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Abstract. This paper refers to some generalizations of certain classical Rodrigues formulas. By means
of the Riemann - Liouville operator of fractional calculus general Rodrigues-type representation for-
mulas of fractional order are derived and some of their properties are given and compared with the
corresponding properties of known cases.
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1. Preliminaries and Definitions

The subject of fractional calculus is one of the most intensively developing areas of mathe-
matical analysis, mainly due to its fields of application range from biology through physics and
electrochemistry to economics, probability theory and statistics (see [8, 10, 12, 14]). Indeed,
on behalf of the nature of their definitions the fractional derivatives and integrals provide an
excellent instrument for the modeling of memory and hereditary properties of various ma-
terials and processes. Half-order derivatives and integrals prove to be more useful for the
formulation of certain electrochemical problems than the classical methods [1]. In this work,
based upon Riemann - Liouville fractional derivative and integral operators we introduce a
new generalized Rodrigues-type representation for a certain class of special functions involv-
ing Laguerre, Hermite , Bessel and Humbert polynomials, which provide further generalization
of a number of known Rodrigues - type formulas and new fractional Rodirgues-type formulas
(see [2—-4, 9, 13]).

Let L;(I) be a class of Lebesque integrable functions on the interval I = [a, b] where
0<a< b < oo, and let I'(-) be the gamma function. According to the Riemann-Liouville ap-
proach to fractional calculus the fractional derivative D* of order a € (n—1,n),(n=1,2,3,...)

Email address: mgbinsaad@yahoo.com

http://www.ejpam.com 271 (© 2015 EJPAM All rights reserved.



M. Bin-Saad / Eur. J. Pure Appl. Math, 8 (2015), 271-282 272

of the function f (x) is given by (see[8, 12])

d
DIf(x)=1'"*D"f(x),D = o @)
X

and the fractional integral of the function f(t) of order f is defined by (see [6-13])

1
r(p)

In comparison to the classical calculus let us mention that, for example, if u > 0, t > 0 and
a > —1, then the fractional derivative of the power function x“ is given by

1P f(x)= f (x = )P £ (s)ds. )

Dl — I'a+1)

A7) e
F(a—,u+1)x ' (3)

Definition 1. Let v,y € (n—1,n), n=1,2,3,..., a,b,f €R and k =1,2,3,.... We define the
generalized fractional Rodrigues formula by the two functions

k

B.1) xPe™ o)
Fv g4 (aa b’k’X) :va g4 (Cl, ba k;x)a (4)
—B jaxk
(/5’_7’) X e (ﬁ,—)’)

F b,k;x) =—Y b,k; 5
=y (a,b,k;x) T~ (a,b,k; x), (5)

where .
Yv(ﬁ”)(a, b,k;x)=D"xPtPe™ B4 by > -1, (6)

and .
Y_(/f,’_”(a, b,k;x)=1"xP"bre=ax" g by > —1. (7)

It is important to note that the Laguerre polynomials L/vj(x) and LE ,(x) due to El-Sayed
[2, p.10, (5) and (6)], the Rodirgues formulas Lls(y,a;x) and LEV(—y,a;x) due to Rida and
El-Sayed [13, p.30, (3) and (4)] and the Laguerre polynomials Lg“)(x) introduced recently in
[8] and used by El-Sayed [3, p.10, (5)and (6)] and Mirevski (see [9, p.1273, (15)]) are special
cases of our formulas (4) and (5) as given below:

I(v+1 “Pex
wp(ﬁ#)(l,ﬁ,l;x) _x ¢ DVxPrne—x — L[j(x), 8)
n! v Y n! v
r(1— “Pex
( V)FSID;,Y)(L E, 1:%) :X e Iq;xﬁ—ne—x — LEV(X), 9)
n! Y n!
FB1(q,1,1;x) =x_ﬂ—axD”xﬁ+Ye_ax = Lﬁ(}f a;x) (10)
v b b b F(’)}—i— 1) v b b b
—B ,ax
B,7) Ly X "¢ —y,—ax _ 1P .
F_VY (a,1,1;x) —mlvxﬁ Tem X = L_v(—}f,a,x), (11
(a,7) _ x"%e* vo.a+v,—x _ 71(a)
F)*"(1,1,1;x) = D x*e™ =LY (x), (12)

r'(v+1)
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—a,X
F(1,1,1;x) —m—_ev)ﬂx“ e = 1@ (x), (13)
where the last formula is new and suggested by the assertion (5).

Next, the introduction of the Rodrigues formulas (4) and (5) leads us to generalization of
many well-known Rodrigues formulas up to fractional forms. In this regard the Rodrigues rep-
resentations (4) and (5), in particular, yield the following new fractional Rodrigues—type repre-
sentations for the generalized Hermite polynomials Hr(lr)(x, a, b) [5], the generalized Laguerre
polynomials Lfl"‘)(x,k, p) [15], Bessel polynomials y,(x) and Humbert polynomials h,(x) as
follows:

—1) —B —axk
(—1)"F#1(a,0,k; x) =(F)(’;—+1e) DYxea = H®(x, B, a), 14)
1) P —ax*
B Ly (F1D)x e v B —axk _ (k)
(—1)’F"(a,0,k;x) = T I"xPe™ " =H2/(x,$,a), (15)
_ﬁe_axk k
Fgﬁ’”)(a ki x) =———r T T D DVxPtvemax sz(x,k,a), (16)
—B ,—axk
@ ks =g e = 1 ok a), a7
—v,—p+2,%
a‘vFiﬁ‘z’”)(a’z’_l;")=%D TP =y, (x, B, ), (18)
—v,.—f+2
a’F62(q, 2,—1;x)=%1 xP=272%e% =y (x,B,a), 19
ex2 2
Fgo’v)(l,l,z;x)=mD“’x”e_x =h,(x), (20)
0 e"z 2
FE;V)(].,].,z,X) :mIVX_ve_x :h_v(.X'). (21)

From the properties of the fractional calculus and the definitions (6) and (7), we can easily
prove the following lemma:

Lemma 1. Let v,y € (n—1,n),n=1,2,3,...;a,b, €Rand k=1,2,3,.... Then

DaYﬁﬁ’V)(a, b,k; x) qufoz/)(a, b,k;x) = D”Yogﬁ”)(a, b, k;x), (22)
B.7) Cy) — , .
DY (a, b, k;x) =1"Y ¥ (a, b, k; x), (23)

DY (a, b, k;x) =1"Y " (a, b, k; x). (24)
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2. Hypergeometric Series Representations

Taking to account that the generalized hypergeometric function ,F, is defined by [17, p.19,
@1

oo
(@) (ap)k xk
F,la{,...,a,;bq,....,b;x|= —_— (25)
PFalas ol o] kzz(:)(bl)k...(bq)k k!
and A(k; A) abbreviates the array of k parameters %, %, e, M,’j_l, k=1,2,3,..., we estab-

lish the following series representations for the functions Yv(/3 ’Y)(a, b,k; x)and Y_(/i’_”(a, b,k; x).

Theorem 1. Let v,y € (n—1,n),n=1,2,3,...;a,b,feRand k=1,2,3,.... Then

B.7) I'(B + by + )I(B + by —n+ 1)xPrbr=>
Y P (a, b, k;x) = Z( )F(p—n+1)F(/5+by p+1I(B+by—v+1)

X o Fay [A(k; 1),A(k; B+ by —n); A(k; B+ by —v+1),A(k;p—n+ 1);—axk] ,

(26)
(B—7) ooy —yrtpby_L(B—=by+1)
Y—v (a,b,k,x) X F(ﬁ—b’)/+v+1)
X 1 Fr [A(k;ﬂ—by+1);A(k;ﬂ—by+ v+ 1);—axk]. 27

Proof. From properties of the fractional calculus and the definition of Y,Eﬁ ’Y)(a, b,k;x), we
get

n
{1 (a, b, k; x) =I""" {Z (Z) (DPxP*o7) (D“‘pf“xk)}
p=0

) (—a)IT(B + by + 1)I'(kq + 1) ny (- p+bytken
_Z( )qzoq'r(ﬁ+bY—p+1)F(kq+p—n+1)I (xProrekaTm). (28)

On putting n— v = a, we get

I (x/j+b)f+kq—n) f (X—S)a 1 /5+b)/+kq nds

I(a)
which on putting x —s = xt, gives us
xa+/5+by+kq—n

I'(a)

1
¢ (x/ﬂ+by+kq—n) — f ta—l(l _ t)ﬁ+bY+kq_ndt.
0

Hence

F(ﬁ +by+kq—v+1)
Now, substituting from (29) into (28), we get

n
Y#)(a, b, k;x) =x/5+bY_”Z (n)

p=0 p

" (29)
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oo

y Z r(B+by+1)(kg+1)T(B+by+kqg—n+1) (—axk)e
r(B+by—p+1rkgq+p—n+1r(B+by+kqg—v+1) q!

J

q=0
(30)
which on applying the results (see[17, p.16-17]):
I'(A+n)
M) = T 31
and Ari_1
(A)mnzmmnn’?;l(L) ,1=0,1,2,3,.... (32)
j m 0
yields the assertion (26). Similarly, we have
(B~ S ()
— Cr) — —by+k
Y2 (a, b, k; x) —Z Tl” (xﬁ T+ q)
q=0
(o) (—a) 1 x
=Z _J (x_s)v—lsﬁ—by+kqu
o k 1
:xﬁ_bY‘H’Z w# J t"_l(]_ _ t)ﬁ_by+kth.
= 4 TOJ
Thus )
o (—ax®)? T(B—by+kq+1
Y%(a,b,k;x) = xﬁ_b”vz (Fax?)? T(p—by+kq+1) (33)

= ¢ T(B—by+kq+v+1)

which on using (31) and (32) gives us the assertion (27) and this complete the proof of the
Theorem 1. O

In the same manner one can easily prove the following useful result.

Theorem 2. Let v,y € (n—1,n),n=1,2,3,..,a,b, €Rand k=1,2,3,.... Then

_, T(B+by+1)
Y(ﬁﬁ”) b.k: — - B+by—Y
v e bk x) =x I'(B+by—v+1)
X 1 Fy [A(k;ﬁ+by+1);A(k;ﬂ+by—v+ 1);—axk]. (34)
Proof. We infer to the proof of Theorem 1. O

The following results are an immediate consequence of Theorems 1 and 2, respectively.

Corollary 1. Let v,ye(n—1,n),n=1,2,3,..,a,b,feR and k=1,2,3,.... Then

Gy nron € Ia(m) | T(B+by + DI(B + by —n+ Dxbr
B Y(a’b’k’x)_F(v+1);(p)l"(p—n+1)l"(/5+b)/—p+1)1"([5+by—v+1)
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X g For [A(K; 1), A(k; B + by —n); Alk; B+ by — v+ 1), A(k; p—n + 1);—ax* ],

(35)
(IXk
_ r'(B—>b 1
ng, Y)(a, b,k;x)= ¢ x¥br (B—by+1)
r(1—v) r'(B—by+v+1)
X 1 Fy [A(k;[j—b}/+1);A(k;[5—by+ v+1);—axk]. (36)
Corollary 2. Let v,ye(n—1,n),n=1,2,3,...,a,b,f€eRand k=1,2,3,.... Then
K by
PO, b, ks x) =S X" _T(B+by +1)
v T I'(v+1) T(B+by—v+1)
X 1 Fy [A(k;ﬂ+by+1);A(k;/3+b}f—v+1);—axk]. (37)
3. Recurrence and Fractional Operational Relations
First, we establish the following pure recurrence relations.

Theorem 3. Let v,y € (n—1,n),n=1,2,3,..,a,b, €Rand k=1,2,3,.... Then
v{P(a, b,k; x) =(B + b)Y T (@, b, k; x) — aky P (a, b, ks ), (38)
Ygf’ln(a, b,k;x) =DY5/5’V)(a, b,k;x)

=(B + b)Y (a, b,k x) — aky, P T (a, b, k; x), (39)

xY P (a, b, k;x) =Y P11 (a, b, k; x) — vYEE’l’/)(a, b,k;x), (40)

va(ﬂ’Y)(a, b,k;x)=(B+by—v+ 1)YE’1Y)(a, b, k;x)— akYﬁ:k’”(a, b, k; x). 41)
Proof.

e From (6), we have
quﬁ’”(a, b,k;x) =D v-1 [(/5 + by)xﬁerY_le_axk — akx/”b”k_le_axk] ,
=(B + b}/)Dv—l (x[}+by—le—axk) —akD"! (x/j+by+k—1e—axk)’
which on using (6) gives us (38).
e Again, from (6), we have

v+1
:(ﬂ + bY)Dv (x[i+by—le—axk) —akD” (xﬁ+by+k—1e—axk) ,

DYéﬂ’Y)(a, b,k:x) =Y (a,b,k:x)=D" [(/3 + b}f)xﬁ+b7’_le_axk — akxﬂ+b7’+k_le_axk] ,

which on using (6) gives us (39).
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—ax k

In view of the definition (6), if we expand the exponential function e in power series

and use (3), we obtain

o (—a)? T(B+by+kq+1
Yv(/”)(a,b,k;x)ZZ( a) (B+by+kq+1) xPrbr—vtkq (42)

= qQ' T(B+by+kqg—v+1)

from which, we can prove the assertions (40) and (41).

O

Next, according to the formulas (4) to (7) it may of interest to point out that the polyno-
mials F ,(,ﬁ ’Y)(a, b, k;x) and FEQ,’_Y)(a, b, k; x) have the following basic properties.

Theorem 4. Let v,y € (n—1,n),n=1,2,3,...;a,b,f €R and k=1,2,3,.... Then

r+1

kxk —
DF®)(a, b, k; x) =(v+ 1)FP(a, b, k; x) + (u) FE(a,b,k;x),  (43)
X

v+ 1)FPD(a, b, k;x) = (B + by) FP~2(a, b, k; x) — akF P11 (a, b, k; x), (44)

vEPI(a, b, k;x) = (B + by) FP T (@, b, k3 ) — akFPT (@, b, k%), 45)
1, k-1,
(1= »FP(a, b, k;x) = (B + by) FE 7 (a, b, ky x) — akFL ™ (a, b, k3 %), (46)

(1= »FP (@, b, k;x) =(6 + b)EL (0, b,k;x) — akFE @, b ksx),  (47)
(1—»FPD(a, b, k;x) =DFP7(a, b, k; x) + (M) FP(a, b, k;x), (48)
Fgﬁ’”l)(a, b,k;x) =be£ﬂ+b’Y)(a, b,k;x)= x_bFE}ﬁ_b’7+2)(a, b, k; x), (49)
Fgﬁ’l_”(a, b,k;x) =be5ﬁ+b’_”(a, b, k;x)= x_ngﬂ_b’z_Y)(a, b, k; x). (50)
Proof.

e From (4), we have

—B jaxk
DF(ﬁ Y)(a b,k;x) = ﬁ|: e Dv(xﬁ+bye—axk):|
X

I'(v+1)

f eaxk —[3’ axk

kx k—1 D” B+by —axk Dv+1 B+by —axk
+a [WH) e R e Tl |

which gives us (43).
e From (4), we have

x—ﬁ eaxk

B.7)
F ,bk;x) = ————
(@b.kx) = S oD

i DY I:(/j + b},)x[a‘+by—1 e—axk _ akxﬁ+by+k—1 e—axk ] ,

which on using (4) gives us (44).
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e We have

x—[a’ eaxk

FP(a,b k) = s

which on using (4) gives us (45).

e We have

—B axk
B.7) . _X e 1—v (.B+by ,—axk
Fi=) (a’b’k’x)_F(Z—v)D (x e )

axk

_x_ﬁe
T T(2—v)

which gives us (46).
e From (31) and the fact that
_1
ng;_l’)/)(a, b,k;x) = Fgﬂvy b)(a, b,k; x),

we get (47).

Iv [(/5 + b,},)xﬁ+by—1e—axk _akxﬁ+by+k—1e—axk],

278

Dv—l I:(ﬁ + b,},)xﬁ+by—1e—axk _ akxﬁ+by+k—1e—axk] ,

The proofs of the assertions (48) to (50) are similar to that of (43) to (47) , then we skip the

details.

Theorem 5. Let v,y € (n—1,n),n=2,3,...,a,b,f €Rand k=1,2,3,.... Then

et ST (:)F(v—s +D)F®(a, b,k x) (D f (1))

s=0

— k"
=" {xﬁJ’b}’e_a"k |:D + P+ by —akx ] f(x)} )
X

et ST (:)F(v—s + 1DF®(a, b, k) (D (1))

s=0
= {ap" () [D—akx*]" £ ()}

where .
n,m _ n ﬂ + bY ax® _B+by+m—n
Q/&,y,b(x)_ Z(n_m)(n_m)(n—m)!e X ,

m=0

and

xBe—axt Z (:)F(V —s+ 1)Ff£’g)(a, b,k;x)(D*f (x))

s=0

n—1
=" {xﬁ“LbY_"e_axk l_[ (xD +B+by—j —akxk)f(x)} .

j=0

O

G

(52)

(53)
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Proof. By the generalized Leibnitz rule for fractional derivative [8, p.90, (4.3)], we find

DY (x/i+b}fe—axkf(x)) _ i (:)Dv—s (x/&+bye—axk) DS (f(x)) ’

s=0

which in view of (4), gives us

DY (xﬁ””e_axk) = Z (:)F(V —s+ 1)x’5e_axka,/i;Y)(a, b,k; x)D? (f(x)) . (54)

s=0

On other hand, we obtain
DY (xﬁ+bye—axkf(x)) S [Dn (xﬂ+bye—axkf(x))] ,
which on using the shift relation [16]

D" [e?Mf (x)) = e?™[D+ D (x)] £ (x),

gives us
. _ k X qn
DY (Xﬁ+b)’e—axkf(x)) =" {xﬁ-i-b)’e—ax |:D + /‘Hby%] f(x)} . (55)

Hence from (54) and (55), we get (51). Similarly, since

DY (Xﬁ+bye—axkf(x)) = [Dn (Xﬁ+bye—axkf(x))]

T |

s=0

we find that

DY (xﬁ+bye—axkf(x))

_ {Z": ( n )(/3 + bY)(n_ m)1edx* yB+by+m—n (D _akxk—l]mf(x)} _ (56)

—\n—m/\n—m
Hence, from (54) and (56), we get (52). Next,we have
DY (xﬂ+bye—axkf(x)) — v I:Dn—l (D (x/}+bye—axkf(x)))] _ (57)
Now
D" (D (xP0e £ (x))) = D" (xP*bTem" (xD + B + by — akx®) £ (x)).
Let (xD + B + by —akx*) f (x) = f,(x), then

pn! (xﬁ”Ye_axkfl(x)) =D"? (xmbye_‘“‘k (xD+ B + by —1—akx*) f; (x))
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=Dp"2 (x/j”LbYe_axk (xD +B+by—1— akxk) (xD + B+ by— akxk)f(x)) ,

which on repetition of the process gives

Dn—l (D (x[j+bye—axkf (X))) — (Xﬁ+by—ne—axk

n

(xD+/3+by+j—n+1—akxk)f(x)),

(58)
where the product has been taken in the operative sense. Since the operators involved are
commutative (60) can be written in the form

p"! (D (xﬁ+bye_axkf(x))) = (x/”by_”e_axk ﬁ (xD+B+by—j— akxk)f(x))

j=1

j=0
which with the help of (54) yields (53). O
When f(x) =1, assertions (51) to (53) reduce to the interesting fractional relations
=B gax* k B + by —akx* :
F(ﬁ,)f) b. k: :X—In—v B+by ,—ax p+= =" ) 5
(B.1) xPe” n—v [ anm k—17m
FP1(a, b, k; x) =t {Q/j%b(x) [D—akx*1]"}, (60)

and

—B jaxk n—1
FP1)(a, b, k;x) = %l”_v {xﬁ”’Y—ne—ax" l_[ (xD+B+by—j— akxk)} , (6D
v 1o

respectively.
These are three fractional formulas which happens to give many new fractional represen-

tations for the special functions mentioned in the first section of this work as particular cases.
For example

—pB ,ax /j _ n
xPe _ _ +y—ax
LA(y,a;x) ==———1"" { xP*r ax[D+—] , 62
v ;%) I'(v+1) {x ¢ X 62)
5 xPeax { p+b ﬁ( )
LP(y,a;x) =———=—=<I""V { xPT7 72X xD+p+by—j—ax);, (63)
v r(v+1) =0
—1) —B axk —ak kn
ngk)(x,ﬂ,a) Z(&f—+1§1n—v {xﬂe—axk [D+ ﬁ% , (64)
—B jaxk ﬂ _ km
x Pe 2 +v—akx
LB(x,k,a) =———I""V {xP+Ve " | D4 " ——— 65
P (x,k,a) o+ D) {x e [ < ] } (65)

and

e’ R v—a2x? "
hv(X)—mI {X e |:D+Ti| } (66)
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