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Abstract. The purpose of this paper is to introduce the intuitionistic fuzzy Zweier I-convergent
double sequence spaces QZ(I# ) (M) and QZ({(# ) (M) defined by Orlicz function and study the fuzzy
topology on the said spaces.
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1. Introduction and Preliminaries

After the pioneering work of Zadeh [29], a huge number of research papers have been
appeared on fuzzy theory and its applications as well as fuzzy analogues of the classical the-
ories. Fuzzy set theory is a powerful hand set for modelling uncertainty and vagueness in
various problems arising in field of science and engineering. It has a wide range of applica-
tions in various fields: population dynamics [3], chaos control [5], computer programming
[6], nonlinear dynamical system [7], etc. Fuzzy topology is one of the most important
and useful tools and it proves to be very useful for dealing with such situations where the
use of classical theories breaks down. The concept of intuitionistic fuzzy normed space
[25] and of intuitionistic fuzzy 2-normed space [21] are the latest developments in fuzzy
topology. Recently V. A. Khan and Yasmeen([12], [13]) studied the intuitionistic fuzzy
Zweier I-convergent sequence spaces defined by modulus function and Orlicz function.

The notion of statistical convergence is a very useful functional tool for studying the
convergence problems of numerical problems/matrices(double sequences) through the con-
cept of density. The notion of I-convergence, which is a generalization of statistical con-
vergence [4], was introduced by Kostyrko, Salat and Wilczynski [14] by using the idea of I
of subsets of the set of natural numbers N and further studied in [22]. Recently, the notion
of statistical convergence of double sequences x = (z;;) has been defined and studied by
Mursaleen and Edely [20]; and for fuzzy numbers by Savag and Mursaleen [26]. Quite
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recently, Das et al. [15] studied the notion of I and I*- convergence of double sequences
in R.
We recall some notations and basic definitions used in this paper.

Definition 1. Let I C 2V be a non-trivial ideal in N. Then a sequence © = (zy) is said
to be I-convergent to a number L if, for every e >0, the set {k € N:| x, — L |>¢€} € I.

Definition 2. Let I C 2V be a non-trivial ideal in N. Then a sequence x = (x,) is
said to be I-Cauchy if, for each € > 0,there exists a number N = N(e) such that the set
{kGN:’mk—$N|ZE}EI.

Definition 3. The five-tuple (X, u,v,*,¢) is said to be an intuitionistic fuzzy normed
space(for short, IFNS) if X is a vector space, x is a continuous t-norm, ¢ is a continuous
t-conorm and p, v are fuzzy sets on X x (0,00) satisfying the following conditions for
every x,y € X and s,t > 0 :
(a) p(x,t) + V(.CL‘ t) <1,
(b) p(z,t) >
(c) p(x,t) = 1 if and only if x =0,
(d) plax,t) = u(x ,‘a|)f0r each o # 0,
(e) p(w,t) = p(y, s) < p(x +y,t + s),
(f) p(zx,.): (0,00) — [0,1] is continuous,
(9) im pu(z,t) =1 and lim u(z,t) = 0,
(h) v(z,t) <1
(i) v(z,t) = 0 if and only if z =0,
() v(iazx,t) = v(zx ,ﬁ) for each a # 0,
(k) v(z,t) o V(y, s) Zv(z+y,t+s),
(1) v(z,.):(0,00) = [0,1] is continuous,
(m) lim v(z,t) =0 and limv(x,t) = 1.
t—oo t—0

In this case (u,v) is called an intuitionistic fuzzy norm.

Definition 4. Let (X, p,v,*,0) be an IFNS. Then a sequence x = (zx) is said to be
convergent to L € X with respect to the intuitionistic fuzzy norm (u,v) if, for every e >0
and t > 0, there exists ko € N such that p(xy — L,t) > 1 —€ and v(zr, — L,t) < € for all
k > ko. In this case we write (u,v) —limz = L.

Definition 5. Let (X, u,v,*,0) be an IFNS. Then a sequence © = (xy) is said to be a
Cauchy sequence with respect to the intuitionistic fuzzy norm (u,v) if, for every e > 0 and
t > 0, there exists kg € N such that pu(zy — x;,t) < € and v(xg — x;,t) < € for all k,1 > k.

Definition 6. Let K be the subset of natural numbers N. Then the asymptotic density of
K, denoted by §(K), is defined as §(K) = lim 2|{k < n: k € K}|, where the vertical bars
n

denotes the cardinality of the enclosed set.
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A number sequence x = (xy) is said to be statistically convergent to a number £ if, for
each € > 0, the set K(e) ={k <n:|zp —L|> €} has asymptotic density zero, i.e.

1
lim —|{k <n:xzx—L|> e} =0.
non

In this case we write st — limx = ¢.

Definition 7. A number sequence x = (xy) is said to be statistically Cauchy sequence if,
for every € > 0, there exists a number N = N(¢) such that

1
hrrlnn\{j_n |z; —an [> €} =0

The concepts of statistical convergence and statistical Cauchy for double sequences in
intuitionistic fuzzy normed spaces have been studied by Mursaleen and Mohiuddine[1/].

Definition 8. Let I C 2V be a non trivial ideal and (X, p,v,*,0) be an IFNS. A se-
quence © = () of elements of X is said to be I-convergent to L € X with respect to the
intuitionistic fuzzy norm (u,v) if for every e >0 and t > 0 , the set

{keN:pulxy—L,t) >1—€ orv(zy — L, t) < e} €I

In this case L is called the I-limit of the sequence (xy) with respect to the intuitionistic
fuzzy norm (p,v) and we write I, ;) — limzy = L.

2. [,-Convergence in an IFNS

Definition 9. Let (X, u,v,*,0) be an IFNS. Then, a double sequence x = (z;5) is said to
be statistically convergent to L € X with respect to the intuitionistic fuzzy norm (u,v) if,
for every e >0 and t > 0,

0({(i,j) e Nx N: p(zj; — L, t) <1 —€ orv(zy; — L,t) > €}) =0.

or equivalently

N Py .
%ﬁl%‘{l <m,j <n,:p(xy —L,t) <1—€orv(zy—L,t) > e} =0.

2

In this case we write st(#,y

)—limx:L.

Definition 9.2 Let (X, p,v,*,0) be an IFNS. Then, a double sequence x = () is said
to be statistically Cauchy with respect to the intuitionistic fuzzy norm (u,v) if, for every



V. A. Khan, Yasmeen, H. Fatima, A. Ahmad / Eur. J. Pure Appl. Math, 10 (3) (2017), 574-585 577

e >0 and t > 0, there exist N = N(€) and M = M(e€) such that for all i,p > N and
J,q= M,

0({(i,7) e Nx N p(zij — zpg, t) <1 —€ or v(zij — xpg, t) > €}) =

Definition 10. Let I be a non trivial ideal of Nx N and (X, p, v, %,0) be an intuitionistic
fuzzy normed space. A double sequence x = (x;;) of elements of X is said to be Iy
convergent to L € X with respect to the intuitionistic fuzzy norm (u,v) if, for each € >0
andt >0,

{(1,§j) e Nx N: p(xijj — L,t) <1—€ orv(xzyj — L,t) > €} € Ip.
(pv)

In this case we write Iy —limz = L.

The approach of constructing new sequence spaces by means of the matrix domain of
a particular limitation method have been recently employed by Altay, Bagar, Mursaleen
[1], Malkowsky [19] Ng and Lee [23], and Wang [28]. Sengoniil [27] defined the sequence
y = (y;) which is frequently used as the ZP transformation of the sequence = = (z;) i.e,

Yi = pri+ (1 —p)wi
where z_1 =0,p # 1,1 < p < 0o and ZP denotes the matrix ZP = (z;;) defined by

p, if (i =k),
Zik_{ l—p, (—1=k);(i,keN)
0, otherwise .

Analogous to Bagar and Altay [2], Sengoniil [27] introduced the Zweier sequence spaces
Z and Z; as follows

Z={x=(z)) ew: ZPx € c};
Zo={z = () € w: ZPzx € ¢p}.

Khan, Ebadullah and Yasmeen [8] introduced the following classes of sequences:

2T = {(z}) € w: 3L € C such that foragivene>0,{k€N:\xé—L|26}€I};

zZh={(zp) ew: foragivene>0;{k‘EN:|:c£|2e}€I}
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where (l’]/g) (ZPx).
Recently V.A. Khan and Yasmeen [13] introduced the following sequence spaces:

(#,V)(M):{(xk)ew:{keN:M(W)§1 eorM(%)ze}eI},

20, (M) = {(x ) e {k; eN: M( (9”;’ )) <l—cor M(WTQ“) > e} e I}.

In this article we introduce the intuitionistic Zweier I-convergent dou-
ble sequence spaces defined by Orlicz function as follows:

2L,y = {(@) € 0w {(i.) € NN M (BEE0) <1 —or (MR 5 Y e g )

22({(#7”)(2\4):{(3%)62&;:{( j) € NxN: M(M(zp )) 1—601“M<(:)/t)>26}€[2}.

3. Main results
Theorem 1. The spaces QZ(I# V)(M) and gZé(# y)(M) are linear spaces.

Proof. We prove the result for QZ(IM V)(M ). Similarly the result can be proved for
QZ({(M7V)(M). Let (x //) (yz/J/) € QZ(“ (M) and let a, B be scalars. Then for a given

€ > 0, we have
- 172‘“‘ ) 1—cor (LI’QQ')) > 6} € Is;

/_p
l—€eor M (W) > e} € I5. Thus

Alz{( ENXN M

IN

H L1’2\o¢

(el
AQ:{( )e NxN: M(“ v L2’2I6l)
()

VI//
A‘f:{( JENXN: M >1-— eorM<(le72a'))<e}€]:(I2);

vy =Lyt
A3 = q(i,j) e NxN: M( (w2 Lz’w>>1—eorM(W)<e}€f(I2).

Define the set A3 = A; U A, so that A3 € Iy. It follows that Af is a non-empty set in
F(Is).
We shall show that for p3 = max{2 | a | p1,2 | 8| p2} and for each (= //) (yl/]/) € QZfW’)(M),

¢ . (az!! +8y!/)—(aL1+BL2),t
3C{(z,j)6NxN:M<”( J y]ps +AL2) 1)

)>1—601”

< 6}.

M(y((omi/j/ + Byl/]/) — (aLy + 6L2),t))
p3
Let (m,n) € AL. In this case
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// t // t
M(“(xm”_Ll’zm)) >1—cor M(V(mm”_Ll’Qal)) e
P3 P3
and / /)
¢ ¢
w (M By (M )y
P3 P3
we have ( P p )
1 (a$mn+ﬂymn _(O‘Ll‘i‘ﬂLZ)at
M P3 )
> M(’W) \ M(z%;%é))
// //
_ w . M(W)
>(1—e)x(1—€)=(1—¢)
and ( // // )
v (a$m7l+6ymn)_(aLl+ﬂL2),t
M( P3
< M(W) o M(W)
// //
M ’W) °M<W)
> €e0€ =€

This implies that

P3

§C{(i,j)€NxN:M( >>1—eor

(et i) —om oy

P3

1

Hence 227, V)(M ) is a linear space.

Theorem 2. Every open ball 9B,/ (r,t)(M) is an open set in QZ(IM U)(M).

579

Proof. Let 9B,/ (r,t)(M) be an open ball with centre z// and radius r with respect

to t.
That is
// //
:L‘-~—L,t vix,; —
2B,/ (r,t)(M) = {(i, j) 6N><N=M(M(”)) sl-=r OI"M( i 0
p

Let y// € B, (r,t)(M). Then

M(M(x// ;y//,t)) >1-— randM(V(w// ;y”,t)) <r
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Since M(M) > 1 —r, there exists tg € (0,1) such that

/] ol
M(u(w y// to) .

v(z!/ —y//,to)>
P

>>1—r and M<( p

M(l’// —y// o)

Putting rg = M( P

ro>1—s>1—r.
For ro > 1—s, we have r1,72 € (0, 1) such that ro*xr; > 1—s and (1—rg)o(l—r2) < s.
Putting r3 = max{ry,r2}, consider the ball ZB;//(]_ —r3,t —t9)(M). We prove that
2B, (1 —r3,t —to)(M) C 2B, (r,t)(M).
Let 2// € 2B¢ /(1 —r3, t — to)(M).

M(u(y//fi//,tfto)> > rs and M(V(y//fz;/,tfto)) <73

Therefore,

). We have rg > 1 — r, there exists s € (0,1) such that

P p

M( x//—z// t) > ( w(x!/! —y//, to)) M(M(y//—z//,t—to))
> (roxrs) > (ro*xr) > (1—s)> 1 —r).

and

M(y(m// ;z”,t)) - M(y(x// _py//’t0)> <>M(,,(y// _Zp//’t_tO)>
<(l=rg)o(l—r3)<(A1—rg)>(1—ry)<s<r.

Thus 2// € o B¢, (r,t)(M) and hence gB;//(l —r3,t —to)(M) C 2B, (r,t)(M).

Remark 1. QZ{M (M) is IFNS.

Define
2T(uw) (M) ={A C QZ(M V)( ) for each x € A there exists t > 0 and v € (0,1) s. t. 9B¢,/(r,t)(M) C A}
Then o7(,,,.)(M) is a topology on QZ(IM ) (M).

Theorem 3. The topology 27(,,,)(M) on QZ(IH V)(M) is first countable.

Proof. {QB:E// (%, %)(M) i =1,2,3 i, } is a local base at z// the topology
oT(u) (M) on o Z1 (M) is first countable.
(psv) (p,v)

Theorem 4. 2!

(u V)(M) and 2 Z} 0(u )(M) are Housdorff spaces.
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Proof. We prove the result for QZ(IM V)(M ). Similarly the result can be proved for
I
QZO(MW)(M)'

Let x//,y// € QZ(IMV)(M) such that x// + y//.

Then 0 < M (H=2000) <

and0<M(M)<l.

Putting r| = M(M

For each ¢ € (r,1), there exists r3 and r4 such that

and r = max{r;,1 —ra}.

anc 7y = 012/ =2/10)
P

rgxry >19 and (1 —r3)o(l—rg) < (1—r1p).

Putting r5 = maxz{rs, 1 — r4} and consider the open balls 9B, ;, (1—75, £)(M) and 2B,/ (1-
Y0

T57 2)( )

Then clearly QBI//(l —Ts, %) N 2By//(]. —7Ts, %)(M) = ¢.

For if there exists 2// € 9B,/ (1 —75,%) N 2B,/ (1 —r5,%)(M), then

p(a!l =y 1) p(x!/ =21, %) p(z!l =y §)

= L S A ) I Lk Sl S M 9 09

" M( P )_M( P )*M< P )
>Tr5%kT5 > T3%T3 > 10 > T,

and

(!l — g/l ) u(w!l — 2/ ) (! =yl )
=T s M (P ) e (F )
< (1—7“5)0(1—7’5) < (1—7“4)0(1—7“4) < (1—7’0) <r,

which is a contradiction.

Hence QZ(I”’V) (M) is Housdorft.

Theorem 5. QZ(I )(m) is an IFNS. 27(,.,)(M) is a topology on 2Z! (M) . Then a

8% ) (psv)
sequence (m{]/) € QZ(IN7V) (M), :cz/j/ — !/ if and if u(xl/j/ — 2/ t)(M) and
i
v(iz:: —xl/t
M<< iJ )) =0
p

as 1 — 00,J — 00.
Proof. Fix tg > 0. Suppose 551/]/ — z//. Then for r € (0,1), there exists nyg € N such

that xl/]/ €9B,,/(r,t)(M) for all i > ng,j > no.

ual! — /11
P

v(l] !/ t)

2B, (r,t) (M) = {(i, 5) GNXN:M( p

)gl—rorM< )ZT}€I2
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such that 2 B¢, (r,t)(M) € F(I2).

Then

i 1)
——)

1—M(M( <r
0

u(:L’i/j/ —ac//,t)>
o

andM( —0asi— 00, = 0

(ac// z// t)
Conversely, if for each t > 0, M (f) — 1 and

iy
viz:: —x//t
M<( i )) =0
p

. . . ,u(x// /! ,t)
as i — 00, j — oo,thenforr € (0, 1), there exists ng € N such that 1_M<f> <r
for all i > ng, 7 > ng.

Thus xZ/J/ € 283, (r,1)(M) for all i > ng, jo = no and hence CL‘// — /.

Theorem 6. A double sequence x = (x //) € QZ(u V)(M). I-converges if and only if for
every € > 0 and t > 0 there exists a number M = M (x,¢e,t), N = N(x,¢€,t) such that

/[l 71t vzl It
ﬂMuweNxN:MCﬂM%ﬁi)>1—emmdiﬂ%iﬁ)<4€fug

Proof. Suppose that 21(,,,) —limz = L and let ¢ > 0 and ¢ > 0. For a given ¢ > 0
choose, s > 0 such that (1—¢€)*(1—¢) > 1—s and eve < s. Then for each = € QZ(I# V)(M),

v(z!/~L,t
Au(e,)(M) = {(i,j) e N x N M(%) —cor M(#) >elely

which implies that
) (@l ~L.%)
lﬁ@ﬂM@:{@ﬁeNxN:M(—ifi>>1—HHMC—%4L)<Q€f@ﬁ

Conversely let us choose N € AS(e,t)(M). Then

(=]

M(w>>l—eorM<W)<e.

Now we want to show that there exists a number N = N (z,€,t) such that

/1 /]
{(i,j)eNxN:M(W)§1—sorM(M)zs}€I2.

For this, define for each x € QZ(I” ») (M).

ply] —anf,t
ng(e,t)(M)Z{(M)ENXN‘M( mr o

Now we show that 9B, (e,t)(M) C 2A,(e,t)(M).



Suppose that 9B, (e,t)(M) C oA, (€e,t)(M).
Then there exists (m,n) € 9By (€, t)(M) and (m,n) ¢ 2Az(e,t)(M). Therefore we have

p(xl] — 1)

M( ;

)<1—s

/] 7t
andM(w) o1«
/] 1t

In particular M (W

Therefore we have

>>1—€.

(M LY (i L)y (A L)

>(1—€¢)*x(1—¢€)>1-s5,

which is not possible.
/1]

- /Lt
On the other hand M(M) > s and M(W) <e

//_ t
In particular M(V@foﬂ)) < €.

Therefore we have

s < M(W) < M(”("’”mnz)) <>M(V(CCN

which is not possible.
Hence QBx(E, t) (M) C QAx(€7 t)(M), QAJ;(E, t)(M) € Is.
This implies that 9B, (e,t)(M) € Is. Hence proved.
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