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Abstract. In this paper, we study the theory of probabilistic soft sets introduced by [7]. We define
equality of two probabilistic soft sets, subset, complement of a probabilistic soft set with examples. We
also introduce the operations of union, intersection, difference and symmetric difference. We prove
that certain De Morgan’s laws hold in probabilistic soft set theory with respect to these new definitions.
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1. Introduction

In theory, for formal modeling, reasoning, and computing we have traditional tools such
as crisp, deterministic, and precise in character but in practical way we see that data in eco-
nomics, engineering, environment, social science, medical science, etc. are not always all crisp
and classical methods because of various types of uncertainties present in these problems can
not be used, successfully. There are some theories like theory of probability, theory of fuzzy
sets and the interval mathematics which we can consider as mathematical tools for dealing
with uncertainties. According to Molodtsov [5], since all these theories have their inherent
difficulties the concept of soft set theory as a mathematical tool for dealing with uncertainties
which is free from the above difficulties has been initiated in [5]. Soft set theory has a rich
potential for applications in several directions [1-4, 6]. Zhu and Wen [7] have proposed the
notion of probabilistic soft sets incorporated Molodtsov’s soft set theory with probability the-
ory and introduced three operations with probabilistic soft sets the conditional probabilistic
soft set. In the present paper, we make a theoretical study of the "Probabilistic soft set theory"
in more detail.
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2. Preliminary

Definition 1. Let U be a universe. A probabilistic set X over U is a set defined by a function uy
representing a mapping
px :U—1=[0,1]

satisfying the following conditions:

(i) For each Uc U, Zueﬁ uy (W) <1

(i) If U= U, then Zueﬁ ux (u)=1or Zueﬁ ux (u) =0

Wy is called the the probabilistic membership function of X, and the value uy (u) is called the
probabilistic grade of membership of u € U. Thus a probabilistic set X over U can be represented
as follows:

X = {(,uX (u)/u) :ueUl.
Note that the set of all the probabilistic sets over U will be denoted by Pr(U).

Example 1. Let U = {uy, uy,us,us} be a universal set. Then

X ={(0.4/u1),(0.1/uy),(0.2/u3),(0.3/uy)}
is a probabilistic set over U.

Definition 2. A probabilistic set X over U is called empty probabilistic set if its membership
function is zero everywhere in U and denoted by 0. i.e,

px :U—1T,ux(u)=0.

Example 2. Let U = {uy, uy, us, Uy, us} is a universal set. Then

X ={(0/u1),(0/uz),(0/us),(0/us),(0/us)} =

is an empty probabilistic set.

3. Probabilistic Soft Set

In this section, we define probabilistic soft sets and their operations. From now on, we
will use 5, TF,.... etc, for probabilistic soft sets and y%,y%,.... etc. for their probabilistic
approximate functions, respectively.

Throughout this work, U refers to an initial universe, E is a set of parameters and A C E.

Definition 3. A probabilistic soft set (prs-set) Fﬁ over U is a set defined by a function Yi repre-
senting a mapping
yh 1 E— Pr(U) such that yh (x) =0 if x ¢ A.
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Here, )/f: is called probabilistic approximate function of the probabilistic soft set Fﬁ. Hence prob-
abilistic soft set Fﬁ over U can be represented by the set of ordered pairs

Fﬁ = {(x,)/i (x)) :Xx €E, yﬁ (x) ePr(U)}.
Note that the set of all probabilistic soft set I‘i over U will be denoted by PrS (U).

Example 3. Assume that U = {uy,uy,Us, Uy, Us} is a universal set and E = {x1,X,,X3,X4} is a
set of all parameters. If A= {x1,x3,Xx4},

}ff; (xl) ={0.9/u,,0.1/u,}
P (x3) ={0.2/uy,0.2/u,,0.2/u3,0.2/u,,0.2/us}

P (x4) ={0.2/u;,0.4/u3,0.4/us}

then the prs-set Fﬁ is written

Fﬁ :{(Xl, {0.9/UZ, 0.1/U.4}) ,
(x3,{0.2/uy,0.2/u3,0.2/u3,0.2/uy,0.2/us}),

(x4,{0.2/uy,0.4/u3,0.4/us})}.

Definition 4. Let T} € PrS(U). If v} (x) = @ for all x € Athen T is called A—impossible prs-set,
denoted by Fg.

Example 4. Assume that U = {uq,u,y,us,uy, s} is a universal set and E = {x1, X5, X3,X4} is a
set of all parameters. If A= {x;, x5}, and }/f; (xl) =0, }fﬁ (XZ) = (), then probabilistic soft set Ff;
is an impossible prs-set, i.e. Fﬁ = l"g.

Definition 5. Let ', T> € PrS(U). Then I is a prs-subset of T'%, denoted by T2CI*F, if AC B
and v% (x) C yp (x) for all x €A

Remark 1. As in the definition of the classical subset, Fﬁifg does not imply that every element
of Tk is an element of T,

Example 5. Assume that U = {uy,u,,us, uy,us} is a universal set and E = {xq, X, X3} is a set
of all parameters.

x; —{0.4/u;,0.2/u5,0.4/us}
X9 —>{0.2/u1, 0.4/u2, 0.]./1.13, 0.1/U4, 02/115}

x3 ={1/u3}
IfA: {xl},B = {xl,XZ}, then

P (x1) ={0.4/uy,0.2/u,}
}/I; (xl) ={0.4/u;,0.2/u5,0.4/us}
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Yg (XZ) ={0.2/u;,0.4/u5,0.1/us}.
Hence
I ={(x1, {0.4/u1,0.2/u2})}
P ={(x1,{0.4/u1,0.2/u,,0.4/us}), (x2,{0.2/uy,0.4/uy,0.1/uz})}

Then forall x € E, )/g (x) < }f}; (x), hence Fﬁil“g. But it is clear that (xl, {0.4/u,, 0.2/u2}) € Fﬁ,
but (X1, {0.4/u1,0.2/u2}) ¢ Fg
Proposition 1. Let I}, T2 € PrS(U). Then
@ récre
Y P EP PEpP PEpP
(i) TECTE and TECT? = T2CT2.

Proof. They can be proved easily by using the probabilistic approximate function of prs-
set. O

Definition 6. Let Fﬁ, Fg € PrS(U). Then l"g and l"g are prs-equal set written as 1"}; = l"g, if Fﬁ
is a prs-subset of Fg and Fg is a prs-subset of Fﬁ .
Proposition 2. Let T}, T}, T'Y. € PrS(U). Then
Ny TP _ P P _ 1P P _ P
) Tr,=TIy andI‘B—I‘C:>FA—FC
5y TP ETP PEP P _ P
(i) T,CTy and T;Cl’y & Ty =T}.
Proof. The proofs are straightforward. O

Definition 7. Let I';,IY € PrS(U). Then the difference of T% and T4, denoted by FQ’YI‘P . is
defined by its probabilistic approximate functions:

Y,IZ\B (x) =75 )\ v} (x), for allx €E.
Definition 8. Let '}, T2 € PrS(U) and TECIE. Then the complement of T on T'%, denoted by
(Fﬁ);g, is defined by
(Y};);g (x) =75 )\ 7k (x), forall x € E.
Example 6. Let us consider Example 5. Then,

()5 = {(x1,{0.4/us}), (o2, 0.2/, 0.4/u15,0.1 /u ).

Definition 9. Let Fﬁ, Fg € PrS (U). Then the union of Fﬁ and Fg, denoted by FQGFI;, is defined
by its probabilistic approximate functions:

T () =715 (x) Uy (x), for all x € E.
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Example 7. Assume that U = {uy,uy,us,uy, s} is a universal set and E = {x1, X5, X3,X4} is a
set of all parameters.

x; —{0.4/u;,0.2/u,5,0.4/us}

x5 —{0.2/u;,0.4/u5,0.1/u3,0.1/uy4,0.2/us}

x3 —={1/ug}

X4 —){0.2/111,0.1/112, O.B/U3,0.2/U4, 02/115}
IfA: {xlnxz}yB = {x17x2> x4}; then

}fﬁ (xl) ={0.2/u,,0.4/us}

P (x2) ={0.2/uy,0.1/uy}
}fg (xl) ={0.4/u1,0.2/u5,0.4/us}
yg (xz) ={0.4/u5,0.1/u3}
P (x4) ={0.2/u4,0.2/us}

Hence
T ={(x1,{0.2/u,0.4/us}), (x2,{0.2/u,0.1/us} )}
P ={(xy,{0.4/u1,0.2/u;,0.4/us}), (x2,{0.4/us,0.1/us}), (x4, {0.2/uy, 0.2/us})}
It is clear that AU B = {x1, X5, x4} and
Thos (x1) =74 (x1) Urp (x1) = {0.4/u3,0.2/uy,0.4/us}
yiUB (xz) zyi (xz) u yg (xz) ={0.2/u;,0.4/u,,0.1/u3,0.1/u,}
Yaos (Xa) =74 (x2) U T (x4) = {0.2/u4,0.2/us)
ie.
rP0r% = {(x1,{0.4/uy,0.2/uy,0.4/us}), (xa, {0.2/uy,0.4/uy,0.1/us, 0.1/ug}) (x4, {0.2/uy, 0.2 /us} )}
Proposition 3. Let T}, T}, Tt € PrS (U). Then
() TH0rS =T1%
(i) THOTE =T1L0r%
Gii) (rh0rh)0Ore =rhG(Thores).

Proof. The proofs can be proved easily by using the Definition 9. O

Definition 10. Let I“};, Fg € PrS (U). Then the intersection of Fﬁ and Fg, denoted by Fﬁﬁr‘g, is
defined by its probabilistic approximate functions:

Thop () =715 (x)Nyh (x), for all x €ANB, ANB # .
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Example 8. Let us consider Example 7. Then ANB = {x,x,} and

Y hns (Xl) =7, (xl) nyg (Xl) ={0.2/uy,0.4/us}

Vs (x2) =7 (x2) N 7f (x2) = 0

Hence
TPArE = {(x;,{0.2/uy,0.4/us})}

is obtained.
Proposition 4. Let I',T5,TX € PrS (U). Then
() rinrf =r¥
(i) rinrh =rinark
Gio) (rhArk)Are = rea(reard).
Proof. The proofs can be proved easily by using the Definition 10. O

Proposition 5. Let %, T2, TX € PrS(U) and I}, TECIE. Then, De Morgan’s laws for T%, % are
valid as follows:

@ (CAACR)p = (05 O ()
(i) (TROTE)r = (T))pe A (TE )i

Proof. The proofs can be proved easily by using the respective probabilistic approximate
functions. So, we only prove (i) case. For all x € E,

(rans e O =1k N7g)e () =712 GO\ (v5 N 7g) (x)
=(r6 )\ 7 (<)) U (re )\ 7§ ()
:(YZ);Q (x)u (Yg);g (x).
0

Definition 11. Let Ff\’, Fg € PrS(U). Then the symmetric difference of Fi and Fg, denoted by
Fﬁﬁl“g, is defined by its probabilistic approximate functions:

Y4 () Ay () = (5 G\ vp (D) U (rf () \ 14 (x)), for all x € E.

Example 9. Let us consider Example 7. Then

F}ZZFI; = {(xl, {O.4/u1}) , (xz, {0.2/u;,0.4/u,,0.1/us, 0.1/u4}) (x4, {0.2/uy, 0.2/u5})} .

is obtained.
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Proposition 6. Let I';,T'L,TL € PrS (U). The following conditions are satisfied:
@ TPATE =TPATE
(i) (TRATH)AT? =THA(THATE)
Gii) TF =Tt < rPATE =%,

Proof. The proofs can be proved easily by using the respective probabilistic approximate
functions. So, we only prove (i) case. For all x € E,

P () AYE () =(r2 GO\ vh () u(vh )\ rE ()
=(yE GO\ YL ) Uy )\ vh ()
=yP (x) Ayh (x)

: PXTP _ 7P XTP : :
i.e., I'y ATy =T, AT, is obtained. O

4. Conclusion

In this paper, we study the theory of probabilistic soft sets. We give some operations such
as union, intersection, difference and symmetric difference. We prove that certain De Morgan’s
laws hold in probabilistic soft set theory with respect to these new definitions.

In addition, this theory not only provides a significant addition to existing theories for
handling uncertainties, but also leads to potential areas of further research.
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