05, () = To1 Z Z (191x3 — 12(2; ® Ay))q",
n=1&,®A,=n
1 & 1 .
O, 01,,01,(2) = 101 Z Z (191x7x5 + 5(4’1 ®7T1))q",
n=1¢,&T,=n
1 o0
Oa0m,00 (@ =77 2, X, (19133 —2(2,@T1))",
n=1 fI>1€BT1=n
1 o0
om0 = o7 2, O, (19165 —8(&,©2.))d",
n=1 @16391=n
1 & 1 "
Os,00,,05,(1) = To1 Z Z (191x3x,4 + E(q)l ®04))q",
n=1®,6Q;=n
o

1
O, 01,0, () = To1 Z Z (191x3 — 24(2, ® 11;))q",

n=1®,®Il;=n

1 o
vy, pu (@ =772, 2, (191x3—9(2 @M,
n=1®,®ll;=n

1 & 1
Ov oo @ =To7 2, 2, (191xxy+ (¥1@A)",
n= \11163/\1:?1
1 o0
Ou, ey, (@) = 101 Z Z (191x3 — 3(¥; ® Ay))q",
n=1 \IlléBAlzn

1 o0
Ou,07,,0:,(D) =~ Z Z (191x3 — 10(¥; & T1))q",

1 1n=1\I/1€BT1=n
1
Ouom @ = 1572, D, (191xF-5(110T1))",

n=1¥,®Y;=n
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1 & 1
@%@Qb%z(@:ﬁz Z (191X1X2+§(‘1’1€9Q1))qn,
n=1¥;®Q;=n
1 o
Ov 00,05 (@ =57 2, D, (19165 —8(¥1©0:))",
n=19;80Q;=n
o
Ou,e,,¢r, (@) = LZ D (191x% - 16(¥; @ 10))g"
191,011 191 1 1 1 5
n:1\11163l'11:n
I & 5 .
Oy, a1, ,p,,(9) = EZ Z (191x3x4+§(\111€91'[1))q ,
n:1\11163l'11:n
o0
O, (q)ziz D (191x3 - 12(A, ©T1))q"
197T1,011 191 1 1 1 ’
n=1A071T,=n
1
6A1®T1,¢22(Q):ﬁ2 Z (191x3 — 4(A, © T1))q",
n=1A0T,=n
o0
On 00 (q)=i2 Y. (191x3 - 8(A; © )"
10%41,¥33 191 3 1 1 5
n=1A163£21=n
o0
0, (q)=i2 > (191x2 - 6(A ®2)))q".
19€21,044 191 4 1 1
n=1A163£21=n

Proof. Fy = x% + x5 + 48x§ + x§ + X3x4+ 48x§r = n has the following solutions;
n =1 = the solutions are; (+1,0,0,0),(0,0,%£1,0),

n = 2 = the solutions are;(+1,0,£1,0),

n = 4 = the solutions are; (+2,0,0,0),(0,0,£2,0),

n =5 = the solutions are;(+2,0,+£1,0),(£1,0,+2,0),

n = 8 = the solutions are;(+2,0,£2,0),

n = 9 = the solutions are;(+3,0,0,0),(0,0,+3,0),

n = 10 = the solutions are;(+3,0,£1,0),(£1,0,+£3,0),

n = 13 = the solutions are;(+3,0,£2,0),(£2,0,+3,0),

n = 16 = the solutions are;(+4,0,0,0),(0,0,£4,0),

n = 17 = the solutions are;(+4,0,+£1,0),(£1, 0, +4,0),

n = 18 = the solutions are;(£3, 0,£3,0),

n = 20 = the solutions are;(+4,0,£2,0),(£2,0,+4,0),

n = 25 = the solutions are;(+5,0,0,0),(0,0,£5,0),(+4,0,+£3,0),(£3,0,+4,0),
n = 26 = the solutions are;(+5,0,+£1,0),(£1,0,+5,0),

n = 29 = the solutions are;(+5,0,+£2,0),(£2,0,+5,0),

n = 32 = the solutions are;(+4, 0,+4,0),

n = 34 = the solutions are;(+5,0,+£3,0),(£3,0,+5,0),

n = 36 = the solutions are;(+6,0,0,0),(0,0,£6,0),

n = 37 = the solutions are;(+6,0,+£1,0),(£1, 0, +6,0),
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n = 40 = the solutions are;(+6,0,£2,0),(£2,0,+6,0),

n = 41 = the solutions are;(£5, 0,£4,0), (£4,0,£5,0),

n = 45 = the solutions are;(+6,0,+£3,0),(£3,0,+6,0),

and for n =3, 6, 7, 11, 12, 14, 15, 19, 21, 22, 23, 24, 27, 28, 30, 31, 33, 35, 38, 39, 42,
43, 44, 46 there is no integral solution. Hence;

1 o0
eFz,<»011(q) =ﬁ Z Z (1913(% - 48F2)qn

n=1F,=n

1
=1g7((191.2-48.4)g +(191.1.4 ~ 48.4.2)¢% + (191.4.2 — 48.4.4)g"

+(191.4.4+191.1.4 — 48.8.5)q° + (191.4.4 — 48.4.8)q® + (191.9.2 — 48.4.9)q°
+(191.9.4+191.1.4 — 48.8.10)q** + (191.9.4 + 191.4.4 — 48.8.13)q*®
+(191.16.2 — 48.4.16)q*® + (191.16.4 + 191.1.4 — 48.8.17)q*’

+(191.9.4 — 48.4.18)q '8 + (191.16.4 + 191.4.4 — 48.8.20)q*°
+(191.25.24+191.16.4+ 191.9.4 — 48.12.25)¢>

+(191.25.4+191.1.4 — 48.8.26)q%°

+(191.25.4+191.4.4 — 48.8.29)q%° + (191.16.4 — 48.4.32)q>?
+(191.25.4+191.9.4 — 48.8.34)¢>* + (191.36.2 — 48.4.36)q°°
+(191.36.4+191.1.4 — 48.8.37)q>” + (191.36.4 + 191.4.4 — 48.8.40)q*°
+(191.25.4+191.16.4 — 48.8.41)q* + (191.36.4 + 191.9.4 — 48.8.45)q* +...)

Therefore,

1
Or, v, (@) zﬁ(190q + 380q% + 760q* + 1900q° + 1520¢® + 1710¢° + 38004 *°

+4940q"3 4 3040¢'°® + 6460q*” + 3420q'8 4 7600¢%° + 14250¢% + 9880¢%°
+11020¢%° + 6080¢°2 + 12920¢>* + 6840¢>° + 1406047 + 15200¢*°
+15580q*! +17100¢*" +...)

is obtained.

We obtained the remaining theta series by similar calculations. For a complete list of
theta series see Table 1 in [5]. The Calculations in this article are done by using the software
packages Pari GP and Maple.

The 47—th determinant of the coefficients of Theta Series is

—54152562377765212169769805340948504021762461314755516203054592423781

22484013765646204060917570748490727120039404251791740314128696213504

1
00000000——— # 0.
19147 #

So, the Theta series in Theorem 3 is a basis of S4(I'5(191)).
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5. Representation Numbers of n

Proposition 1. The differences between the Theta series of the quadratic forms in (1) (in these
direct sums any form can be replaced by its inverse) and the Eisenstein Series

120 & 120 &
2 _191n * n
Elg @ Q=1+——>(¢"+191%®"M)o3(n) = —— > 0o}(n)q
18241 & 3 18241 &3
n=1 n=1
_ 120 120.9 2 120.28 .3 120.73 4 120.126 5 120.252 6 120.344 7
= 1 + 18241q+ 18241q + 18241q + 18241 q + 18241 q + 18241 q + 18241 q
120.585 _8 120.757 9 120.1134 10 120.1332 11 120.2044 12 120.2198 13
+ 18241 + 18241 q + 18241 q + 18241 q + 18241 q + 18241 q +
120.3096 _14 120.3528 .15 120.4681 .16 120.4914 17 120.6813 _18 120.6860 19
+ 18241 q + 18241 q + 18241 + 18241 + 18241 q + 18241 q
120.9198 20 120.9632 21 120.11988 22 120.12168 23 120.16380 .24
+ 18241 q + 18241 q + 18241 q + 18241 q + 18241 q
120.15751 _25 120.19782 _26 120.20440 27 120.25112 28 120.24390 29
+ 18241 + 18241 q + 18241 + 18241 + 18241 q
120.31752 30 120.29792 31 120.37449 32 120.37296 33 120.44226 34
+ 18241 + 18241 + 18241 + 18241 + 18241 q
+120.43344 35 4 120.55261 _36 4 120.50654 37 4 120.61740 _38 + 120.61544 _39
18241 18241 18241 18241 18241
120.73710 40 120.68922 41 120.86688 42 120.79508 43 120.97236 44
+ 18241 q + 18241 q + 18241 q + 18241 q + 18241 q
120.95382 _45 120.109512 _46 120.103824 _47
+ 18241 + 18241 + 18241 q +...

are linear combination of the Theta Series in the preceding theorem.

Proof. Now we will consider the case;

Op, —E(q: F4) =¢10p, 4, (@) + €204, o, (@) + 384, ,,,,(q) + 4Oy, ,,,(q)
+ 50,0, (@) + 6O, 0y, (@) + €704, ,(@) + 5O, 1, (@) +coOr, ). (q)
+¢10©g,,4,,(@) + €119, ,,(@) + €120n, o, (q) + €13O1, 4, ()
+ €1495,00,,01,(D T €15OF, 09, 4,, (@) + C16OF, 0v,,0,, (1) + €17OF, @w, 05, (D)
+ 1898, 00,01, (D T €199k, 0A,,0,. (D) T C20OF 071,01, (D + €21OF @7, 4, (D)
+ €220, 00,01, (D T 2398, 00, 45, (D T C24OF, 011, 4, (D) + C25OF @11, 5, (D)
+€2600,00,,0,,(@) + €27Q0,0v,,0,,(4)  €28C 0, 01,,4,, (@) T €200, 01,013 (D)
+ 3098, 07,,01,(@) + 3108, 07,,0,, (@) + 3200, 00,05, (@) + €33O 8, 00, 44, (2)
+ 3494, 01,0, (@) + €350, 011,05, (@) + €36 Ow,0A,,01, (@) + 370w @A,,0,,(Q)
+ 3800, 07,05 (D T €300, 01,0, (D) + C40Ow, 00,4, (D) T €41Ow,00,,0,,(2)
+ 4204, 01,01, (@) + 430w, 0,05, (@) + 44O 01,01, (@) + 45O, 07,09, (D)

+ C46On, 09,055 (D T C47On, 00,04, (D
=(145808/18241)q + (436704/18241)q> + (580352/18241)¢>

+(429024/18241)q* + (860448,/18241)q° + (1720896/18241)q°
+(1126144/18241)q” + (367584/18241)q® + (1806224/18241)q°
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+(2490624/18241)q'° + (43008/493)g'! + (1505856/18241)q 2
+(1779232/18241)q* + (3130752/18241)q** + (3078912/18241)q*®
—(123936/18241)q'® + (2037024/18241)q"” + (4873632/18241)q*®
+(2095360/18241)q? + (1522944/18241)q%° + (3513856/18241)q*!
+(103104/493)q%* + (2042112/18241)q*® — (214464/18241)q**

+ (2633648/18241)q% + (3755136/18241)q%® + (3384320/18241)q%’
+(488832/18241)q%® + (1451040/18241)q* + (6696576,/18241)q>°
+(1094656/18241)q>! — (4056096/18241)q>* + (68352/493)q>>
+(2572992/18241)q>* + (1803264/18241)q> — (940128/18241)q>°
—(533216/18241)q>” + (1346880/18241)q>8 + (786688/18241)q>

— (6218496/18241)q* — (2141664/18241)q™ + (3606528/18241)q*
—(3120128/18241)q™® — (173376/493)q** — (63456/18241)q™*

— (2634624/18241)q* — (5454336/18241)q" +....

By equating the coefficients of ¢" in both sides for n = 1,2,3,...,47, we get an equation in
coefficients c; for i = 1,...47. For the list of coefficients of any form in (1) see Table 2 in [5].

Corollary 2. The representation numbers r(n,F4) are

120 1
Op, — E(q: Fy) =————03(m)+ —(c; D (191x] —48F,) + ¢, » | (191x] — 248,)
18241 191" &~

1
+ey (191300, + 5®2)+ s D (191x2 = 3W,) +¢5 Y (191x3 — 16W,)

$,=n Yyo=n Yy=n
1
+og ., (191xF = 1205) +¢; Y (191x1x, + SA2)+ g > (191x - 107T,)
Ay=n Ay=n To=n
1
+eg . (191x5 = 5T) +cyo Y (191xyxz + %)+ > (191x3 - 62,)
T2=n szn szn
+erp Y, (19163 = 9I,) + ¢35 Y (191x5 — 611,)
IIy=n IIy=n
1
tey Y, (9l + (B ®@)+cs D, (191x2 —24(F, @ ¢,))
F1©®1=n 2 Fi®®,=n

1
+C16 Z (191X§—(F1 €B\P1))+cl7 Z (191X3X4+ E(Fl @\111))
FieV¥,=n Fie¥,;=n

1
+C18 E (191X1X2+_(F1 €BA1))+619 E (191)("2‘—4(1'71@/\1))
_ 2 _
F1€BA1—n F163A1—n
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3
+C20 Z (191)(%—48(1'7]_ @Tl))+C21 Z (191X3X4+§(F1 ®T1))

F1@T1=n F®T,=n
1
tep DL 9L+ s(F o))+ Y. (191x%— 10(F, ©9,))
F1®len 2 F163£21=n
5
+C24 Z (191X§—(F1@H1))+C25 Z (191X3X4+ E(Fl @Hl))
F,®Il;=n Fy®Il;=n
top Y. (191x7-24(8; 00 ) +cy D (191x3 —2(2; & F,))
@163\111:n @163\111:n
1
to Y. (191X + =(B1 @A)+ o D, (191x3 —12(2; ® Ay))
4)163/\1:?1 2 <I>1€BA1=n
1
‘+‘C30 Z (191X1X2+ _(¢1@T1))+C31 Z (191X§—2(<I)1®T1))
¢1®T1:n 2 fI>1€BT1=n

1
‘+‘C32 Z (191X§—8((I)1 @Ql)))‘I‘ng Z (191X3X4+ E(q)l @Ql)

@16391=n fI>1€Blen
tegg Y. (191x2-24(2,©11)) +c35 Y. (191x3—9(8; ©11,))
$,®I1,=n $,®Il,=n
1
tee Y. (A91xx,+ (¥ @A)+ Y. (191x3—3(F; ® A,))
W ®A;=n 2 U, @A =n
tog D, (191x2—-10(; @ T)) +cz9 Y. (191x2—5(¥; ©T1))
v, 0T=n v,0T1=n
1
+C40 Z (191X1X2+ _(\I’l@ﬂl))+C41 Z (191)('3%—8(\1’1@91))
v, 00,=n 2 U, 80, =n

5
‘+‘C42 Z (191)(']2_— 16(‘1’1@“1))+C43 Z (191X3X4+ E(‘Iﬁ@l‘[l))

\IlléBl'Ilzn \11163H1=n

tey Y, (191xF-12(A @ T)) s Y. (191x3 —4(A, © 1))
A®T1=n A®Q=n

tee Y. (191x2-8(A @Q)+ciy Y. (191x2—6(A; ©0)))).
A1®Q=n A ®Q=n

The coefficients are the same coefficients with preceding theorem, see Table 2 in [5].

Proof. It follows from the preceding theorem.
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