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Abstract. We study how the proximity between two selfadjoint bounded operators can be ex-
pressed as a proximity between the associated spectral measures. Between two operators, we
use a classical distance. For projector-valued spectral measures, we introduce the notion of
a—equivalence, which is based on a partial order relation on the set of projectors. Assuming
an hypothesis of commutativity, we show that the proximity between operators is equivalent with
the proximity between the associated spectral measures. We develop the particular case where the
operators are compact, and give some illustrations.
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1. Introduction

The question of the association of a spectral measure (s.m.) with an operator is a usefull
technique, and often considered for the analysis of their properties ([4], [3]). Therefore, if
P is an orthogonal projector, and A a real, then A = AP is a selfadjoint bounded operator,
which associated s.m. is & = g P + 6, P. Besides, the null operator O is associated with
the s.m. &g = dol.

As ||JA— Ol = |\|, A and O are two selfadjoint operators as close as we want, as far as
we can get |[\| as small as we want. Nevertheless, let us consider the proximity between
their associated s.m.’s. For any B of a o—field defined on R, we have

E(B) = &r(B) = 00(B)PL + 0\(B)P — 6o(B)PL — 60(B)P = 0\(B)P — 6o(B)P.

So ||E(B) — Er(B)|| = |0x(B) — do(B)|, which maximum is obviously equal to 1.

This shows that the proximity between two s.m.’s, evaluated by sup{||E(B)—E&r(B)||; B €
Br}, is not appropriate to be linked with the proximity between their associated operators.
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In [2], we have seen how the proximity between unitary operators could be equivalent
with proximity between their associated s.m.’s.

In this paper, we develop tools for the study of the association between selfadjoint
bounded operators and s.m.’s. Our study of proximity is placed in this context.

In order to fix notation, Section 2 is devoted to the recall of some notions, as random
measure, spectral measure, space of the measurable applications of integrable square with
respect to a random measure, and projector-valued spectral measure. We introduce in a
third section the notion of a—equivalence, for « positive real, between two s.m.’s. This
concept of proximity can be translated by proximity between two selfadjoint bounded
operators, what we will develop in Section 4. The fift section will be dedicated to the case
of the compact operators, which is frequently encountered in numerical applications. A
numerical illustration is given in the last section.

2. Recalls

2.1. Orthogonal families of projectors

In this text, H, L(H) and P(H) are respectively a C—Hilbert space, the set of bounded
endomorphisms of H (which is a Banach space for the norm ||A| 2 = sup{||Az||; [|z]| = 1}),
and the set of the orthogonal projectors on H.

Let P; and P, be two elements of P(H), Py is said to be “less or equal” to Py, what
we denote P, < P, if PP, = P;.
This defines, on P(H), a partial order relation.

A family {P,;n € N} of elements of P(H) is said to be orthogonal when P, o P, = 0,
for any pair (n,m) of distinct elements of N. Then we can show that
a) for any X of H, the family {P,X;n € N} is summable;
b) the application P : X € H + ) P, X € H is an element of P(H) which we name
the sum of the orthogonal family of orthogonal projectors {P,;n € N} and which we
denote ), . Pn;
c) for any n of N, we have P, o P = P,.

We emphasize the fact that an orthogonal family of orthogonal projectors can be not
summable (as a family of elements of the Banach space L(H)).

The following first result, which can be easily proved, will be used in Section 3.

Lemma 2.1.1. If {D,;n € N} and {D];n € N} are two orthogonal families of
orthogonal projectors of respective sum D and D' such that D, < D), for any n of N,
then D < D'.

2.2. Random measure

Let & be a o—field of subsets of a set F. For any e of E, §. stands for the Dirac measure
defined on £ and concentrated on e.

A random measure (r.m.) defined on &, taking values in H, is an application Z from
¢ into H such that:
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a) Z(AUB) = Z(A) + Z(B) and < Z(A),Z(B) >= 0, for any pair (A, B) of disjoint
elements of &;

b) lim, 0 Z(Ay) = 0 for any sequence (Ay)nen of elements of £ which decreasingly con-
verges to ().

We then have the following properties.

a) The application uy : A € £ — ||Z(A)||? € Ry is a bounded measure;
b) there exists one, and only one, isometry from L?(E, &, uz) onto Hy = vect{Z(A); A € &}
such that for any A of £, ZA is the image of 14.

The stochastic integral of an element ¢ of L?(E, &, uy) with respect to the rm. Z, is
the image of ¢ by this isometry, and we note it [ ¢dZ.

For example, if {Z,,n € N} is a summable orthogonal family of elements of H, if
(en)nen is a sequence of elements of E such that {e,} € &, then, for any B of £, the
family {0, (B)Zn,n € N}, of elements of H, is summable. The application Z : B € { —
> nen e, (B)Zn € H is ar.m.. If f is an element of L?(puz), then {f(en)Zn,n € N} is a
summable family of elements of H, of sum [ fdZ.

In the all text, (E’,¢’) denotes a second measurable space. Let f be a measurable
application from F into E’. We can affirm the following.

a) The application f(Z): A’ € ¢ + Z(f~'A’) € H is a r.m., named r.m. image of Z
by f;
b) f(uz) = py(z);
c) if ¢’ is a element of L?(E', ¢/, Iif(z)), then ¢'o f belongs to LA(E, & uz) and [¢'df(Z) =
[ ¢ o fdz.

A stationary continuous random function (c.r.f.) (Xi)ier is a family of elements of H
such that the application ¢ € R +— X; € H is continuous and such that < X;, Xy >=<
Xy, Xo > for any pair (¢,¢') of elements of R.

There exists one, and only one r.m. Z, named r.m. assoctated with the stationary
c.r.f. (X¢)ier, defined on Bg, such that X; = [e“!dZ, for any ¢ of R.

Then we will say that two c.r.f.’s (X;)icr and (X])ier are stationarily correlated when
< X4, X], >=< X;_y, X, >, for any pair (¢,t') of elements of R.
This property can be expressed in terms of associated r.m.’s: if Z and Z’ are two r.m.’s

associated with two stationary c.r.f.’s, stationarily correlated, then, for any pair (A, A’) of
disjoint elements of Br, we have < Z(A),Z'(A") >= 0.

2.3. Spectral measure

A spectral measure (s.m.) € on £ for H is an application from & into P(H) such that
2) E(E) = In;
b) E(AUB) = E(A) + E(B), for any pair (A, B) of disjoint elements of &;
¢) limy,00€(A4,)X = 0, for any X of H and for any sequence (A, ),en of elements of £
which decreasingly converges to ().

Then we easily check the following properties.
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a) For any X of H, the application Zg cAef— E(A)X € Hisarm..

b) If f is a measurable application from F into E’, the application f(£): A’ € ¢ —
E(f~tA") € P(H) is aram. on & for H named s.m. image of € by f. For any X of H, we
have f(Z&) = Z])f(g).
Let us now examine more particularly the s.m.’s on Bg, the Borel o—field of R, for H.

Two s.m.’s & and &, on Bg for H, commute when, for any pair (A1, A2) of elements
of Br, &1(A1) and E2(Az2) commute.

If £ and & are two s.m.’s on By for H, which commute, then there exists one s.m., and
only one, on Bgr ® Bg for H, denoted & ® &3, such that & @& (A1 x Ag) = E1(A1) 0&2(As),
for any (Al, Ag) of BR X B]R.

We then name convolution product (or shortly convolution) of £, and &, and we denote

it &1 x &, the s.m. image of £ ® & by the measurable application S : (A1, \2) E R X R —
A+ Ao € R (cf. [1).

This convolution has got an identity element. More precisely, the application &g :
A€ Br — 00(A)Ig € P(H) is a s.m. which commutes with any s.m. &, on Br for H.
Moreover, £ x Egr = £.

When one of the elements of the product & * £ is concentrated on a countable family
of reals A = {)\;;j € N}, we get a result which seems natural for a convolution.

If £ is a s.m., on By for H, such that £ (A) = I, and which commutes with a second
s.m. &, on Bg for H, then, for any A of Bg, the set {E1({)\;}) 0 E2(A —Aj);j € N}, is an
orthogonal family of projectors which sum equals (€1 * £2)(A).

Let us end these recalls with algebraic properties of the convolution.

If £is a s.m. on By for H, if f; and fo are two measurable applications from R into
itself, then the s.m.’s f1(€) and f3(€) commute and (f1 + f2)(E) = (f1(E)) * (f2(E)).

If we denote by w the measurable application x € R — —x € R, then, taking into
account the previous results, for any s.m. &£ on Bg for H, we can write & * (w(€)) =
(Ir + w)(€) = O (€) = Er. This means that any s.m. £ has got its symmetric, the s.m.
w(&), for the convolution.

When it exists, the convolution is associative.
Finally, if & and & commute, then the s.m.’s £ and &1 * & also commute.

2.4. The space M(E,E)

Let £ be a s.m. on £, o—field of subsets of a set E, for H.

M(E,E) is the set of the measurable applications ¢, from E into C, such that
a) [ ]cp\Qdngg < +o0, for any X of H;

b) the set of the reals { [ |<P|2dﬂzgf§ | X]| = 1} is bounded.

Then, when ¢ is an element of M(E,E), we can consider the application &, : X €
H +— [pdZX € H, and we have the following property.

Proposition 2.4.1. For any ¢ of M(E,E), the application &, is linear and bounded.
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Proof. If ¢ is an element of M(E, ), then, for any (A, N, X, X’) of Cx C x H x H,
it belongs to L (1w + gy + Hgxe) (because [ |ld(uyaxinxs + pgx + pzxr) =
JlelPdupxcinx + [ lelPdugx + [ loPdp,x).

Takiné into account the properties of density of the indicator functions, ¢ can be
writen as follows.

@ = limy, 00 ZjeJn n 1B, ;5 |Jn| < +00, By j € Bg, in LQ(MZQXH’X’ + gy —I—,uzgy).
(2.4.1)

As |12, =

2 2 2 -
MZQX"')‘/X/ -thg(-‘rﬂzg(/) - H'HLZ(“Z‘?X-&-A’X’) + H'HLQ(MZg() =+ H-”Lz(uz‘g,)y the equal

ity (2.4.1) is exact in Lz(“ZQX“'X')’ LQ(,ng), and LQ(,ng(/). Integrating it successively

with respect to the r.m.’s Z§X+)‘/X/, Zg( and ngl, we have:
EgAX + NX') = im0 ey, angZe™ X (Byy),
EpX =limy o0 Zje]n anijg(ij),
Eo X =My 00 Y ey, OngZE (Bnj)-
Then the linearity comes from the fact that:
ZpXHNXU(B, ) = E(Bnj)AX + NX') = M(Byj) X + NE(Bn ) X' = MNZX (B ) + N ZX' (Bn,).
Finally, the continuity comes from the fact that, for any normed element X of H:
IEXIP =1 [ edZE|1? = [l dugyx <sup{[ lefdugy; || X[ =1} O
Now it is clear that M(E, ) has got a vector space structure, as a subspace of the
vector space of the measurable applications from E into C. From the linearity of the
stochastic integral, we deduce the following proposition.
Proposition 2.4.2. The application p € M(E,&) — E, € L(H) is linear.
Let us now approach a result close to the transfert theorem.
Proposition 2.4.3. When £ is a s.m. on &, o—field of subsets of a set E for H,

and when f is a measurable application from E into E', then, for any ¢ of M(E', f(£)),
we can affirm that @ o f belongs to M(E,E). Moreover, we have (f(€))y = Epoy-

Proof. The properties of a r.m. image allow us, for any X of H, to obtain:

Jleoo fPdugy = [lel* o fduzy = [lel*df(nzy) = [leldugx
so p o f belongs to M(E,£), because ¢ is an element of M(E’, f(£)).
Moreover,

(FE)X = [@dZg) = [ @df(ZE) = [ po fAZE = (Eor) (X),
for any X of H, what ends the proof. [J
Let us now introduce a new notion.

Definition 2.4.1. We say that a s.m. &, on Br for H, is bounded when there exists
a real a > 0 such that E(|—a,a]) = Iy.

This characteristic is stable by convolution as follows.

Lemma 2.4.1. If & and & are two bounded r.m.’s, on Br for H, which commute,
then £1 % €9 is also bounded.
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Proof. Because & and & are bounded, there exists two strictly positive reals a;
and ag such that Iy = & ([—a1,a1]) = &([—az,a2]). If we denote a = aj + ag, as
[—ay,a1[x[—az2,as[C ST [~a,a[, we can write

Iy = & @ E([—ar, a1[x[—az, a3]) < & @ E(ST [—a,a) = &1 * E([—a,al) < In,

then I'y = & * E(]—a, a), what ends the proof. O

Let us end this section by results which we will use later.

For any n of N, it is clear that the application j® : A € R — A" € C is measurable and,
when g is a bounded measure defined on Bg having a compact support, then vect{j", n €
N} is dense in L?(R, Bg, ). So, when & is a bounded s.m. on Bg for H, then vect{;",n €
N} = LQ(R,BR,uzg), this for any X of H. Moreover, j" belongs to M(R, &), so we can
consider the applications Ejn.

Lemma 2.4.2. If {D,;p € N} is an orthogonal family of projectors of sum I, if
(tp)pen= is a real sequence which decreasingly strictly converges to 0 and if we set pg = 0,
then we can affirm that
a) for any B of Br, {0,,(B)Dy;p € N} is an orthogonal family of projectors;

b) the application € : B € Br = 3y 0, (B)Dy € P(H) is a bounded s.m.;
¢) {upDp;p € N} is a family of elements of L(H), summable of sum &;.

Proof. For any B of Bg, it is clear that {d,,(B)Dy;p € N} is an orthogonal family
of projectors. If we denote by £(B) its sum, for any X of H, {6,,(B)D,X;p € N} is a
summable family of sum (£(B))X. As the set of the indexes is N, we can write

(E(B))X =limy 3564, (B)DpX,
and then
I(E(B)X|1? = limy || 327 6,0, (B)Dp X [|? = limp, 357 6, (B)|| Dp X ||?
— e 0, (B >||D X2, (2.4.2)
Of course, £(R) = I (because Z pen Dp = I). Moreover, if (B1, By) is a pair of disjoint
elements of Bg, we have
S(Bl U Bg) = S(Bl) + S(Bg),
because for any p of N we have:
dup (Bl U BQ)DpX = 5,u,p (Bl)DpX + 5Hp(BQ)DPX'

Let (Bp)nen be a sequence of elements of Bg which decreasingly converges to () and
X an element of H. In order to prove that £ is a s.m., it remains to be proved that
lim,, (€(Bn))X = 0.

For this, let us first recall that, if (ap)pen is a sequence of elements of R such that
ZpEN ap < 400, if {fnp; (n,p) € N x N} is a family of positive reals such that, for any p
of N, lim,, f, , = 0, and if f, , < a, for any (n,p) of N x N, then on one side, for any n of
N, the family {f,,;p € N} is summable, and on another side, lim,, ZpGN fap=0

Now let us apply this result to a, = || D, X ||? and fnp = 8, (By) || DpX||?, for any (n, p)
of N x N. It comes

limy 32 en O, (Bn) [Dp X || =
or, taking into account the result of (2.4.2),

(
lim, || ((Ba)X | =

SO
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lim,, (£(B,))X = 0.

So & is a s.m., and is clearly bounded (because, if we choose a such that {yu,;p €
N} C [~a,al, then £(C[—a,a]) = 0). When X is an element of H, from recalls of Sec-
tion 2.2, as {D,X;p € N} is a summable orthogonal family of elements of H, the family
{i(p)DpX;p € N}, and then the family {4,D,X;p € N}, is summable of sum [ jdZ¥,
and hence of sum £;(X). As the set of indices is N, we can write

EH(X) = limp 00 34— ik Di X

Let us consider € an element of R . There exists an integer N, such that py, < e
(because limy,u,, = 0). For any finite part J of N, disjoint of {0,1,..., N. — 1, N.}, we can
write

12 pes bpDpll < max{up;p € J} < pn, <e.

This allows us to affirm that {4, Dp;p € N} is a summable family of elements of L(H).

As the set of indices of this summable family is N, it comes
(ZpeN ppDp) X = (limy, 377 1y Dp) X = limy, 375 1y Dp X = E;(X),
taking into account what precedes. This ends the proof of point c). [

2.5. Spectral measure associated with an operator

Many monographs (see, for instance, Dunford and Schwartz, 1963, Riesz and Nagy,
1991) evoque an association between a s.m. £ and a selfadjoint operator A which allows to
express this last one as an integral: A = [ AdE(X). More precisely, we check the following.

Let A be a bounded selfadjoint operator. There exists one, and only one, bounded
s.m. &£, named s.m. associated with A, such that, for any X of H, AX = fdeéf. This
s.m. is such that [|A|| = inf{a € Ry;E([—a,a]) = I}

Without pretention of giving exhaustive explanations, we will give some indications on
the way the s.m. & is defined. If A is a bounded selfadjoint operator, it is easy to verify that
(e™4(X))ser is a stationary c.r.f., and we denote by Z¥ its associated r.m.. So we obtain a
family of stationary c.r.f.’s, which are pairwise stationarily correlated. From this fact, we
deduce, on one hand, that for any B of Bg, the application £(B): X € H — Z*(B) € H
is a projector, and on another hand, that the application £ : B € Bg — £(B) € P(H) is a
bounded s.m. such that A = &;, or, in other words, such that AX = fdeg, for any X
of H. For any a > [|A||, we can write

A =limy e S0z H(—a + E2)E([—a + k22, —a + (k +1)22)),

in £L(H), expression which evoques a Riemann sum associated with an integral of the
type [ AdE(N).

Let us now examine the following preliminary result.

Lemma 2.5.1. If £ is the s.m. associated with the bounded selfadjoint operator A,
then, for any n of N, we have A" = Ejn.

Proof. The proof is obtained by induction. In fact, if n is an integer such that
A" = Ejn, then, for any X of H, we have:

< A’f“.X,X >=< A"X, /llX >=< Ejn(g()iej())(() >:<ij"dzg<,fjdz§ >
=< 3" >L2(“Z§): fjnJr d,uzg( =< fjnJr dz ’fRdZS >=< gjn+1X,X >.
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Then A"+ = Ejn+1, what means that the property is true for n + 1. [

So the proposition follows.
Proposition 2.5.1. If A is a bounded selfadjoint operator of associated s.m. &, if

T is an element of L(H) such that T o A = Ao T, then, for any B of Br, T and E(B)
commute.
Proof. As frzrx + pgx has a compact support, for any B of Br, 15 can be writen as
g = limy, o0 X ey @Gmd™ ™, |Jm| < +o0, in L2(MZ£TX +pgx)- (2.5.1)
Equality (2.5.1) is exact in L?(u ng) and in L?(u Zg()a its integrations successively with
respect to the r.m.’s ZgX and Zg( give:
(E(B)TX = limy, 00 EjeJm A" TX, (2.5.2)
and
(E(B)X = limps00 ) je g, QjmA™™X,
hence
T(E(B))X = limpsyo0 ) je g, jmT A" X,
what, taking into account result (2.5.2), and as A™m o T = T o A" allows us to
write
E(B)oT =To&(B). O
This property has got its converse.
Proposition 2.5.2. If A is a bounded selfadjoint operator of associated s.m. &, if T
is an element of L(H) such that T o E(B) = E(B) o T, then, for any B of Br, T and A
commute.
Proof. Taking into account the property of density of the indicator functions, the
element j of LQ(,ngx + Nzg) can be writen as:
J =l 00 Y ey @jmlB; ., Bjm € Br, |Jm| < 400, in L2(MZ£TX + uzg)- (2.5.3)
The equality (2.5.3) is true in L?(p ng) and in L%(p Zg(), by integration with respect
to the r.m.’s ZgTX and Zg(, we have:
ATX = limps00 ) _je g, @jm(E(Bjm))TX, (2.5.4)
and
AX = limpm 00 ZjeJm jm(E(Bjm)) X,
hence
TAX = limm_mo ZjGJm Oéj7mT(5(Bj7m))X,
what allows, thanks to (2.5.4) and to the fact that T o £(B; ) = E(Bjm)oT, to write:
AoT =ToA. O
The following property is obtained combining these two last results.
Proposition 2.5.3. Two bounded selfadjoint operators A and A’ commute if, and
only if, their associated bounded s.m.’s commute.
We are now able to examine the main result of this section.
Proposition 2.5.4. If A and A’ are two bounded selfadjoint operators which com-

mute, of respective associated s.m.’s € and &', then € x £ is the s.m. associated with the
operator A + A’.
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Proof. Let us first notice that, because A and A’ commute, the bounded s.m.’s &
and & also commute. So we can consider the s.m.’s £ ® & and & * £’, this last one being
bounded.

Let us denote by P (resp. P’) the measurable application (A, \') € R? = X € R (resp.
(A, N) € R? i X € R). We easily verify that P(€ ® £') = £ (resp. P'(E®E') = &').

As & is a bounded s.m., j belongs to M(R, &), so to M(R, P(ERE")). Proposition 2.4.3
allows us to affirm that j o P belongs to M(R xR, ®E’) and that £ = (E®E')jop. In a
same way, we get £/ = (E®E’)jopr. The linearity of the application f € M(RxR,ERE’)
(E®E&") s € L(H) allows us to write:

Ei+& = (E@E&)jop+ (ERE)jopr

= (E®&)joprjor
= (E®E&)jos (2.5.5)
Besides, as j is an element of M(R, £xE’), so of M(R, S(ERE’)), from Proposition 2.4.3,

j oS belongs to M(RXxR,ERE’) and (S(E®E')); = (ERE)jos-
So, taking into account (2.5.5), we have
Sj +gj/ = (S(& ®5/))j = (8 *g/)j,
or also
A+ A = (5 * 5/)]',
what ends the proof. [J

3. The a—equivalence

In this section, we will examine a proximity relation between s.m.’s on Br for H. We
will frequently use the fact that, if B is a compact subset of R and « an element of R,
then B + [—a, a] is compact.

Definition 3.1. Let a be an element of R% , we say that two s.m.’s & and & are
a—equivalent, what we denote £ ~ &, when, for any compact B, we have
i) £1(B) < &(B + [—a,a]);
it) E2(B) < &1(B + [—a, ).

Remark. When two s.m.’s are a—equivalent, for any compact B, we have: & (B) <
(B + [—a,a]) < &1(B + [—2a,2a]). As far as « is small, the compact sets B, B +
[—a,a] and B + [—2a, 2a] are close together. It is also the case for the projectors & (B)
and &£(B + [-2a,2a]). So the projector (B + [—a, a]), which is between &;(B) and
E1(B + [—2a,2a)), is close to & (B). This induces the proximity between &£;(B) and
& (B).

Apparently, the relation of a—equivalence is symmetric, so the following property is
close to a property of transitivity.

Proposition 3.1. If three s.m.’s &1, € and &3 are such that & R E and & < &s,

/
where a and o are elements of RY., then & ot &s.

Proof. It is the result of the relations:
&1(B) € &(B + [—a,a]) < E((B + [—a,a]) + -, d]) = E(B+ [—(a+ o), a + ),
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and, in a symmetric way:

E5(B) < &(B + [-a/,a/]) < & ((B + [-a,o']) + [~a,a]) = E1(B + [~(a + '), a + o)),

for any compact B. [J

The a—equivalence provides a kind of continuity as follows.

Proposition 3.2.  If (an)nen is a sequence of elements of R which decreasingly
converges to o, element of R%, if & and E are two s.m.’s such that & < &, for any n
of N, then & ~ &,.

Proof. Let B be a compact. It is known that B + [—«a, a] = Npen(B + [—apn, an)).

As (B 4+ [—an, an))nen is a decreasing sequence of elements of By, for any X of H, the
properties of continuity of the r.m.’s allow us to write:

limy, 00€1(B + [—o, an]) X = limy, 500 22 (B + [—an, an))
= Zg, (Nnen(B + [~an, an)))
= Zz (B + [~,a])
=& (B+ [—a,a])X,
then
limy, 00 (E2(B))(E1(B + [—an, an])) X = (£2(B))(&1(B + [-a, a])) X.

As (E2(B))(E1(B + [—an, an])) X = E(B), because E(B) < E1(B + [—an, ay]), what
precedes lets us write (E2(B))X = (&(B))(E1(B + [—a, a]))X.

It is then clear that & (B) < &1(B + [—a, a]).

The relation &(B) < £1(B + [—a, a]) can be proved in a similar way, what ends the
proof. [J

When a s.m. is concentrated on the neighourhood of 0, it is close to Eg, this is what
is expressed in the following result.

Proposition 3.3. A s.m. £ is a—equivalent to Er if and only if E([—a, a]) = Ip.
Proof. Let £ be a s.m. such that £([—«, a]) = Iy. Let us consider a compact B. If

0 € B+[—a,a], then £(B) <« Iy = Er(B+[—a,a]). If0 € B+[—a, a], then BN[—a,a] =0
and then 0 = £(B N [~a, a]) = (E(B))(E([—a, o)) = E(B) < &a(B + [~ a]).

In both cases we have E(B) < Er(B + [—a, a]).

In order to prove that Eg(B) < £(B + [—a, a]), we also have two possibilities.

Either Er(B) = Iy, either Er(B) = 0.

In the first case, 0 € B and then [—a, o] C B+[—a,a], s0 Er(B) = Ig = E([—a, a]) <
E(B + [—a,q]).

In the second case, Eg(B) = 0 < E(B + [—a, a)).

So we can conclude to the a—equivalence between the s.m.’s £ and &.

As for the converse, it comes from the relations

I = &r({0}) < E({0} + [, 0]) = E([~a,a]) = Iy. O

Let us now start the study of the transmission of the a—equivalence through convolu-
tion. First of all, let us introduce a preliminary result.

Lemma 3.1. Let £ and &' be two s.m.’s which commute. If £ is a—equivalent with
Er, then &'« E R &',
Proof. For any compact B of R,
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R x [~a,a])NS™IB C (B + [~a,q]) x [~a,q],
and we can write, from the fact that £([—a, a]) = Iy:
(& xE)(B) =(&®&)(S™B)
=(E"RE(R X [—a,a]) (&' ®E)(S™IB)
=(E"E)(R X [~a,a]) N S™IB)
< (€@ EN(B+|—aa]) x [-a,a))
=& (B+ [, ql).
Moreover, as B x [—a,a] C ST B + [~a, a]), we also have
E'(B) =& ®&E(BX|[—a,a])
<& RESHB+ [~a,q]))
=& xE(B+ [—a,q]),
what allows to conclude. [
Let us now examine the case where a s.m. is concentrated on a countable family.

Lemma 3.2. Let A = {\,;;n € N} be a countable family of reals, and &€ be a s.m.
such that E(A) = Iy. If & and & are two a—equivalent s.m.’s which commute with &,
then € x &1 ~ & % &.

Proof. Let B be a compact of R. From Section 2.3, we can affirm that

i) {E{M}DE(B — A\p);n € N} is an orthogonal family of projectors which sum is
E % ng;

i) {€{An})E2(B + [—a,a] — A\p);n € N} is an orthogonal family of projectors which
sum is £ x E2(B + [—a, o).

As the s.m.’s £ and & commute and from

E1(B—M\y)o&(B+ [—a,a] — ) = E1(B — M),
(because £; ~ &) we can write
E{ANEUB = A)E{An})E2(B + [—a,a] = An) = E{An})E1(B — An)E2(B + [—a, a] — An)
= 5({)‘71})51(3 - )‘n)a
and so
5({)‘71})51 (B - )‘n) < 5({)‘71})52(B + [_ava] - )‘n)y
this for any n € N. From the recalls of Section 2.1, we can affirm that
Ex&1(B) < ExE(B+ [—a,ql).
Conversely, we could prove that
Ex&E(B) < Ex&E(B+ [—a,a)),

what allows to conclude. [J

A discretization of R allows to approximate any s.m. by a s.m. concentrated on a
countable family. For this, let us denote by L,, the measurable application r € R — [anc] €

R, where n is an element of N* and [nz]| the integer part of nz. Then the proposition
follows.

Proposition 3.4. For any n of N* and for any s.m. £, we can affirm that
a) Ln€ *x wE i Er;
b) L,E i E.

Proof. It is easy to verify that, for any x of R, —% < (Lp+w)(x) <0,
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we deduce from this that (£, +w) [~ 1] =R.
So it comes
(Ln +w)E([—7, 7)) = E(Ln +w) =7, 7)) = ER) = .

n’n n’n
1

Then, from Proposition 3.3, (£, + w)E 2 &g, or in other words
1

(LnE) % (WE) ~ &g, and Point a) is proved. As for Point b), it is a consequence of
Point a) and of Lemma 3.1. [

This last property lets us generalize both Lemma 3.1 and Lemma 3.2.

Proposition 3.5. If & and & are two a—equivalent s.m.’s, which commute with a
third s.m. &, then we have & x &, ~ & x &,.

1
Proof. For any n of N*, we can affirm that £,€ x w& % &g.

As the sm.’s £,€ x w€E and & * &, commute, Lemma 3.1 allows us to write

1
(L€ xwE) x (Ex &) ~ E &y,
or, taking into account the associativity of the convolution,

1
L,E€*xE ~ExE. (3.1)
In a similar way, we can prove that
1
[,ng * 52 ~Ex 52. (32)

As £,€ is a s.m. concentrated on a countable family, and as £ ~ &, Lemma 3.2 lets
us write:
Lo, %E R L€ *Es. (3.3)
From relations (3.1), (3.2) and (3.3), we deduce

oc—&-%
Ex&E ~ExE.
As the sequence (a + %)HGN* decreasingly converges to «, Proposition 3.2 allows us to
conclude. [

4. Proximity between operators and a—equivalence

If £ is the s.m. associated with a bounded selfadjoint operator A, then E([—||A]l, ||Al]]) =
Iy7, and Proposition 3.3 induces the following result.

Proposition 4.1. If £ is the s.m. associated with a bounded selfadjoint operator A,

A
then & ”N” R-

This means that if A is close to the null operator O, then the s.m. £ is close to &g,
the s.m. associated with O. Indeed, as Zg; = 0o(.)X, it comes (Er); X = [ jddp(.)X =
j(0)X =0, for any X of H.

So it seams that the proximity between operators can be transposed to s.m.’s. The
following result lets us approach this aspect.

Lemma 4.1. If A and A’ are two bounded selfadjoint operators which commute, of
respective associated s.m.’s € and &', then €x(wE') is the s.m. associated with the bounded
selfadjoint operator A — A’.
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Proof. It is clear that if £ is the s.m. associated with A’, then w&’ is the s.m.
associated with —A’. Indeed, from one side, w&’ is bounded, and from another side, we
have

(wE"); X = [jdZXe = [jdw(ZE) = [jowdZE = [ —jdZE = —A'X,

for any X of H.

So, from Proposition 2.5.4, the s.m. associated with A — A" is € x (w&'). O

We are now able to enunciate a property which generalizes the previous result.

Proposition 4.2. If A and A’ are two bounded selfadjoint operators which commute,
A-A
of respective associated s.m.’s € and &', then & Azl £

Proof. As &xwf’ is the s.m. associated with the bounded selfadjoint operator A — A’,
Proposition 4.1 allows us to write

A-A

E xw&' Azl ER.

As &' commute with £ * w€’, Lemma 3.1 allows us to affirm that
A—A

E % (Exwk') gl &,
so that
A—-A’
g ” ~ ” 6/’
and the property is proved. [
The following property is, in some way, the converse of the previous one.

Proposition 4.3. Let £ and £’ be respectively the s.m.’s associated with the bounded
selfadjoint operators A and A, which commute. If £ and &' are a—equivalent, then ||A —
Al € a.

Proof. The hypothesis of the Proposition can be writen £ ~ &'. As wE’ commutes
with £ (because £ commutes with &), Proposition 3.5 allows us to write

wE * E R wE x &,

that is
ExwE' ~ Eg.

From Proposition 3.3, we have then
Exwl'([—a,al) = Iy.

But, as ||A — A'|| = inf{a € R%,E x w&'([—a,a]) = Iy}, because € x w&’ is the s.m.
associated with A — A’. We have then ||A — A’|| < «, what allows to conclude. O

The notion of a—equivalence is a good translation of the proximity of s.m.’s associ-
ated with two operators, because of the equivalence with the closeness of the associated
operators.

Remark. From Proposition 4.2, when two self-adjoint bounded operators which com-
mute are close together, the same happens for their respectively associated s.m.’s, accord-
ing to the a—equivalence. We examine here an example where, when the commutativity is
not satisfied, the proximity of the operators does not imply the proximity of the associated
s.m.’s. It illustrates the necessity of this hypothesis for this proposition.

Let us consider two elements y and h of H such that < y,h >= 0, ||y||*> + ||2|*> = 1,
lyll.||A]l # 0, and ||A|| < %. Let 2 =y +h and 2’/ =y — h.
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It is clear that P = 2z ® x and P’ = 2/ ® 2/ are orthogonal projectors such that
|P— Pl <2|n] < b.

We can easily verify that < z,2’ ># 0 and that {z,2'} is a free family.

From these last two points we can deduce that P and P’ do not commute. So the self-
adjoint bounded operators A = AP and A’ = AP’, X being an element of R*, also do not
commute. The s.m.’s respectively associated with A and A’ are, with obvious notation:

E= 50(.)PL + (A()P and £ = (50()Pi + 5)\(.)P/.

A-A’
If we assume that &’ el &, then we have:

Pl = &40} < E({0} + [-[|A = A, [[A = A'[l]) = E([—]|A = A, A= A'l]) =
Py +ox([=A= A", |A = A[[)P = Py (because A & [-[|A — A'[[, [|A — A"[[]).

So P < P’ and then PP’ = P'P = P, what is the opposite of the hypothesis made at

A—A/
the beginning. So the relation &’ il £ is false.

5. The case of compact operators

In this section we will examine the particular case of the compact selfadjoint positive
operators. This particular case plays an important role in various fields of mathematics,
and in particular, in statistics, the covariance operators belong to this family. It is well
known that any compact operator is the limit, in L(H), of a sequence of finite rank
operators (A, )nen. Moreover, when A is positive and selfadjoint, the operators A, are
linear combinations of projectors. More precisely, we have the following.

If A is a positive selfadjoint compact operator, which image is of infinite dimension,
we can say that

— there exists a real sequence (\,)p,en which strictly decreasingly converges to 0,

— there exists a family {P,; p € N} of orthogonal projectors such that, for any p of N,
P, # O and dimImP, < 4o0.

This real sequence and this family of projectors are such that

a) the family {\,P,;p € N} of elements of L(H), is summable of sum A;

b) {Ap;p € N} is the family of the eigenvalues of A, different from 0;

c) for any p of N, ImP, is the eigenspace of A associated with the eigenvalue Ay;

d) if we denote by D the projector, sum of the orthogonal family of projectors {Pp;p €
N}, then KerA = Im(I — D).

Let us set pg = 0, Dy = I — D and, for any p of N*, u,, = \,_1 and D, = P,_1. Then
we can affirm that

a) for any p of N*, p, is the p'" largest eigenvalue of A;

b) ImD), is the eigenspace associated with the eigenvalue fi,;

c) the family {p,Dp;p € N*}, of elements of £L(H), is summable of sum A;

d) ImDy = KerA4;

e) {Dp;p € N} is an orthogonal family of projectors of sum I.

With these notation, we can write the following result.

Proposition 5.1. If, for any p of N*, we denote by u, and D, respectively the p—th
greatest eigenvalue and the associated eigenprojector of A, positive selfadjoint operator, if
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we set o =0 and Dy = I — ZpGN* D, then,

i) for any B of Br, {0,,(B)Dy;p € N} is an orthogonal family of projectors;

i) the application € : B € Br > > o0y, (B)Dy € P(H) is the bounded s.m. associated
with A.

Proof. It is clear that {D,;p € N} is a family of orthogonal projectors of sum Dy +
Y1 Dp=1-D+3 yPn=1
As (p1p)pen+ is a real sequence which strictly converges, Lemma 2.4.2 lets us affirm that
a) for any B of Bg, {d,,(B)Dp;p € N} is an orthogonal family of projectors;
b) the application £ : B € Br +— e 0y, (B)Dp € P(H) is a bounded s.m.;
c) {ppDp;p € N} is a family of elements of L(H), of sum &;.
To complete the proof, we need to verify that £ = A, that is that the summable
families {\,Pp;p € N} and {p,Dp;p € N} are of same sum.
Therefore, as the set of indices of these families is N, we can write
& = limp Y0 pupDp = poDo + limy 0 p1p Dy
= lim,, Zzzl An—1Pn—1
= lim, 720 APy
=limy, > AP
= A,
what ends the proof. [J
Remark. From properties of a partition of the set of the indexes of a summable family,
we can affirm that, for any B of Bg, the family {D,;;n € N such that p,, € B} is summable
of sum &(B).

Let us now examine how the results of the previous section will express in terms of
eigenspaces of two compact operators.

Proposition 5.2. Let Ay and As be two selfadjoint compact operators which commute.
For any (i,p) of {1,2} x N*, let us denote respectively by /1,; and D;, the p—th largest
eigenvalue of A; and the associated eigenprojector. Then for any p of N*, we have
D! <« > D? < > D}, with a = ||A; — As||.

k:pp—a<p? <upl+o k:pp—2a<pu; <pp+2a

Proof. This proposition is a direct consequence of Proposition 4.2. Indeed, let us
denote by & and & the respective bounded s.m.’s associated with the operators A; and
As. As ||A; — Ag|| < o, and as A; and Ay commute, we have & ~ &. Then, for any p
of N*,

E1{mp}) < Eallpy — a5y, + al) < En([py — 205y, + 20]).

In other terms, taking into account the previous remark:

D;% < Zk:u}]fag,uiguzl,+a Dl% < Zk:,ull,72a<,u}€<,u},+2a Dli 0

Of course, if A and Ay are close enough such that in the interval [u), — 2a; u), 4 20
there is no other eigenvalue of A; than ull,, then we have the following.

Corollary 5.1. Let A1 and Ay be two selfadjoint compact operators which commudte.
Let o = ||A1 — Asl| and, for any (i,p) of {1,2} x N*, let us denote respectively by u; and
D, the p—th largest eigenvalue of A; and the associated eigenprojector. We can affirm
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that if pi — pd > 2a, then D% = Z Di. Moreover, for any integer p > 2, if
k:py—a<pi<pl+a
T _ 1 e 11 1_ 2
Pp—1 — Hp > 200 and if p, — pi,,4q > 2a, we have D), = Z D;.

kpl—a<p?<pl<o

Proof. It is enough to notice that if u} — ud > 2a, then {k € N;pui — 2a < u,lf <
ul +2a} = {1} and then Zk:u;—a<u}€<u}j<a D} = D}, so the first point is proved, thanks
to Proposition 5.2. The proof of the second point is analog if we remark that, from
hypotheses, we have {k € N; le) —2a < puf < ,u}? +2a}={p}. O

Remark. There exists at least one eigenvalue, of Ay, which belongs to [M;l; —a, ,ué +al.

6. Numerical illustration

Let {P;,j = 1,...,k} be a set of orthogonal projectors from RP into RP, {\;,j =
1,...,k} be a set of real values, and, for any j of {1,...,k}, ()\%)neN be a sequence of
real values converging to A;. Then, the sequence of the selfadjoint operators (A, )nen,
where A, = Z?Zl )\%Pj, converges to the selfadjoint operator A = Z?Zl AjP;. Each A,
obviously commutes with A.

So ((e“A“ )teR)n N is a sequence of sets of unitary operators which converges to (e

If X is a random vector which takes values in RP, Y, = Re(((e"")X) teR):
Re stands for the real part, is a continuous random function, and the sequence (Yy,)nen
converges to the continuous random function ¥ = Re(((e™4)X) teR)-

The associated s.m. of this last c.r.f. is &€ = Zle dx; (-)P; X, and the rm. is pz, =
31 0, I P

In order to give a simple graph illustration, we consider here the case where p = 2, and

compute simulated sequences of Y,,, with X randomized from the normalized Gaussian
distribution, (A1, A2) = (0.4,2), and (AL, A\2) = (0.4 +1/2n,2 — 1/n).

“A)er.

where
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Processes Y(t) and Yi(t), for i=1, 2 and 20

04

Yity)

0.0
I

-02
1

Figure 1: Variations of Y, (t) for three values of n, t varying, in regard with the limit process Y ()
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Figure 2: Variations of Y, (t) for two values of ¢, n varying, in regard with the limit value Y'(t)

In Figure 1, we see that the most n is high, the nearest the curve Y,, is close to the
curve Y. As for Figure 2, it shows how, for ¢ small (equal to 1) and then ¢ higher (equal to
10), convergence is reached. We can notice that the more ¢ is high, the fastest convergence
is reached.
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