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Abstract. By applying the differential subordination theorem, we further investigate the subclass
H

n,γ
λ
[α,β] of functions which are analytic in the unit disk. Several subordination results on a con-

vex function and a incomplete beta function are obtained. Moreover, the function that belongs to the
H

n,γ
λ
[α,β] with a Cauchy-Euler differential equation is also discussed on similar subject. Our results

extend some earlier works.
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1. Introduction and Definition

Let A denote the class of all functions of the form f (z) = z+
∞
∑

k=2
akzk, which are analytic

in the open unit disk U = {z ∈ C, |z| < 1} and let S be the subclass of A consisting of
univalent functions. K denotes the usual class of convex functions.

Suppose that the functions f and g are analytic in U. We say that f is subordinate to g

in U if there exists a functions φ analytic in U such that φ(0) = 0, |φ(z)| < 1 (|z| < 1) and
f (z) = g(φ(z)) (|z| < 1), written f ≺ g.

Let be given two functions f (z) = z +
∞
∑

k=2
akzk and g(z) = z +

∞
∑

k=2
bkzk analytic in the

open unit disc U = {z ∈ C : |z| < 1}, then the Hadamard product(or convolution) f ∗ g of two

functions f , g is defined by f ∗ g(z) = z +
∞
∑

k=2
ak bkzk.

Let (x)k be the pochhammer symbol defined by
(

1, k = 0, x ∈C/{0},

x(x + 1)(x + 2) . . . (x + k− 1), k ∈ N = {1,2,3, . . .}, x ∈ C.
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In [7], Ruscheweyh defined the incomplete beta function

h(a, c; z) = z +

∞
∑

k=2

(a)k−1

(c)k−1
zk |z| < 1, (1)

where a is any real number and c 6= {0,−1,−2, . . .}.
Now we recall the linear multiplier fractional differential operator D

n,γ
λ

introduced and
studied by Al-Oboudi and Al-Amoudi [1] as follows:

D
0,0
λ

f (z) = f (z),

D
1,γ
λ

f (z) = λz(Ωγ f (z))′+ (1− γ)Ωγ f (z) = D
γ

λ
f (z),

D
2,γ
λ

f (z) = D
γ

λ
(D

1,γ
λ

f (z)),

. . . . . .

D
n,γ
λ

f (z) = D
γ

λ
(D

n−1,γ
λ

f (z)),

for n ∈ N,λ ¾ 0 and 0 ¶ γ < 1, where Ωγ f (z) = Γ(2− γ)zγD
γ
z f (z) is an extension of the

fractional derivative and fractional integral defined by Owa and Srivastava [6].

Suppose f (z) = z +
∞
∑

k=2
akzk, in the light of the above definitions, it is easy to conclude

that

D
n,γ
λ
= z +

∞
∑

k=2

[ψk(γ,λ)]nakzk, n ∈ N0 = N∪ {0},

where

ψk(γ,λ) =
Γ(k+ 1)Γ(2− γ)

Γ(k+ 1− γ)
[1+λ(k− 1)] (k = 2,3, . . .). (2)

Let T denote the subclass of S whose elements can be expressed in the form

f (z) = z +

∞
∑

k=2

akzk ak ¶ 0.

Using the differential operator D
n,γ
λ

, Marouf [5] introduced and studied the class H
n,γ
λ
[α,β].

As a function f (z) ∈ T is in the H
n,γ
λ
[α,β] if and only if it satisfies

ℜ
�

α
D

n+2,γ
λ

f (z)

D
n,γ
λ

f (z)
+ (1−α)

D
n+1,γ
λ

f (z)

D
n,γ
λ

f (z)

�

> β (α¾ 0; 0¶ β < 0).

In particular, the class H
0,0
1 [α,β] ≡ H̄[α,β] was studied by Lashin [3] and the classes

H
0,0
1 [0,β]≡ T ∗(β) and H

0,0
1 [1,β]≡ C(β) were studied by Silverman [8].

To prove our results we shall need the following Definition and Lemma:

Definition 1. [See 9] An infinite sequence {bn}
∞
n=1 of complex numbers will be called a subordi-

nating factor sequence if whenever f ∈K , we have the subordination given by

∞
∑

n=1

an bnzn ≺ f (z) (z ∈ U, a1 = 1).
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Lemma 1. [See 9] The sequence {bn}
∞
n=1 is subordinating factor sequence if and only if

ℜ
�

1+ 2
∞
∑

n=1

bnzn
	

> 0 (z ∈ U).

Lemma 2. [See 7] Let 0< a ¶ c. If c ¾ 2 or a+ c ¾ 3, then the function

h(a, c; z) = z +

∞
∑

k=2

(a)k−1

(c)k−1
zk (z ∈ U)

belongs to the class K of convex functions.

In [5], Marouf proved the sufficient and necessary condition on a function

f (z) = z +
∞
∑

k=2
akzk ∈ T to be H

n,γ
λ
[α,β], which is equivalent to the following Lemma:

Lemma 3. [See 5] A function f (z) ∈ T is in the H
n,γ
λ
[α,β] if and only if

∞
∑

k=2

[(αψk(γ,λ) + 1)(ψk(γ,λ)− 1)+ 1− β][ψk(γ,λ)]n|ak| ¶ 1− β (3)

which ψk(γ,λ) is defined as (2).

Lemma 4. [See 4] If the functions f (z) and g(z) are analytic in U with g(z) ≺ f (z), then for

s > 0 and z = reiθ (0< r < 1), we have

∫ 2π

0

| f (reiθ )|s ¶

∫ 2π

0

|g(reiθ )|s.

2. Some Results on the Class H
n,γ
λ
[α,β]

We begin with the following theorem:

Theorem 1. If f ∈ H
n,γ
λ
[α,β] in U and s > 0, 0< |z| = r < 1, then for function g ∈K

Φ(2)

Φ(2)+ 1− β
f ∗ g(z) ≺ 2g(z) (4)

and
Φ(2)

Φ(2)+ 1− β

∫ 2π

0

| f ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ (5)

where Φ(2) = [(αψ2(γ,λ) + 1)(ψ2(γ,λ)− 1) + 1− β][ψ2(γ,λ)]n.
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Proof. Suppose we take f (z) = z +
∞
∑

k=2
akzk ∈ H

n,γ
λ
[α,β] and g(z) = z +

∞
∑

k=2
bkzk ∈ K ,

then

Φ(2)

2Φ(2)+ 2(1−β)
f ∗ g(z) =

Φ(2)

2Φ(2)+ 2(1− β)
z +

∞
∑

k=2

Φ(2)

2Φ(2)+ 2(1− β)
ak bkzk.

If we can know

ℜ
�

1+ 2
∞
∑

k=2

Φ(2)

2Φ(2)+ 2(1− β)
akzk

�

> 0

From Lemma 1, it implies that the sequence

�

Φ(2)

2Φ(2)+ 2(1− β)
ak

�∞

1

is a subordination factor sequence, with a1 = 1. Now

ℜ
�

1+ 2
∞
∑

k=2

Φ(2)

2Φ(2)+ 2(1− β)
akzk

�

=ℜ
�

1+
∞
∑

k=2

Φ(2)

Φ(2)+ 1− β
akzk

�

=ℜ
�

1+
Φ(2)

Φ(2) + 1− β
z +

1

Φ(2)+ 1− β

∞
∑

k=2

Φ(2)akzk

�

¾ 1−
Φ(2)

Φ(2) + 1− β
r −

1

Φ(2) + 1− β

∞
∑

k=2

Φ(2)|ak|r
k. (6)

since

Φ(k) = [(αψk(γ,λ) + 1)(ψk(γ,λ)− 1) + 1− β][ψk(γ,λ)]n (k = 2,3, . . .)

and

ψk(γ,λ) =
Γ(k+ 1)Γ(2− γ)

Γ(k+ 1− γ)
[1+λ(k− 1)] (k = 2,3, . . .)

is a increasing function of k, so 0< Φ(2)¶ Φ(k) (k = 2,3, . . .).
Following (6), we can write

¾ 1−
Φ(2)

Φ(2)+ 1− β
r −

1

Φ(2) + 1−β

∞
∑

k=2

Φ(k)|ak|r
k.

As 0< r < 1, it can make sure

¾ 1−
Φ(2)

Φ(2)+ 1− β
r −

r

Φ(2) + 1− β

∞
∑

k=2

Φ(k)|ak|. (7)
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Using Lemma 3 in (3) and following (7), we obtain

ℜ
�

1+ 2
∞
∑

k=2

Φ(2)

2Φ(2)+ 2(1− β)
akzk

�

¾ 1−
Φ(2)

Φ(2)+ 1− β
r −

1− β

Φ(2) + 1− β
r = 1− r > 0,

In the light of Definition 1, we have

Φ(2)

2Φ(2)+ 2(1− β)
f ∗ g(z) =

∞
∑

k=1

Φ(2)

2Φ(2)+ 2(1− β)
bkckzk ≺ g(z),

Furthermore, it is easy to deduce the result in (5) by using (4) and Lemma 4.

Corollary 1. If f (z) = z +
∞
∑

k=2
akzk ∈ H

n,γ
λ
[α,β] and F(z) = z +

∞
∑

k=2

(a)k−1

(c)k−1
akzk, then

Φ(2)

Φ(2)+ 1− β
F(z) ≺ 2h(a, c; z) (8)

and

ℜ f (z) >
β − 1−Φ(2)

Φ(2)
, (9)

where Φ(2) = [(αψ2(γ,λ)+1)(ψ2(γ,λ)−1)+1−β][ψ2(γ,λ)]n, and h(a, c; z) is the incomplete

beta function defined in (1) with 0< a ¶ c, c ¾ 2 or a+ c ¾ 3.

Proof. Since 0< a ¶ c, c ¾ 2 or a+ c ¾ 3, using Lemma 2, we can know that

h(a, c; z) = z +

∞
∑

k=2

(a)k−1

(c)k−1
zk ∈K .

Taking g(z) = h(a, c; z) and g(z) = z

1−z
in Theorem 1, respectively, the results (8) and (9) are

obtained.

Corollary 2. If f ∈ H̄[α,β] in U and s > 0, 0< |z| = r < 1, then for function g ∈K

2(α+ 1)− β

2(α− β) + 3
f ∗ g(z) ≺ 2g(z)

and
[2(α+ 1)− β]

2(α− β) + 3

∫ 2π

0

| f ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ .

Proof. By taking n= 0, γ = 0 and λ= 1 in Theorem 1, Corollary 2 is given.
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Corollary 3. If f ∈ T ∗(β) in U and s > 0, 0< |z| = r < 1, then for function g ∈K

2− β

3− 2β
f ∗ g(z) ≺ 2g(z)

and
2− β

3− 2β

∫ 2π

0

| f ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ .

Proof. By taking α = 0 in Corollary 2, Corollary 3 is given.

Corollary 4. If f ∈ C(β) in U and s > 0, 0< |z| = r < 1, then for function g ∈K

4− β

5− 2β
f ∗ g(z) ≺ 2g(z)

and
4− β

5− 2β

∫ 2π

0

| f ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ .

Proof. By taking α = 1 in Corollary 2, Corollary 4 is given.

3. Some Results on the Class H
n,γ
λ
[α,β] with Fixed Equation

In this section, we shall obtain several interesting results on the functions which are de-
fined by the class H

n,γ
λ
[α,β] with the following nonhomogeneous Cauchy-Euler differential

equation:

z2 d2 L

dz2
+ 2(µ+ 1)z

d L

dz
+µ(µ+ 1)L = (1+µ)(2+µ) f (z) (10)

where L(z) ∈ T , f (z) ∈ H
n,γ
λ
[α,β], µ+ 1> 0, µ ∈ R.

The cauchy-Euler differential equation was introduced earlier to study the distortion in-
equalities and neighborhoods problems of the other class of functions by O. Altintaş et al.
[2].

Theorem 2. If the function L(z) = z +
∞
∑

k=2
ckzk ∈ T satisfy the equation (10) with

f (z) = z +
∞
∑

k=2
akzk ∈ H

n,γ
λ
[α,β], then for function g(z) ∈K ,

(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
L ∗ g(z) ≺ 2g(z) (11)

and
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)

∫ 2π

0

|L ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ , (12)

where Φ(2) = [(αψ2(γ,λ) + 1)(ψ2(γ,λ)− 1) + 1− β][ψ2(γ,λ)]n, 0< |z| = r < 1, s > 0.
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Proof. Suppose g(z) = z +
∞
∑

k=2
bkzk ∈K , then

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1− β)
L ∗ g(z) =

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1−β)
z

+

∞
∑

k=2

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1− β)
bkckzk.

If we show that

ℜ{1+ 2
∞
∑

k=2

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1− β)
ckzk}> 0

Then from Lemma 1, we say that the sequence
�

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1− β)
ck

�∞

1

is a subordination factor sequence, with c1 = 1. Now

ℜ
�

1+ 2
∞
∑

k=2

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1−β)
ckzk

�

=ℜ
�

1+
∞
∑

k=2

(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
ckzk

�

=ℜ
�

1+
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
z +

(µ+ 3)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)

∞
∑

k=2

Φ(2)ckzk

�

¾ 1−
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r −

(µ+ 3)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)

∞
∑

k=2

Φ(2)|ck|r
k (13)

Because L(z) satisfies the differential equation with the f (z) ∈ H
n,γ
λ
[α,β], so

ck =
(µ+ 1)(µ+ 2)

(k+µ)(k+µ+ 1)
ak

Following (13), we have

¾1−
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r −

(µ+ 3)

(µ+ 3)Φ(2)+ (µ+ 1)(1−β)

∞
∑

k=2

Φ(2)
(µ+ 1)(µ+ 2)

(k+µ)(k+µ+ 1)
|ak|r

k

¾1−
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r −

(µ+ 3)

(µ+ 3)Φ(2)+ (µ+ 1)(1−β)

∞
∑

k=2

Φ(2)
(µ+ 1)(µ+ 2)

(2+µ)(µ+ 3)
|ak|r

k

¾1−
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r −

(µ+ 1)

(µ+ 3)Φ(2)+ (µ+ 1)(1−β)

∞
∑

k=2

Φ(2)|ak|r
k (14)
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Since

Φ(k) = [(αψk(γ,λ) + 1)(ψk(γ,λ)− 1) + 1− β][ψk(γ,λ)]n (k = 2,3, . . .)

and

ψk(γ,λ) =
Γ(k+ 1)Γ(2− γ)

Γ(k+ 1− γ)
[1+λ(k− 1)] (k = 2,3, . . .)

is a increasing function of k, so 0< Φ(2)¶ Φ(k) (k = 2,3, . . .).
Following (14), we can write

¾ 1−
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r −

(µ+ 1)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)

∞
∑

k=2

Φ(k)|ak|r
k.

As 0< r < 1, it can make sure

¾ 1−
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r −

(µ+ 1)r

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)

∞
∑

k=2

Φ(k)|ak|. (15)

Since f (z) = z +
∞
∑

k=2
∈ H

n,γ
λ
[α,β], using Lemma 3 and following (15), we obtain

ℜ{1+ 2
∞
∑

k=2

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1− β)
ckzk}

¾ 1−
(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r −

(1−β)(µ+ 1)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
r = 1− r > 0.

In the light of Definition 1, we have

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1− β)
L ∗ g(z) =

∞
∑

k=1

(µ+ 3)Φ(2)

2(µ+ 3)Φ(2)+ 2(µ+ 1)(1−β)
bkckzk ≺ g(z).

Furthermore, it is easy to deduce the result in (12) by using (11) and Lemma 4.

Corollary 5. If the function L(z) = z +
∞
∑

k=2
ckzk ∈ T satisfy the equation (10) with

f (z) = z +
∞
∑

k=2
akzk ∈ H

n,γ
λ
[α,β] and F(z) = z +

∞
∑

k=2

(a)k−1

(c)k−1
ckzk, then

(µ+ 3)Φ(2)

(µ+ 3)Φ(2)+ (µ+ 1)(1− β)
F(z) ≺ 2h(a, c; z) (16)

and

ℜL(z) > −
(µ+ 3)Φ(2)+ (µ+ 1)(1− β)

(µ+ 3)Φ(2)
, (17)

where Φ(2) = [(αψ2(γ,λ)+1)(ψ2(γ,λ)−1)+1−β][ψ2(γ,λ)]n, and h(a, c; z) is the incomplete

beta function with 0< a ¶ c, c ¾ 2 or a+ c ¾ 3 and 0< |z| = r < 1, s > 0.
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Proof. Since 0< a ¶ c, c ¾ 2 or a+ c ¾ 3, using Lemma 2, we can know that

h(a, c; z) = z +

∞
∑

k=2

(a)k−1

(c)k−1
zk ∈K .

Taking g(z) = h(a, c; z) and g(z) = z

1−z
in Theorem 2, respectively, the results (16) and (17)

are obtained.

Corollary 6. If the function L(z) = z +
∞
∑

k=2
ckzk ∈ T satisfy the equation (10) with

f (z) = z +
∞
∑

k=2
akzk ∈ H̄[α,β], then for function g(z) ∈K ,

(µ+ 3)[2(α+ 1)− β]

(µ+ 3)[2(α+ 1)− β] + (µ+ 1)(1− β)
L ∗ g(z) ≺ 2g(z)

and

(µ+ 3)[2(α+ 1)− β]

(µ+ 3)[2(α+ 1)− β] + (µ+ 1)(1− β)

∫ 2π

0

|L ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ .

Proof. By taking n= 0, γ = 0 and λ= 1 in Theorem 2, Corollary 6 is given.

Corollary 7. If the function L(z) = z +
∞
∑

k=2
ckzk ∈ T satisfy the equation (10) with

f (z) = z +
∞
∑

k=2
akzk ∈ T ∗(β), then for function g(z) ∈K ,

(µ+ 3)(2− β)

(µ+ 3)(2− β) + (µ+ 1)(1− β)
L ∗ g(z) ≺ 2g(z)

and
(µ+ 3)(2− β)

(µ+ 3)(2− β) + (µ+ 1)(1− β)

∫ 2π

0

|L ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ .

Proof. By taking α = 0 in Corollary 6, Corollary 7 is given.

Corollary 8. If the function L(z) = z +
∞
∑

k=2
ckzk ∈ T satisfy the equation (10) with

f (z) = z +
∞
∑

k=2
akzk ∈ C(β), then for function g(z) ∈K ,

(µ+ 3)(4− β)

(µ+ 3)(4− β) + (µ+ 1)(1− β)
L ∗ g(z) ≺ 2g(z)

and
(µ+ 3)(4− β)

(µ+ 3)(4− β) + (µ+ 1)(1− β)

∫ 2π

0

|L ∗ g(reiθ )|sdθ ¶ 2

∫ 2π

0

|g(reiθ )|sdθ .

Proof. By taking α = 1 in Corollary 6, Corollary 8 is given.
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