EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS

Vol. 9, No. 2, 2016, 165-174
ISSN 1307-5543 — www.ejpam.com

A Note on Positivity of One-Dimensional Elliptic Differential
Operators

Allaberen Ashyralyev' and Sema Akturk®*

! Department of Elementary Mathematics Education, Fatih University, 34500 Buyukcekmece, Istan-
bul, Turkey,

Department of Mathematics, ITTU, 74400 Gerogly Street,Ashgabat, Turkmenistan

2 Department of Mathematics, Fatih University, 34500 Buyukcekmece, Istanbul, Turkey

Abstract. We consider the structure of fractional spaces E,(C (R+) ,A) generated by the positive dif-
ferential operator A defined by the formula Au(t) = —u,.(t) + u(t) with domain

DA)={u:u,,uc C(]R+),u(0) =0,u(c0) =0},

where R, = [0, 00). It is established that for any 0 < @ < 1/2, the norms in the spaces E,(C (R+) ,A)
and C2* (]RJr) are equivalent. The positivity of the differential operator A in C2* (R+) is established.
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1. Introduction

It is well-known that various local and nonlocal boundary value problems for partial differ-
ential equation can be considered as an abstract boundary value problem for ordinary differ-
ential equation in a Banach space E with a densely defined unbounded operator A. Therefore,
the study of various properties of partial differential equations is based on the positivity prop-
erty of the differential operator in a Banach space [6-8]. Many researcher have studied the
positivity of wider class of differential operators (see [12] through [23]).

An differential operator A densely defined in a Banach space E with domain D(A) is called
positive in E, if its spectrum o4 lies in the interior of the sector of angle ¢, 0 < ¢ < m,
symmetric with respect to the real axis, and moreover on the edges of this sector

Si (ap) ={pe¥:0< p < o0}
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Sy () ={pe ¥ :0<p < o0},

and outside of the sector the resolvent (A—A)~! is a subject to the bound (see, [6])

M
1+|A|

”(A_ A)_l HE—>E <

The infimum of all such angles ¢ is called the spectral angle of the positive operator A and is
denoted by ¢(A) = ¢(E,A). The operator A is said to be strongly positive in a Banach space E,
if p(E,A) < 7.

Throughout the paper, M will denote positive constants which can be different from time
to time and we are not interested to precise. To stress the fact that the constant depends only
ona,f,..., we will write M(a, f3,...).

For a positive operator A in the Banach space E, let us define the fractional spaces
E,=E,L(E,A)(0 < a < 1) consisting of those v € E for which the norm

IVllg, = sup A“AA +A) " vlIg + IVl
A>0

is finite.

It is well-known that from the positivity of operator A in the Banach space E it follows the
positivity of this operator in fractional spaces E, = E,(E,A)(0 < a < 1).

In this study, we consider the second order differential operator

Au(t) = —u,(t) +u(t) (1

with domain
D(A) = {u:u,,ueC(R,),u(0)=0,u(co) =0},

where R, =[0, 00).
The Green’s function of A is constructed. The positivity of the operator A in the Banach
space E=C (]R+) with norm

lellcge,y=supleto

is proved. Moreover, the structure of the fractional spaces E,(E,A), a € (0,1/2) are established
and the positivity of A in the Holder spaces C2* (R+), a € (0,1/2) is established.

2. Green’s Function of A and Positivity of A in C (]R+)

To find the Green’s function of operator A we need to solve the resolvent equation
Au(t)+ Au(t) =(t), 0<t < o0
or

{—u“(t) +(1+Du(t) = (1), 0< t < oo, -

u(0)=0, u(co)=0

Let us give a lemma that will be needed below.
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Lemma 1. For A > 0, equation (2) is uniquely solvable and the following formula holds:

oo
ut)=A+1) ()= f G(t,s)p(s)ds 3
0
where
e—\/mn—sl _e—m&ﬂ)
G(t,s) = , t,s>0.
(t,5) 2V1+ A

Now, we will prove the positivity of A in the Banach space C (R+).

Theorem 1. For A in the sector &, ={A = 0e'%;10| < o < m/2}, the following estimate holds:

~ M(¢o)
lAa+ 27 le@yocmy < 7o) N

where the resolvent (A+ A)™* defined by formula (3).

Proof For A = |Alel¥ € 2, we have 1+ A4 = 1+ Alel, 2 < ¢ < @ < 5. Then,
VIF+A=1+A"2e% with ) < Z. Clearly, we have

‘\/1”’: 11212 cos + A2 = M(po) /I + AL )

Using formula (3), estimate (5) and the triangle inequality, we get

oo

HfHC(R+)

Ll GO B R VS RVA R Y [N
M(po)v1+IA| )

A+ ()] <

t [ee]

SM f o~ M)V THAI(E=5) g5 4 J M)V THAIG=0) 4
M(po)v/1+]A|

SM(SOO).
1+]|A

0 t

This finishes the proof of Theorem 1. O

Now, we will introduce the Banach space C2* (R+) (0 < a < 1) of all continuous functions
¢ (x) defined on R, and satisfying a Holder condition for which the following norm is finite:

lp(t1) —p(t5)]
lollczaqr, ) = llell + sup ———————.

c? (R+) C(R+) t#t |t1—f2|2a
t1,t,€R,



A. Ashyralyev, S. Akturk / Eur. J. Pure Appl. Math, 9 (2016), 165-174 168

3. The Structure of Fractional Spaces E,(C (]R +) ,A)
Theorem 2. For a € (0,1/2), the Banach spaces E,(C (]R+) ,A) and C** (]R+) are equivalent.
Proof. Let A> 0 and t > 0. From formula (3) it follows that
1
A+ 2O =2 350+ 0]

-1 1 - -1
— O+ 2] O - e 0|

__1 1 —VTHRAt=s| _ —VTFA(t+s) _
_Hlf(t)msz(e ¥ VIR (£ () — £ (5)) ds.
0

Then, by this formula, the triangle inequality, and the definition of C2% (]R+) —norm, we have

[ [ele)
1% Aa+1
A%A(A+ A —1 O <m + ‘ —V1+A|t—s| _ —v1+A(t+s) t— 2ad
a2 0] < [l | Ty + 5y [ fer T e T
B 0
[ 0
A 1 ey
<M A0l | VIRl g2a g | 6
”f“CM 1+ A mf | | ( )
L 0
The substitution +'1 + A|t —s| = p yields that
o] t oo )
—V1+A(s—t
Je—\/l+llt—s| |t—5|2ad5 :f e—v1+l|t—s| |t—s|2ads+ € (s |S— t|2ads
2V1+ A
0 0 t
0 (e3¢
2a 2a
=— f e_Pp—ldp+Je_pp—ldp
(1+A)**2 (1+A)**2
VIFAt 0
2
S—IF(ZOH-l) (7)
(1+2A)*tz

where I'(+) is the gamma function.
Thus, from estimate (7) it follows that estimate (6) becomes

a — A a 1
[A%A@+ 207 F (0] < M ||f | gao [m +2 “WM(OO] < M@ f|lcau-

Hence, we get

sup sup |A°‘A(A+ )L)_lf(t)l < M(a) ||f ||ngl
A>0te[0,00)
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or

I

Eac) = M(a) Il o -

Therefore, we prove
C?*(R,) € E4(C(R,),A).

Next, let us prove that E,(C (R+) ,A) c C¢% (R+). Clearly, for a positive operator A in a

Banach space E, we have
(e9)

y= JA()L +A)2vdA.
0
By this fact, for t + 7 > t > 0, we have

oo oo

f(t)=JA()L +A)—2f(t)d/1=f(x +A) A +A) T (HdA
0

0

1 — VIt _ —V/IFA(t+s) -1
= — e —e AL+A s)dsdA, (8)
J f AT JA+ A7)
0 0
and
(e olee)
1 —V1+A|t+T—s| —V1+A(t+7T+s) —1
t+7)= — e —e AA+A s)dsdA. 9
£( )HNH_A(v v AR +A)f(5)
00
Clearly,

Ifller,) < M(a). (10)

From equations (8) and (9) it follows that

(e’e] t
fle+)—f(@) _ AT 1 (e—w/l-i-_klt+r—s| _ o~ VIFA(t+7+s) _ j—VTFAlt—s| _ e—m—mm)
T2 2/1+ A T2
0 0
X AYAA +A) L f (s)dsd A
[ele) t+7T
N A1 (e_./_1+x|t+f—s| _ o VIHAt+THs) _ p—VIFAG—) _ e—w/_1+7t(s+t))
2/1+ A T2
0 t
X AYAA +A)Hf (s)dsd A
oo oo
n A L (e—\/1+llt+f—s| — o VIFA(t+T4s) _ o=VIFA(s—1) _ e—Vl+)L(s+t))
2/1+ A T2

0 t+7
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x A*A(A +A)"f (s)dsd A

:Jl +J2 +J3
Clearly, we have
1—e V7 < (14 )72, an
Using estimate (11), the triangle inequality, and the definition of E,—norm, we obtain
[oe) t
At 1 T Alt+o—s| _ —VTFA T At—s| _ —TTA
Jql < X — ‘e 1+A|t+T s|_e 1+7L(t+T+s)_e 1+Alt s|_e 1+A(t+s) dsd A
/1] ”f”C(Ea)J ST " v2a J
0 0
o
AT 1
< ————(1—eV*7)dA
”f”C(Ea)J 511 7) 2% ( )
0
1 [oe)

=If e, f AL (1o ans f D W S AP

2(1+A) t2a 2(1+A) t2a
0 1
<M()f llece,)- (12)
In the same manner, we get
lJol <M ()IIf llcee,), (13)
[Js| <M (@)IIf llcee,)- 14

Estimates (12)-(14) yield that
lf(t+7)—f (1)l

sup L2 < M(If llege,)- (15)
0<t<t+T<00 T
Therefore, estimates (10) and (15) finish the proof of Theorem 2. O

From the positivity of an elliptic operator A in the Banach space C (R+) and estimate (9)
it follows the positivity of this operator in Banach spaces C2* (]R+).

4. Applications

In this section, we will consider some applications of Theorems 1-2.
First, we will consider the boundary value problem for the elliptic equation

2%u(tx)  2%u(t,
— g(fzx) — ggfzx) +6u(t,x)=f(t,x), 0<t<T, x€R,,

u(0,x) = ¢(x), u(T,x) =y (x), x €R,, : (16)
u(t,0)=0, 0<t<T

Here, ¢(x), ¥(x) and f(t, x) are sufficiently smooth functions and they satisfy every compat-
ibility conditions which guarantee the problem (16) has a smooth solution u(t,x). Assume
that the assumption of the uniform ellipticity holds.
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Theorem 3. Let 0 < 2a < 1. Then for the solution of boundary value problem (16), we have the
following coercive stability inequality

ueellecczaqr,y + ulleicera,yy < M(@) [lllcarzar, ) + 1 llcarzaqr, ) + 11f llocerar, ) -

The proof of Theorem 3 is based on Theorem 2 on the structure of the fractional spaces
E,(C(R,),A), Theorem 1 on the positivity of the operator A, on the following theorems on
coercive stability of boundary value for the abstract elliptic equation and on the structure of
the fractional space E/, = E,(E,A'?) which is the Banach space consists of those v € E for
which the norm

A2 (A+AY2) Ty

[Ivllg, = supA® IVl
A>0 E
is finite.
Theorem 4 ([5]). The spaces E,(E,A) and E;a(Al/Z,E) coincide for any 0 < a < %, and their
norms are equivalent.

Theorem 5 ([7]). Let A be positive operator in a Banach space E and f € C([0,T],E.) (0 <
a < 1). Then, for the solution of boundary value problem

17
w(0) = o, u(T) =) a7

in a Banach space E with positive operator A the coercive inequality

{—u”(t) +Au(t)=f(£), 0<t<T,

M
I leo,r1,er) + lAulleo,r1,81) < M [HA(PHE(; + AP ||z + m“f”c:([o,ﬂ,%)]

holds.
Second, we will consider the nonlocal-boundary value problem for the elliptic equation

2%u(tx)  2%u(t,
— g(fzx) — ggfzx) +6u(t,x)=f(t,x), 0<t<T, x €R,,

u(0,x) =u(T,x), u(0,x) =u,(T,x), x €R,, . (18)
u(t,0)0=0,0<t<T

Here, f(t,x) is a sufficiently smooth function and they satisfies every compatibility conditions
which guarantee the problem (18) has a smooth solution u(t, x). Assume that the assumption of
the uniform ellipticity holds.

Theorem 6. Let 0 < 2ma < 1. Then for the solution of boundary value problem (18), we have
the following coercive stability inequality

lueell oo,y + lullocrram, yy < M(@)IIf llecc2acm, y)-

The proof of Theorem 6 is based on Theorem 2 on the structure of the fractional spaces
E,(C(R,),A), Theorem 1 on the positivity of the operator A, Theorem 4 on the structure of
the fractional space E/, = E,(E,A?) and on the following theorem on coercive stability of
nonlocal boundary value problem for the abstract elliptic equation.
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Theorem 7 ([7]). Let A be positive operator in a Banach space E and f € C([0,T],E.) (0 <
a < 1). Then, for the solution of the nonlocal boundary value problem

19

—u"(t)+Au(t)=f(t),0<t<T,
u(0) =u(T),u’'(0) =u'(T)

in a Banach space E with positive operator A the coercive inequality

Vi
u / + Au / S P EEE— /
Il Neqo,ry ey + lAulleqo,r ey < - 0—a) I1f lleo,r1.E7)

holds.

5. Conclusion

In the present article, the structure of the fractional spaces E,(C(R,.),A) generated by the
one-dimensional elliptic differential operator A is investigated. The positivity of this opera-
tor A in Banach spaces is established. Of course, the difference operator A; approximates to
the operator A can be presented. The positivity of this operator A;, in Banach spaces can be
established.
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