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Abstract. In this paper we study the approximation properties of the tensor product kind bivariate
complex Bernstein-Schurer polynomials. We obtain the order of simultaneous approximation and
Voronovskaja-type results with quantitative estimate for bivariate complex Bernstein-Schurer polyno-
mials attached to analytic functions on compact polydisks.
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1. Introduction

The Bernstein polynomial attached to f : [0,1] — R was introduced by Bernstein to give
a proof of the Weierstrass Theorem. If f is continuous on [0, 1] then lim, B, (f)(x) = f (x)

where B,,(f)(x) = >_, (3)x* (1— X))k (%), x €[0,1].
If f : G — C is an analytic function in the open set G C C, with D; C G (where
D, ={z € C:|z| <1}), thenS. N. Bernstein [6] proved that the complex Bernstein polynomials

defined by n
(e = (a7 ()

k=0

uniformly converge to f in D;. But Bernstein obtained this convergence result without any
quantitative estimate. Recently, Voronovskaja- type results with quantitative estimates for
the complex Bernstein, complex g-Bernstein, complex Bernstein- Kantorovich, complex Kan-
torovich - Stancu polynomials attached to analytic functions on compact disks and the exact
order of simultaneous approximation by these complex operators were obtained by S. G. Gal

(5]
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The complex Bernstein-Schurer polynomials (introduced and studied in the case of real
variable in [7]) are defined for any fixed p =0,1,2,... by

n+p

By (@ =2 (" P ) -2 (em s e

k=0 k

The approximation properties of these polynomials are investigated and the exact order
of approximation with quantitative estimates were gave in [1]. It is clear that for p = 0
these polynomials become the classical complex Bernstein polynomials studied in [5]. In real
case the approximation properties of bivariate Berstein-Schurer polynomials is studied by D.
Barbasu [2-4].

In this note we would like to extend the approximation results from the univariate case,
obtained for the complex Bernstein-Schurer polynomials, to the bivariate case.

First we present a few concepts in the bivariate case which are natural extensions of the
usual concepts in the univariate case. Let Dy, := {zj eC: |zj| <Rj,j=1, 2} and
P(0;R) = Dg, x Dg, denotes an open polydisk (of center 0 and radius R) where R = (Rq,R;)

and |21| <r, zz| <1y, <Ry with ry <R,. Let also

Pr:=P(0,R) ={(z1,2,) € C?: |5;| <R;, j = 1,2}

denotes the closed polydisk. For f(z;,2,) is an analytic function of two complex variables
(21,2,) in the polydisk P(0;R) we can define the tensor product kind Bernstein-Schurer poly-
nomials as follows

n+p m+q

Bn,m,p,q(f) (21722) = Z Z bn,k (21) bm,j (ZZ)f (k/n)]/m) (1)

k=0 j=0

where b, (2,) = ("F)zk(1 — 2Pk, b (25)= (m;rq)zé(l —2,)™9J n,meN and
p,q € NU{0}.

The goal of this paper is to obtain the exact order of approximation for the polynomi-
als given by (1) on compact polydisks. First we give the order of approximation and the
Voronovskaja- type theorems with quantitative estimate for the polynomials B, ,, ( f ) () de-
fined by (1). These results allow us to obtain the exact order in approximation by the polyno-

mials B, , (f) (2).

2. The Convergence Results with Quantitative Estimates

Theorem 1. For fixed p,q € NU{0} and Ry > p +1, Ry > q+ 1 suppose that f : P(O;R) — C is
analytic in P(0;R) = Dg, X D, that is f(z1,2,) = ZIZO Z;: ck’jzi‘zé for all (z, z,) € P(O;R),
R =(Ry;R,). Then we have

(i) Forall |21{ <ry,

22| <rowithl <ry, (p+1)ry <Ry, 1 <71y, (q+1)ry <Ryandn,m €N

|Bumpg(F)(21,22) = f(21522)| < MPL ()

rl,rz,n,m
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where

28, =5 Sl S+ )T+ 2+ )T -

and My, (f) < oo,

(ii) Let ky,ky € Nbewithk; +ky >1, 1<r; <rf <(1+p)r; <Ry,
1<r,<r; <(1+q)ry <R, Then forall |zl| <r, ZZ{ <ryandn,me€N, p,q € NU{0}

we have
ki+k
8 ! ZBn,m,p,q(f) (Z 2z )_ ak1+k2f (Z . ) Mpq (f)_ kl' kz'
aklzlakZZZ 172 aklzlakzzz 12 Tr;nm (r;(_rl)kl+1 (rék_rz)kz'i'l

where Mf,:‘i* (f) is given as at the above point (7).
1, 2,n,m

Proof. (i) Denote e; ;(21,%5) = ex(21)e;(2z2) where e, (u) = uk. Since
f(z1,2) = Doy Z: ckjex,j(21,2,) and by the definition of the operator (1) we get

|Bn,m,p,q(f)(zl’22) —f(21,22)| < ZZ |Ck,j| \Bn,m,p,q(ek,j)(zhzZ) —ek,j(zlyzzﬂ .

k=0 j=0
By the simple calculation we can write

k.J

|Bn,m,p,q(ek,j) (21122) - ek,j(zlazz){ = Bn,p(ek)(zl)'Bm,q(ej)(ZZ) 2122‘

<[] [Bup(eden) =55 + [Bup(e)n)] [Brgle)z) — 2

<rjA+ B, ,(ex)(z)| B, ®)

say. By the Stirling numbers of second kind S (k, j ), we can write

_ ( +p).-(ntp—(i—-1))
Byp(e)(z1) = ]le(k (nep)

(for complex Bernstein polynomials in one variable see [5, page 27]). Since S (k, j) = 0, for
alln,k €N, p e NU{0} and Z;(:ls(k,j)(n+p)...(n+p—(j—1)) = (n+p)k it follows

|Bap(e)(z1)| < Zk:S(k,j) (n+p)...(n+p—(i—1))
j=1 (n+p)

<k
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for all |21| <ry,with1 <ry, (p+1)r; <R;. To estimate A and B for fixed n,m € N, we should
consider two possible cases:

(MHO0<k<n+p,0<j<m+qgand 2 k>n+p,j>m+q.

We start with case (1). If k =0, j = 0 then obviously we get |Bn’p(ek)(zl) — (ek)(zl)| =0
and \Bm,q(ej)(zz) — (ej)(zz)| = 0. Therefore, let us suppose that 1 < k < n+p,
1 < j < m+q. Denoting by A the finite difference of order k, as in the case of the classical
Bernstein polynomials we easily can write the representation formulas

n+p m+q

np(f)(zl)—ZAl/nf(O)ev(zl) Bung(f)(z2) = ZAl/mf(O)ew(ZZ).

For simplicity, we use the following notations

n+p n+p 1 j
Cr}:vk ( ) l/n k(O)—( v )I:O,H...,H;ekilvl/nv’
q m+q m+q 1 j
CnW] ( w ) 1/m J(O)_( w )I:O:_;---,a,ejilW!/mW.

m

Since ey, e; are convex of any order, it follows that all Cp vk 20, G q ;=20 and taking into

account that B, ,(f)(1) = f ((n +p)/p), B (f))=f ((m +q) /m) we get

n+p m+q

> Che= Bupten=("22Y, ZCHWJ—Bn,p@z)cn:(mT*q)j. @)

Using the result in the proof of Theorem 2.1 in [1] for any |21| <r, zﬂ < ry with
1<r <(p+1)r; <Ry, 1<y <(q+1)ry <Ry, directly we can write

i(i—-1)
(m+q)

e D) n T+ 1o+ 1)r1]’<_ﬁ.
(n+p) n n

We now consider second case. For k > n+ p, {21| <rwithl<r <(p+1)r; <R; and
forj>m+q, zz{ <rywith1<ry, <(q+1)ry <R,, and considering (3) we get

E |[\?'~.

A= [Bugle)z) =24 <

[(g+ 1)) +=[(a+1)r) -

and

B = |B,,(el)(3) —ex(z1)] <

B =B, ,(ex)(z1) — e(z1)| < |Byp(e)(z1)| + 1§

k
n+
< (_p) rf+p +ri‘
n
2

and in similar way, A {Bm q(€;)(z2) — (e; (Zz)| SJF;) (q + 1) rz]j-
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Combining all of the results obtained for A and B, we have the desired inequality.

(i) Now we give the rate of convergence in simultaneous approximation. Let
1<rm<ri< %, 1<r<r;< % and y; = |U1—21’ =1, 12 = |u2—zz{ =r;. By the
Cauchy’s formula

ak1+szn,m,p,q(f) ( ak1+k2f )_ kqlky! nqu(ulzuz) f(ul,uz)] dujduy
okiz, 9kaz, 21,%2)— 31(12 dkoz, 21,22 (2mi)? k1+1( )k2+1
Y2 11

Uy — 29

passing to absolute value with |zl{ <r, {22| < ry and taking into account that
|u1 _21’ >ry—r,

Uy —zzl > r; — Ty, by applying the estimate in (i) we easily obtain

ky+k kq+k
" 2Bn,m,p,q(f)(z1 2)— dlatha g ()| <M. () ky! ky!
k k ’ k k ’ Ty nm ’ ki+1 ky+1
Pt e e G ()
which proves the theorem. O

In what follows a Voronovskaja’s result for B, ,,, , ,(f) is presented. It will be the product of
the parametric extensions generated by the Voronovskaja’s formula in univariate case in The-
orem 2.2 in [1]. Indeed, for f(2;,2,) defining the parametric extensions of the Voronovskaja’s
formula by

) 1— 92
zan(f)(zlaZZ) 3:Bn,p (f(-,zz)) (z1) = f(z1,22) — 5218_;1 (21:2 ) %(Z—nZﬂ 92 J;(thz)
0 ol
zsz(f)(zlrz2) =B 4 (f(zl,- )(Zz) —f(z1,22) — iZzaf (21,22)_ 22(12 %) J;( 1,%2),
25 m Oz

their product (composition) gives
zsz(f)(zl,zz)ozll’n(f)(zbzz)
0 %,
:Bm,q |:Bn,p (f(;)) (Zl)_f(zla-)_%zla_i(zla') 21(1 Zl) f(zlﬁ-):| (22)

2n dz2
) d
- |:Bn,p (f(-:zz)) (z1) = f(21,22) — gzlﬁ_zfl (21:22) 21(12n “1) 92 ); (z 1:22):|

- i22 |: ( of (. 22)) (21)— of (21722)
m
p_9df|of 21(1 21)5J acf|af
_;Zl 0z, [822](21’22) 2n azl [322](21’22):|

— 2 2
_M'[Bn,p( f(,z))(fﬁ)— f(zpzz)—

2m 0z2

p_of |9*f 21(1—2;) 92 f
g[S 8_25[82}(21’22)]

2
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::El — E2 — E3 — E4.
After simple calculation, we can write

zsz(f )(zl’zz)ozan(f)(Zl:ZZ) = Bn,m,p,q (f) (21,22) _Bm,q (f (Zl’ )) (22)

d 1— 92
pzl ( ! (Zl:-))( 2)— %'Bm,q (ﬁ(zl:-)) (22)
af( 21(1 21)3 f

%1,%9 ) — ,Z
. 12) on 82(1 2)

np(f( ZZ))(Zl) f(Zl,Zz) _zl

q of q_ of p_gq_ 9
—;Zz Bn,p( (& 22)) (21)"‘—2282 (21,22) + 21;252%(21,22)

+%2221(1_21)a f[ f](zl’zz)

2n 922 | 9z,

_m(l-m) ( i zz))(zl)+z2(1 —2,) 2°f

2m 2m 82(1’22)
z2(1—z2)p af[ ](1 )+ 2(1—2)) 2(1—2,) 3%f

21,2
2m az 2n 2m azfazg( 1,72

from which immediately can be derived the commutativity property
zsz(f)(Zl:ZZ)Ozan(f)(21’22) = Ln(f)(21,22)0z2Lm(f)(21322)-
Now we can give the Voronovskaja- type theorem.

Theorem 2. For fixed p,q € NU {0} and Ry > p + 1, R, > q + 1 suppose that

f : P(0;R) — C is analytic in P(0;R) = Dg, x Dy, that is f(z1;2;) = P OZ . Ck, 2] zzfor all
(zl,zz) € P(O;R), R=(R4,R,). For all \zl| <1y, 22| <rowithl<ry, (p+ 1)r1 <Ry, 1<y,
(@ +1)ry <R, and n,m € N we have

e En (e, 22000 L), )| < MPLOD| 4+,

where

Mfl"iz(f) =max {Z

k=2 j

Ck] q+1 T kar17ZZ’Ck]|J (q+1 er le,p,rl’
k=1 j=1

Mx
EMS

~
Il

> —2
Z%J(J—l) (q+1)r] Dk,p,rl},
2 j=2

Dipr = k=D)AL [(p+1)r [T + i [(0+ 1)1 ]2 A = (k= 1) [4(k — 1) (k—2) + 2]

and
Crp=(k—1)[p(5k—4)+p* +k(4k—7)].
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Proof. Since f(21525) = D og Z: Ck ]zlzé for all (z12,) € P(O R), we can write
F(21322) = Dog fi(z2)2y with fi(z2) = 2, 7° i Ck 122 It follows 52 35 L(z1,2,) = Deon fi(22) ket T,
Z%(z],zz) =30, fi(z2) k(k—1)zK2 an azg L(21,29) = > oo ;;fk (2)2F where
;—%fk (zz) = Z: i — 1)22_2. Hence B, , (f(.,zz)) (z1) = Zk:ofk (ZZ)Bn,p (e’l‘) (zl) and

92
Zl(lzn 21) f( 21,2 2)

i ZZ)[ ) (21) (e )(21)_%(2?_z]f—l(l—zln)k(k—l)].

k=2

)
Bn,p (f(-:zz)) (z1) — f(21,22) — %Zla_gl (21;22) -

Applying B, ; to the last expression with respect to z,, we obtain

> K11 -2k (k—1)
El=ZBm,q(fk)(Zz)[Bn,p(e';)(zl)—(e';)(zl)—gsz;—Zl - ]
k=2

= 3 (i Ck,j mQ( )(Zz)) [Bn,p (e’f) (21)—(611‘) (21)— %kzlf B zf—l(l —;;)k (k — 1):|.

k=2\ Jj=o

Passing now to absolute value with |zl| <r, zz| < ry and considering the estimates in the
proof of Theorem 2.1 and Theorem 2.2 in [1], we can write

{E1|<ZZ|C;< [(Q+q)r.]) [(k DA((p+ 1) ]

k=2 j—o

n2

- +ck,p[(p+1>r11“}

where A, = (k—1)[4(k—1)(k—2)+2] and C;, = (k—l)[p(Sk—4)+p2+k(4k—7):|.
Similarly,

n2

|E, | gi 1fi () [(k— DA (p+1) rl]k_l +Cp[(p+1) rl]kz]

n2

ii ck | (1+q)r2] [(k 1)Ak|:(p+1)r1:|

k=2 j=o

4y [(p+1)r1]“}
Then
(af( ZZ))(zl) Z O ( : (22) By () =)
= Z Z ckifz) Bup () (21)

k=0 j=1
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0
[ ( f( ZZ))(Zl)__f(zl 2)—2 8_51[%](21’22)

2
21(1 21) 92 f
2n  0z? [322]( 1’22)}

0o 00 e zk_l(l—z )k (k—1)
D L O e |

k=1 j=1

and

in the same way, we get

|E3’<ZZ|C1< |J (Q+1 7’2 |:(k I)Ak[(p+1)r1]k

e[+ 1)r1]“] |

k=1 j=1 n?

Similarly

2° < 0% fi

o 250 )00 =312 ) () o)
822 =0 b, 5
:ZZ Ck,jJ (j - 1)25231117 (el) (Zl)
k=0 j=2

and
B az(z)(z)— i O JON-F e I VO W€ Ml i
n,p aZ% 2 1 22 15 2 n 1821 a 15 2 on aZ% 523 1>%2

00 0 , 2K 11— 2k (k—1
:zzck,ﬂo—l)zﬁ[Bn,p(eﬁ)(zl)—(e';)(zl)—;sz— Lo )]

£l <3S e i G- Da+ )Y

2
=2 j=2 n

_2 [(k_l)Ak[(“ D] +ck,p[(p+1)rl]k2] |

Interchanging above the places of n and m we obtain a similar order of approximation for
zle(f)(zl,zz)ozan(f)(Zl,Zz)| therefore

zsz(f)(zl;Zz)ozan(f)(ZbZZ)| < |E1| + \E2| + |E3| + |E4|
1 1
P S
SMrl,rz(f)[nz + mz]
with MP'? (f) given by the statement. O

The Voronovskaja- type theorem will be used to find the exact order in approximation by
Bonpp ( f ) We present the following Theorem.
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Theorem 3. For fixed p,q € NU {0} and R; > p + 1, R, > q + 1 suppose that

f : P(0;R) — C is analytic in P(O;R) = D, % Dg,, that is f(2y,2,) = oo Z]. Ch,j%1 22 for all
(21,22) € P(O;R), R = (Ry;Ry). Denoting Hf”rl,r2 = SuP{|f(21;Zz)| : |Zl| =1, Z2| <r}iff
is not a solution of the complex partial differential equation

of 21(1_21)32f of 22(1—22) 32f

’ + 5 - 4
plé’zl > a2(122) CI232 5 a2(12’2) 4)
for any (2;,2,) € P(0;R), then we have
K
HBnnpp— Zrl’—rz’f,forallneN 5)
T r.ra n

where K, .. ¢ is independent on n.

Proof. We can write

Bn,n,p,p (f)(ZI’ZZ)_f (21’22)
2 P af z1(1—2;) a2f p 8f z5(1—2,) a2f
2
+% |:nz zan(f)Ozan(f)) (21,22)] +Rn (f)(zanZ)}
where
Rn (f)(zlzzz)
o 02
:g (Bn,p (f(zl)-)) (22)_f(21’22)_%zza_;;(zl’ZZ)_ZZ(lz—nzz) oz J;( 1’22))

d 1—2)0
+g(Bn,p(f(-:zz))(zﬂ—f(zl:zz)—5213_;[1(21:22) Zl( “1) f(ljzz))

2n 022
L2 ( (521 (zl: )) (22)_3%(21’22))
2n\ +z, (Bn,p(gzj;(-,zz)) (21)—5—;2(21:22))

1- o’ of [ 2>
= 4 2 (B (8 ];(, 2))(21) f( 21,25) — 2z azfl [ﬁ](zl,m))

NN

P4 (1—2 ) 2f azf p aZf af
+%(B (8 z(zl’ )) (22)_3_25(21’22)_E228_zf[8_22}(21’22))
21(1—21)25(1—25) 0%f
i 8n 32%823(21’22)

From Theorem 2.2 in [1] and by the reasonings in the above Theorem 2, it is immediate that
||Rn (f)”r1 y 0 as n — oo. Also, by Theorem 2 we obtain

M v (f) n(f)

n2
Tl Lnthon L, < =5
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which implies

2 2
ST

— 0, asn — ©Q.
1,1

Denoting

of 21(1—21)32f( 2 2)_|__ _f 2y(1 —2,) 3%f

EP 4 0z 275, 7 4 32(1’22)

H(Zl;zz) 221

and from the inequalities
”F + G“rl,rz = |||F||r1,r2 - ”G”rl,rzl = ”F”rl,rz - ||G”r1,r2

it follows

r15r2}

for all n > ng, with ny depending only on f,r; and r,. We used here that by hypothesis we
have ||H||,, , > 0.

”Bn,n,p,p —f ”rL

Il\J :I[\J

2
{nHurl .- —[nz(zsz(f)Ozan(f))]+Rn )
1
n2

S IHl = IIHIIr1 ry>

Z Arl >1'2,1,P (f)
1,12 n

which finally implies (5) where

1,19

Forn e {1, 2,...n9— 1} it is easily seen that ||Bn’n’p’p —f with

Arl,rQ,n,p (f) =

n,n,p,p _f

1
Krl,rz,f = max {Arl,rz,l,p (f) PR ,Arl,rz,no—l,p (f) ) 5 ||H||r1,r2} .

This completes the proof. O

Combining now Theorem 1 with Theorem 3 we immediately obtain the following exact
order.

Corollary 1. For fixed p,q € NU{0} andR; >p+1, Ry, >q+1 suppose that f : P(O;R) = Cis
analytic in P(0;R) = Dg, X Dg,, that is f(2,2,) = Do OZ], cx 25z for all (z,2,) € P(O;R),
R = (Rq;R,). Assume that 1<r, (p+1)ri <Ry, 1 <1y (q+1)ry <R, If f is not a solution
of the equation (4) then we have

|5

npp Sl T g

foralln e N.
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