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1. Introduction and Definitions

Let ./ (p) denote the class of functions of the following form:

=2+ a2 ™ (peN:={1,2,3,..]), o))

n=1

which are analytic in the open unit disk
U={z:2€C and |z|<1}.
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Let f,g € .&/(p), f be given by (1) and

o0
g(z)=2P + Z bpinzP ™. (2)
n=1

Then the Hadamard product (or convolution) of f and g is defined by

(F *8)(=) i=2"+ ) apnbypinz” ™ =1 (g5 f)z)  (pEN). 3)
n=1

Also, if f and g are analytic in U, we say that f is subordinate to g in U, and we write

f=g (z€l), 4)

if there exists a Schwarz function w such that

fG)=gw(z)) and |w()|<lzl (z€0).

We now define a linear operator L, : .«/(p) — .&/(p) as follows: let the linear operator L,

Ly: H(p)— J(p) (keN;ceC\{0}) (5)
be given and
cLif (2) =2(Li_f(2)) + (c = p)Li_,f(2) (6)
with
Lg = Lo. (7)

It can easily be seen from (6) that the operator Ly is linear and it satisfies the following
property:

o0
L(C)f(z) =zf + ZAP+nzp+n: (8)
n=1
which implies that
o0
Lif () =2 + Y (14 n/c) Ay, ,5P . 9)
n=1
We also have
cL{f = 2(Lof) +(c = p)LgSf, (10)
cLif =zPTN(zPLy_ f) +cL_f (11)
and ,
L¢ gz (LS L¢
LS _z (LS + k—lf. (12)
zP c zP zP

By appropriately choosing L; given by (8), we obtain several applications studied by var-
ious earlier authors (see, for example, [2, 3, 4, 5, 6, 8, 14, 9, 10, 11, 15, 20]; see also
[13, 17, 18, 21]). We now define the following analytic function class.
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Definition 1. Let q and h be analytic in U. Also let the function h be convex univalent in U with
h(0) = q(0) = 1. Then q € #Z(h) if and only if

q(z) <h(z)  (z€U). (13)

Some well-known examples of the convex function h are listed below.

@) If
h(z)=w and 0Za<l,
1—2
then
R (h(z)) > a (z€U; 05 a< ).
(i) If
1+2z\#
h(0)=1 and h(z):(l_z) 0<p<1),
then
|arg(h(z))| < ﬁ%n (z € ).
(iii) Let ( )
M1 +z 1
M= - (M>5)~
Also
h(U)={w:|w—-M| < M}.
(iv) If

h(z) =4/24+1 and m(\/z+1)§0 (z €),

then h(U) is the interior of the right part of the Bernoulli lemniscate [see 1].

W) If

2
h(z)=1+%[log(ii_$)} and S(\/E)>O (z € ),

then h(U) is the interior of the parabola given by

{w: [3(w)])* =2%(w) - 1}.

Definition 2. Let L, be a linear operator on .«/(p) and let Ly be given by (6). Then, for A Z 0,
a function f € .o/ (p) is said to be in the class & (p, A; h) if and only if

((1 - A)Lif (=) + AL“;Z (z)) e 2(h). (14)

zP
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2. Preliminary Results

We need each of the following lemmas in our present investigation.

Lemma 1 (see [7] and [12]). Let h be an analytic and convex univalent function in U. Let the
function f be analytic in U with h(0) = f(0)=1. If

fa+ 2 Y(z) <h(z)  (z€U; R(y) 2 0; 1 #0), (15)
then .
Fz) < g(z)= zlyf () dt <h(z)  (z € D).
0

Moreover, the function g is convex univalent in U and it is the best dominant of the subordination
(15) in the sense that in the sense that f < g for all f satisfying (15), and if there exists q such
that f < q for all f satisfying (15), then g < q.

Lemma 2 (see [19]). Let the functions q and h be analytic in U with q(0) = 1. Suppose also
that

1
gﬁ(Q(Z)) > E (Z S [U)

Then
(g +h)(U) € co {h(U)},

where co {h(U)} is the convex hull of h(U).
Lemma 3 (see [16]). Let
f(z)<F(z) (z€U) and g(z) <= G(z) (zel).
If the functions F and G are convex in U, then
(fx8)@) < (F*G)(z) (z€l).
Unless otherwise stated, we shall assume throughout this paper that

A20, ceC\{0}, R(c)>0, k,peN, and zeU.

3. Main Results
Our first main result in this paper is contained in Theorem 1 below.
Theorem 1. If the function f belongs to the class & (p, A; h), then

Ly f(2)
P

Z

e @ (h).
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Moreover, if A > 0, then

Lif(2)
= e2(g), (16)
2z
where s
C [ [
g(z) = Xz_i f t7 7 h(t) dt < h(z) (z€), a7
0
the function g is convex univalent in U and g is the best dominant of the subordination
L f(z
W (=) =< (z €.
P

Proof. The proof for the case when A = 0 is trivial. We, therefore, suppose that A > 0. Let
f e (p,Ash). (18)
Then, by (12), we have

kf(z) ALiﬂf(Z) _ LS N Az (Lif(z)
zP P

(1-A4) o ;

/
) e 2 (h). 19)
Let the function H(z) be given by

H(z):=

L@, (20)
zP

Then, by (19), it follows that

(H(z) + %zH’(z)) e 2 (h)

and a
(H(z) + —zH’(z)) =< h(2) (z € ). 21
c
Now, using Lemma 1 in (21) with
c
iy and A>0, (22)

we obtain (17). This shows that H € £(g), where the function g is given by (17). Conse-
quently, the proof of Theorem 1 is complete.

We take
LOf(z) :f(z)*gb(a’c’z), (23)

where

¢(a,c,z) = ZE;” pn (c#0,-1,-2,-3,...; z€)
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and (A),, is the Pochhammer symbol defined, in terms of the familiar Gamma function, by

% _F()L+n)_ 1 (n=0; A#0),
" T | AMA+D...(A+n—-1) (neN),
it being understood conventionally that (0), := 1. We also let
h(z) LAz (-1=B<A=1) 24)
Z2) = -1= =1.
1+ Bz - -

Then, by applying Theorem 1, we obtain the subordination (17) with

+(1-24 (1+B2);'F TR TR (B #0)
B Ba M\ BB T T TR T

g={8 N 1
1-| — | Az B=0
(c -1+ A) ( )
where ,F; is the Gauss hypergeometric function defined by

o0

(@)n(B)n 2"
oF1(a, B;7;2) ::ZT — (z€eU; y#0,-1,-2,-3,...). (25)
n=0 n :

Theorem 2. Let 0 = A; = A,. Then
i (p, Agsh) € F(p, Ags h). (26)

Proof. Suppose that f € #(p, A»; h). A simple computation will then yield

- kf() Alijf(z)
A I
:(1 Az) ip(Z) 5, ((1-%) R kﬁ(Z))' 7

It can now be easily shown that the class & (h) is a convex set. We can write (27) as follows:

Lif(2) Ly f(2)
zP zP

M
A= 2 (1o 2 e+ P =96, e
2

where hy € 2 (h), by Theorem 1, and h, € 2 (h), since f € S (p,A,;h). We thus find that
1y € 2 (h). Consequently, f € & (p,Aq;h). This proves Theorem 2.

Theorem 3. The following inclusion relationship holds true:

i (p, A h) € A2, (p, A h). 29
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Proof. Let f € #¢(p, A;h) and suppose that

((1 -A) Li 1f( )+Afrachf(z)zp) = H(2).

Then, from (12), we have
01_” f () A%ﬂ@) z(u—x) P f(@) A%ﬂ@)
zP 2P
=H(z)+ % zH'(2)
:U_x)[%ﬂfﬁf+f(%4f&fy]
zP c zP
+A[%ﬂ@+g(%ﬂ@)1
zP c zP

((1—/1) Lif @) +2 Lk*;f(z)) e 2 (h).

We thus find that )
(H(z) + - zH’(z)) =< h(z) (z €. (30)

By applying Lemma 1, it follows that

H(z) < zi f £ In() de <h(z) (z€U),
0

which shows that H € 22 (h). Consequently, we have
Lif(z
((1—/1) e/ (2) + 2 "ip( )) e 2 (h). (31)

This evidently proves that f € ¢ ,(p,A; h).

Corollary 1. For %(c) >0, let f € #(p, A; h). Then

S0 com  Geto i o

Proof. We can readily deduce the assertion (32) of the above Corollary from the assertion
(17) of Theorem 1. The details involved are being omitted here.

In order to get the convolution results of the multivalent analytic function class & (p, A; h),
it is necessary to put the following restrictions on the operator L :

L(fxg)=(Lyf)xg=f*(L.g), (33)

where f,g € & (p,A;h) (k € N). We now prove our next result contained in Theorem 4
below.
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Theorem 4. Let the operator L, satisfy the condition (33). If f; € & (p,A;h;) (j =1,2), then
each of the following inclusion relationships holds true:

G(z) = (1 = AL (f1 * f2)(2) + AL, (f1 * f2)(2) € #F(p, A, hy *hy), (34)
L (f1 * f2)(2) € (P, As hy xhy) (35)
and
LS| LS
Al k(f;p*f Q) € P (hy +hy). (36)
Proof. Since
fr € #(p, Ashy) and  fo € #(p,Ashy), (37)
it follows that L @)
((1_1) kfl( z) i k+;.§1 z ) c®(h) 38)
and L @)
((1 —) ku( D k*;? : ) € #(hy). (39)
Also, from (38), (39) and Theorem 1, we have
LC
& @ (hy) (40)
zP
and L £(2)
% € @ (hy). (41)

Thus, by making use of (33), (38), (39) and Lemma 3, in conjunction with the technique used
before, we have

o [ =ML * £2)(E) + AL (i * £)(2)]
P
2 Ben [(1 =ML * £)(2) + AL, (Fr % £2)(2) ]

zP

((1 ~ ) kg(z) AL“;pg(z)) € B (hy *hy),

(1-2

that is, G € # (p, A; hy * hy). This proves the first assertion (34) of Theorem 4. In order to
demonstrate the second assertion (35) of Theorem 4, we again proceed in a similar manner
and apply Lemma 3 to (38) and (41). We thus obtain

((1 N [Li(f;p*fz)(z)] L i(;c; £)E)] )

€ #P(h; xhy), (42)
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which clearly implies (35). Finally, from (42) and Theorem 1, we obtain the third assertion
(36) of Theorem 4.

As a special case of Theorem 4, we obtain a result proved in [11] (where ¢ = ¢; and k = 0)
for

(€U, j=1,2)

and
L f(z) = f(2) * ¢F.(2),

where (F, is the generalized hypergeometric function defined by (see also [4] and [5])

(al)n (a )n
oFr(2) = oFrlon,.. 0 By, Br32) Z 2 (B - (ﬁj)n ;

(q,r €Ng=NU{0}; ¢=r+1) (43)
for complex parameters
Qq,..05 0 and Bi,---s P (B #0,-1,-2,...; j=1,...,1). (44)
Theorem 5. Let the operator Ly satisfy the condition (33). If f € & (p,A;h) and q € .&/(p)
with
q(z)) . 1
R({—- 125 (=), (45)
zP 2

then f *xq € S (p,A; h).

Proof. By using the properties of convolution and (33), we have

1 L,i(f;q)(Z) . ALkﬂo;: 0(z)
((1 PN kf( z) ALin(z)) L4
P P

=H(z )*@ (H € 2(h)).

Now, by using Lemma 2, we get

(H(z) * @) e 2(h),

which implies that

(( N GRDONN MG q)(z)) . o
2P P

By means of (46), we have thus proved the assertion of Theorem 5 that

fxqe S (p,A;h). 47)
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