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The Drazin Inverses of Combinations of Two Idempotents
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Abstract. By using the methods of splitting operator’s matrix into blocks and space decompositions,
the existence and calculation formulas of Drazin inverse of the combinations aP + bQ + cPQ + dQP of
two idempotent operators P and Q on a Hilbert space are obtained under the conditions

PQP = 0,PQP = P and PQP = PQ respectively. These generalized the related results of Deng’s work,
which characterized the Drazin inverse of the sum and difference of two idempotents.
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1. Preliminaries

Let # be a Hilbert space, the set of all bounded linear operators on ¢ is denoted by
B(2#). For an operator T € B(3#), A(T) and 2Z(T) denote the null space and the range
of T, respectively. An operator P € B(¢) is said to be idempotent if P2 = P. If P satisfies
P2 = P = P* then P is called orthogonal projector, where P* is the conjugate operator of
P € B(#). Let T € B(¢), if there exists an operator TP € B(2#) and nonnegative integer k
such that

TTP =TT, TPTTP = TP, TFITP =Tk,
then TP is called a Drazin inverse of T. The least integer k such that the above identities are
hold is called the index of T, which is denoted by ind(T) = k. Specifically, if k = 0, then T is
invertible and TP = T~!. For Drazin invertible operator T € B(#), the Drazin inverse T of
T is unique [13].

The set of all idempotents in B(5#) is invariant under similarity, that is, if P is an idempo-
tent operator and S € B(#) is an invertible operator, then S™'PS is also an idempotent oper-
ator. Moreover the Drazin invertibility is also invariant under similarity, that is, if T is Drazin
invertible and S is invertible, then S™!TS is Drazin invertible and (S7'TS)? =S~ !TPT. Two
facts are well known on a Hilbert space, one is that the orthogonal operator P is Drazin in-
vertible and PP = P, another is that for any idempotent operator P, there exists an invertible
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operator S such that S™'PS is an orthogonal projector [13]. In the following discussion, given
two idempotent operators P and Q on .5, without loss of generality, we may assume that P is
orthogonal.

The concept of a Drazin inverse was shown to be very useful in various applied mathe-
matical settings which can be found in references [2, 7, 9, 10].

The problem of finding the Drazin inverse (P & Q)" of the sum and difference of two
idempotents P and Q was first considered by Drazin in 1958 in his celebrated paper [3].
Herein, it was proved that

(P +Q)P = PP 4+ QP provided PQ = QP = 0.

The general question of how to express (P + Q)P as a function of BQ, PP, QP, without side
condition, is very difficult and remains open [8].
In 2009, Deng extended Drazin’s result to the three different cases

(i)PQP = 0; (ii)PQP = P; (iii)PQP = PQ,

see [4]. These cases are useful in several applications, such as in the splitting of operators
and iteration theory. Zhang and Wu discussed the Drazin inverse of the linear combinations
of two idempotents in a Banach algebras and represent the Drazin inverse as a function of P,
Q, PQ, QP, PQP, QPQ [14].

In 2010, Zuo considered a special combination aP + bQ —cPQ of two idempotent matrices
over complex numbers, and obtained that

r(P—Q), whenc=a+b

r(aP+bQ—-cPQ)= {r(P +Q), whenc#a+b,
where r(A) represents the rank of the matrix A [15]. Later, Xie and Zuo found that the
Fredholmness of aP + bQ — cPQ is independent of choices of scalars a, b,c € C with ab # 0
[12]. After that, Liu, Wu and Yu discussed the group invertibility of combinations of two
idempotents and represent the group inverse as a function of P, Q, PQ, QP, PQP, QPQ [11].
Under the above works, we consider the Drazin invertibility of combinations aP + bQ +
cPQ + dQP of two idempotent operators P and Q on #. Under the conditions PQP = O,
PQP =P and PQP = PQ, the representations for the Drazin inverse of aP 4+ bQ + cPQ + dQP
as a functions of P, Q, PQ, QP, PQP, QPQ are obtained by using the technique of splitting
matrices into blocks and space decompositions.
The following two Lemmas which were proved for a bounded linear operator [5] and for
arbitrary elements in a Banach algebra [1].

Lemma 1. Let A€ B(X),B € B(Y) and C € B(Y,X). If A and B are Dragin invertible, then

we(35) v=(E )
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are Dragin invertible and

AP x BP 0
D __ D __

where X = (AP)*[ Y. ((AP)ICB'](I — BBP) + (I — AAP)[ Y. ,A'C(BP)'](BP)* — APCBP.

Lemma 2. Let A€ B(X),B € B(Y) and C € B(Y,X). If A is invertible and B* = 0, then

A O
Al o
D __

Lemma 3 (see [6]). Let A,B € B(#). Then the following conditions are equivalent.

are Dragin invertible and

where X = Zi:ol BF1-icAi=k-1,

(i) #(B) S #(A);

(ii) There exists D € B(3#) such that B = AD.

2. Main results

Theorem 1. Let P and Q be two idempotents in B(5¢), and a, b,c,d € C,ab # 0. If PQP =0,
then aP + bQ + cPQ + dQP is Dragin invertible and

11 1 1 ¢ 1 1 d
(aP+bQ+cPQ+dQP)’ =—P+-Q—(=+ -+ —)PQ—(=+—+ —)QP
a b a b ab a b ab
2 c

1 d cd
+(a * b * ab + ab * abz)QpQ'

Proof. Let P and Q be two idempotent operators in B(s#). With out loss of generality, we
assume that P is an orthogonal projector. By Lemma 3, the condition PQP = 0 implies that
Z(QP) € A (P) and Z(QP) € Z(Q). Observing that Q(Z(QP) & Z(P)) € #Z(QP), the space
¢ can be decomposed as

# =R(QP)® Z(P)® (#(QP): o %(P)).

Then P and Q can be represented as

0 0O I Qi Qi3
P=| 01 0], Q= 0 0 Qu |,
0 00O 0 0 Qg3
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where 2 (QP) denotes the closure of Z(QP). On the other hand, Q? = Q gives that Qgg = Q33
and Z(QP)* © #(P) = Z(Q33) ® Z(Q33)*. It follows that P and Q can be written as

0 0 0O I Qs Qilg Qilig

P = 0 100 Q= 0 0 Q23 ng
0O 0 0O ’ 0O O 1 Q/3/3 ’
0 0 0O 0O O 0 0

under the space decomposition ## = %Z(QP) ® % (P) ® %(Q33)%(Q33)*. The idempotency of
Q implies that

legQgg = Q/2/3, QlZleg + Q/13 = O, QlZlelg + Qlnggg =0.

Direct calculations show that

bI (b+d)Qq, bQ/13 bQ’ll3
1 0 al (b+0c)Qy (b+0c)Q5,
aP+ bQ+cPQ+dQP = 0 0 b ngg
0 0 0 0

It is clear that the condition a, b # 0 implies the invertibility of

bI (b+d)Qq, bQ’13
0 al (b+0c)Qy
0 0 bI

on Z(QP) ® Z(P) ® %#(Q33) and its inverse is

1 b+d (b+c)(b+d)+ab
’ —?Q —[—Ez / 1Q%5
C
0 el - @ng
0 0 EI
Moreover,
1 b+d (b+c)(b+d)+ab
T T | 0%,
C
0 ol - @st (b+c)Qy
0 0 1 bQj5,

b+c)(b+d
%Q/1/3 - [( +1Ca)152+ ) + %]Qlnggs
— C 17
- _(E + a_b)Q23
1 Q//
b <33
Applying B = 0 to the formula of representing Drazin inverse of upper triangle block matrix
in Lemma 1, we have

(aP + bQ +cPQ +dQP)P =



T. Xie, K. Zuo / Eur. J. Pure Appl. Math, 5 (2012), 480-491 484

b+d b b+d)+ab b b+d
P e - ol - [ + 110505
— bic

1 +c ~/ 1
I o
0 0 31 {3
0 0 0 0
Moreover, through direct calculations, we have
00 O O 0 Qz 00
| 0 0 Q) Q) | 0o 0 00O
PQ= 0 0 O 0 » QP = O 0 o0 o0 |’
0 0 O 0 0O O 0 O
and
0 0 QpQ% Q12Q%
00 0 0
QPQ= 0 0 0 0
00 0 0
Therefore,

1 1 1 1 1 1 d
(aP +bQ+cPQ+dQP)° ==P + ~Q — (= + = + —)PQ — (= + — + —)QP
a a ab a ab

b b b
+(1+2+ c +d +cd) P
a b ab ab abZQQ'

Now we can derive some special cases from Theorem 1. These results are also the cases
of Theorem 2.1 in [4].

Corollary 1. Let P and Q be two idempotents in B(#). Assume that PQP = 0, then the following
statements hold.

i (P+Q)P’ =P+Q—-2(PQ+QP)+3QPQ.
(i) (P—Q)’ =P-Q—-QPQ.

If either of the stronger condition PQ = 0 or QP = 0 is satisfied, then by Theorem 1, we
obtain the following results.

Corollary 2. Let P and Q be two idempotents in B(5¢) and a, b € C,ab # 0. Then the following
statements hold.

(i) IfQP =0, then (aP +bQ)°’ = 1P +1Q - (2 + 1)PQ.
(i) If PQ =0, then (aP +bQ)" = 1P +1Q — (2 + 1)QP.

Next we discuss the Drazin inverse of aP + bQ 4 cPQ + dQP under the assumption that
PQP =P.
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Theorem 2. Let P and Q be two idempotents in B(##), then for any a,b,c,d € C,ab # 0, the
combinations aP + bQ 4+ cPQ + dQP are Dragzin invertible under the condition PQP = P. The
Dragzin inverses of aP + bQ + cPQ + dQP can be represented as following:

(i) Ifa+b+c+d#Q, then
(a+c)a+d) 1 (b+c)a+c)

D _ —
(aP +bQ+cPQ+dQP) _(a+b+c+d)3p+ bQ+(a+b+c+d)3
(a+d)(b+d) (b+c)b+d) 1
(a+b+c+d)3 +[(a+b+c+d)3_3]QPQ'

(ii) Ifa+b+c+d =0, then
1
(aP + bQ +cPQ +dQP)P = E(Q —QPQ).

Proof. If PQP = P, then P and Q can be written as

(10 (1
=(00) ola &)

under the space decomposition of # = %(P) ® %(P)*. The idempotency of Q yields that
Q1Q; =0, Q1Q3 = 0, Q3Q, = 0 and Q,Q; + Q3 = Q3. It follows that Z(Q,) S A(Qy),
Z(Q4) € N (Q3), Z(Q3) S A(Q;). With respect to the space decomposition

A =2R(Q;)0Z(Q)"®Z(Q,) ®#(Q,)*, P and Q can be represented as

1 000 I 0 0 Q)
p— 0O I 0O . Q 0 I 0O O ,

0 00O Qa1 Qa2 0 Q3

0 0 0O 0 0 0 Qi

where Q11Q3, =0, Q%z = Q35 and Q91Q11+Q31Q35 = Q31. So, under the space decomposition

of # =2%(Q,)® 92(Q1)L O Z(Q,) D %(Q39) ® %(ng){ the operators P and Q can then be
further written as

I 0000 I 0 0 0 Qf
01 0 0O 0 I 0 O 0
P=]1 00000 |, Q=] Qa Qxn 0 Q3 Q3 |,
VZs
0 0 0 0O 0 0 0 I Qg
0 0 0 0O 0 O 0 O 0
where Q5;Q7; +Q5,Q5%, = Q%;.
() Ifa+b+c+d#0, then
(@a+b+c+dI 0 0 0 (b+o)Q}
0 (a+b+c+d)I 0 O 0
aP+bQ+cPQ+dQP = (b+d)Qa (b+d)Qa 0 bQy bQ%,
0 0 0 bl bQs3,
0 0 0 0 0
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Since b #0, let a’ = %, ¢ = %, d' = %, then we consider the following combination
(@ +1+c +d)I 0 0 0 (1+c)Qf;
0 (@+1+4c+d)I 0 0 0
a’P+Q+c'PQ+d'QP = (1+d)Qs (1+d)Qep 0 Q Q5
0 0 0 I Ql,
0 0 0 O 0
Let el
+c "
7000 et
01 0 O 0
S=[00 0 I Q3, ,
0010 Q,
0 0 0 O I
then .
+c’ /7
600 _(a’+1+c'+d’)Q11
0O I 0O 0
St=]00 0 I —QY,
00710 o
0 00O I

Direct calculation shows that

S(@’P+Q+c'PQ+d'QP)s! =

(a+1+c+d)I 0 0 O 0
0 (a@’+1+c’+d)I 0 O 0
0 0 I 0 0
‘_c'd’
(14+d)Qxn (14+d)Qx Qs O szlQlﬁ
0 0 0 O 0

It follows that

(A’P+Q+c'PQP =5"1(S(@’P+Q+c'PQ)S™HPsS

1 1+c’ /"
(a’+1+c’+d’)I 10 0 0 (a’+1+c’+d')2Q11
= 1+d’ 14d’ / +cH)(1+d’ " N
@22l @rerar2 0 L igrorap Q1 +Qa Qs
0 0 I QY,
0 0 0 0 0
(@ +)d+d) Lo+ (1+c)(a +¢) (1+d)(a" +d")
(A 41+ +d)3 (a/+14c +d)3 (a/+14c +d)3
(1+cHA+d)
—1]QPQ.

(@+1+c+d)?



T. Xie, K. Zuo / Eur. J. Pure Appl. Math, 5 (2012), 480-491 487

Moreover, since (¢T)P = %TD holds for any ¢ # 0 and any Drazin invertible operator
T € B(4#). Hence

(aP 4+ bQ +cPQ+dQP)? = [b(a’P+Q+'PQ +d'QP)]P

1
=B(a’P +Q+c’PQ+d'QpP)?P

_(a+c)la+d) 1 (b+c)a+c)

_(a+b+c+d)3P+EQ+(a+b+c+d)3
(a+d)(b+d) (b+c)(b+d) 1
(a+b+c+d)3 Pt (a+b+c+d)3_E]QpQ'

() Ifa+b+c+d=0, then

0 0 0 O (b+0c)QY;
0 0 0 O 0
(@P+bQ+cPQ+dQP)P =| (b+d)Qy (b+d)Qy 0 bQ;  bQY,
0 0 0 bI bQy,
0 0 0O O 0
0 00 O 0
0 00 O 0
_ 1 / / /7
- E 000 Q31 Q31Q32
0 00 I Q5
0 00 O 0
1
= B(Q —QPQ).

Now we can derive some special cases from Theorem 2. These results are the special cases
of Theorem 2.3 in [4].

Corollary 3. Let P and Q be two idempotents in B(s#). Assume that PQP = P, then the
following statements hold.

@ (P+Q)P =3P +Q+3(PQ+QP) - 2QPQ.
(i) (P-Q)P=QPQ-Q

If the stronger condition QP = P is satisfied, then by Theorem 2, we can also derive the
formulaes of Drazin inverses of linear combinations of P and Q.

Corollary 4. Let P and Q be two idempotents in B(5¢), and a,b € C,ab # 0. If QP = P, then

a 1 b 1
(aP +bQ)P = {(a+b)2P +35Q+ L — 31PQ whena+b#0

%(Q —PQ), whena+b=0.



T. Xie, K. Zuo / Eur. J. Pure Appl. Math, 5 (2012), 480-491 488

Next we discuss the Drazin inverse of aP + bQ + cPQ + dQP under the assumption that
PQP = PQ.

Theorem 3. Let P and Q be two idempotents in B(##), then for any a,b,c,d € C,ab # 0, the
combinations aP + bQ + cPQ + dQP are Dragin invertible under the condition PQP = PQ. The
Dragzin inverses of aP + bQ + cPQ + dQP can be represented as following:

(i) Ifa+b+c+d#Q, then

1 1 b+d 1
D __— _ _ - —
(P bQt PQH AP =P 3O v v d) arbrcrd? a0
(a+b+d) P4 b+d b—l-d] p
a2 (a+b+c+d)?  ab QPQ.

(ii) Ifa+b+c+d =0, then
, 1.1 1

1 1 d b+d
—(-+—-—4+—)QP+ ——QPQ.
a b ab ab

Proof. If PQP = PQ, then P and Q can be written as

(10 (@ o
=(00) o8 a)

under the space decomposition of # = Z(P) ® #(P)*. The idempotency of Q yields that
Q% =Q1, Q% =Q3, Q3Q, = 0 and Q,Q; + Q3 = Q,. With respect to the space decomposition
HA=R0Q) e 2(Q)® Z(Q3) ® Z(Q3), P and Q can be further represented as

I 0 0 O 0 0 0 O
o100 |l eu 1 0 o0
P=l o000 "% q, o 1 ol
0000 Qa3 Qo4 Q31 O
where Q24Q17 + Q31Q21 = Qas3-
() Ifa+b+c+d#0, then
al 0 0 0
| (b+c+d)Qy; (@a+b+c+d) 0 0
aP + bQ+cPQ+dQP = (b+d)Qy, 0 b 0
(b+d)Qys (b+d)Qy4 bQs; O

Since ab # 0 and a + b + ¢ + d # 0 then the submatrix

al 0 0
(b+c+d)Qy; (a+b+c+d)I 0
(b+d)Qy; 0 bI
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of aP + bQ + cPQ + dQP is invertible and it’s inverse is

o1 0 0
ala+b+c+d) <11 a+btc+d
—btdg 0 1y
ab <21 b

By using the results of Lemma 2 we have

ol 0 0 0
b+c+d 1
—————=Qq —] 0 0
(aP + bQ+cPQ+dQP)’ = alatbieta) atb+e+d ) ’
ab 1Qx 0 I 0
b+d 1
X (a+b+c+d)? Q24 Ele 0

where X = [b+d + bizd — w(ﬂ% +1)]Q24Q1:. The coefficients of

a (a+b+c+d)
P, Q, PQ, QP, QPQ in the expression of (aP + bQ + cPQ + dQP)” can be obtained by

solving some linear equations. Then we have

(aP + bQ + PQ+dQP)D—1P+1Q+[ b+d 1]PQ
a ¢ “a b (a+b+c+d) (a+b+c+d)? a
(a+b+d)QP+[ b+d +b+d]QPQ
ab (a+b+c+d)?  ab .
() Ifa+b+c+d=0,then
al 0 0 0
_ _anl 0 0 0
aP +bQ+cPQ+dQP = (b+d)Qy 0 bl 0
(b+d)Qz3 (b+d)Qa bQ3 O
Let
I 0 0O
0 01 O
5= 0O I 00|’
0 0 0 I
then
al 0 0 0
1| (b+d)Qy bI 0 0
S(aP + bQ +cPQ +dQP)S! = G 0 0 0
(b+d)Qas bQszy (b+d)Qys O

(aP + bQ + cPQ + dQP)P =S71[S(aP + bQ + cPQ)S™11Ps
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1 0 0 0
| -few 0 0 0
- 2o, 0 11 0
—29051Q1 0 1Qy 0
11 1 1 1 d b+d
=—P+-Q—-PQ—(=+—+—)QP + ——QPQ.
a b a a b ab ab

Now we can derive some special cases from Theorem 3. These results are also special
cases of Theorem 2.6 in [4].

Corollary 5. Let P and Q be two idempotents in B(5¢). Assume that PQP = PQ, then the
following statements hold.

@ (P+QP=P+Q—-2PQ—2QP +32QPQ.
(i) (P-Q)° =P-Q—PQ+QPQ

We can also derive the formulaes of Drazin inverses of linear combinations of P and Q
under the condition PQP = PQ.

Corollary 6. Let P and Q be two idempotents in B(5¢). Assume that PQP = PQ, then the
following statements hold.

1 1 1 b 1
P55 ~ @y PR

(aP + bQ)? = —%QP+[$+%]QPQ, when a+b#0
%(P—Q—PQ-FQPQ), when a+ b =0.
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