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1. Introduction

A important problem on group rings is to describe precisely the group of units U(RGQG)
of a group ring RG, where R is a commutative ring with identity and G is a finite group.
The high degree of complexity of this problem became evident in the seventies, when
it was proven that, in general, the group of units contains a non abelian free subgroup.
Many researchers, using techniques of group representation theory and algebraic number
theory, presented an explicit description of the group of units, a description of the general
structure of U(RG) or a set of generators of a finite index subgroup of U(RG). On these
subjects we could quote A. K. Bhandari and I. S. Luthar [1], A. Bovdi and F. C. Polcino
Milies [2], R. A. Ferraz [3], A. Giambruno and S. K. Seghal [4], E. G. Goodaire and E.
Jespers [5], E. Jespers and G. Leal [8], [9], E. Jespers and G. Leal and F. C. Polcino Milies
[10], E. Jespers and M. M. Parmenter and S. K. Sehgal [11], F. C. Polcino Milies [12],
J. Ritter and S. K. Sehgal [13], [14], [15] and two new books by E. Jespers and A. del
Rio [6], [7], and many others. In [6, 7], for many finite groups G, methods are given to
describe all the rational representations of GG. In particular, for nilpotent nite groups G
the Wedderburn decomposition of the rational group algebra QG is explicitly given via the
construction of a complete set of matrix units of QG. From this one obtains an explicit
set of nitely many generators for a subgroup of nite index of the unit group U(ZG); these
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generators are the so called Bass units and bicyclic units. Actually, it known that for
many nite groupsG the Bass units together with the bicyclic units generate a subgroup
of nite index, the groups excluded are determined by the existence of exceptional simple
components of QG (such as non-commutative division algebras and M>(Q)). In general
it remains a problem to describe the full unit group U (ZG). In [6] this has been done for
several examples of nite groups.

F. C. Polcino Milies [10] was the first to describe the unit group U(ZD,), where Dy
denotes the dihedral group of order 8. Later, E. Jespers and G. Leal [6] described the same
group using a different method that also was applied to other 2-groups. In this paper we
describe* the group of units of the integral group rings of two extra-special 2-groups: G
of order 32, the central product of two copies of Dy, and Gy of order 128, the central
product of three copies of Dy.

2. Notation and Terminology

Before we begin, we will recall the definition of extra-special p-group, where p is a
prime number:

Definition 1. A p-group G is called extra-special if it is not abelian and its commutator
subgroup G’ coincides with its center Z(G) and is of order p. In particular, every extra-
special p-group is the central product of non-abelian subgroups of order p3.

Let Dy = <b,v[ b2 = v* =1 and bvbv = 1> be the dihedral group of order 8. We also
adopt the following notation for elements of Dy: a = bv?, s = v%, t = bv, u = vb, w = v°.

Let D, D' and D? be groups isomorphic Dy, where the indices used are necessary to
differentiate the elements. For example, we denote by b; and v;, 1 < i < 2, the elements of
D' wich correspond respectively to b and v in D. The distinction of the elements is essential
for the proofs we make in this work. With this notation, s; = vf , 1 <1 <2, and the
correspondence of the other elements is obvious. Thus we have the extra-special 2-group
G of order 32, the central product of two copies of Dy, and the 2-group extra-special Go

of order 128, the central product of three copies of Dy:
Gi1=D x Dl/{l,ssl}, Gy =D x D' x DQ/{1,881,882,8182}.

The elements of G1/G’, where G| = {1, s} is the commutator subgroup of G1, and the
elements of Ga/GY, where G, = {1, s} is the commutator subgroup of G, are denoted as
follows:

/ T 7 = = 3 — +— FFh o T 7 e e 7 o .
G1/Gy ={1,b,u, v, by, uy, v7, bby, buy, bvy, uby, wuy, wvy, vby, vur, V07 };

*The calculations given are complete and are independent of the general frame work given in [1, 2].
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uby, uuy, uvy, ubs, wus, uvs, vby, Vuy, VUi, Vb, Vug, VU3,

b1ba, brug, biva, uibe, Uz, Uz, vibe, Vruz, V1V, bb1b,
bbllLQ, bbl’l)z, b’u,lbg, buluz, b’u,l’Ug, bvlbg, bvluQ,bvlvg, ublbg,
ubyug, ubiva, uuyby, WU, YUV, uvibe, UVITUZ, UVIVZ,
vb1ba, vb1ug, vb1V2, Vurbe, VUTUL, DUV, VU1, VUTUS, VU1V

In this paper we describe U(ZG1) and U(ZG2), the group of units of ZG; and ZGo,
respectively. To this end, we still need to fixe more notations:

Go/Gly =

(i) If G is a finite extra-special 2-group and G’ = {1, s} is its commutator subgroup,
then Us denotes the subgroup of U(ZG) defined by

=tz 0 (ao(5) +(15)

(ii) Let R be a domain and GL,(R) the group of invertible n by n matrices with coe-
ficients in R. If S is a subset of GL,(R), then Sg.;—1 denotes a set of matrix units
of S with determinant 1. Similarly, Sge;—+1 denotes a set of matrix units of S with
determinant +1. By I,, we denote the identity matrix in GL,(R), and if Sge¢—1 is a
multiplicative group, then

Sdetzl = Sdet:l/({l?’h _In} N Sdet:l)'

Similarly,
Sdet::l:l = Sdet::l:l/({fna _In} N Sdet::tl)-

3. Auxiliary Results

For the main results, we will need the following:

Proposition 1. [6, Lemma4.2] The group ring QD4 admits the following decomposition:

aps = s(1 ) s ans(152),
1-s

) = M>(Q).

1+s
2

For the sequence of this work, we will fix the following representation of D4 on Ma(Q):

where QD4< ) =~ Q* and QD4<

1 0
o b — 611—6222[0 _1];

0 -1
e U — —ejg+ e = 1 0 I

2
- 3) > My(Q) is:

Proposition 2. [6, Proposition 3.2] Writing E = and using the above fized repre-

sentation, an elementary Q-basis matriz of QD4<
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= (e e (M)
= (50 e (505

Proposition 3. [6, Proposition2.4] Let G be an finite extra-special 2-group, G' = {1, s}
the commutator subgroup of G and € the augmentation mapping on QG. Then:

(1) Up={u=1+a(l —s)|uecU(ZG), o € ZG};
(i) If V={u=1+a(l—s)|ueU(ZG), a € ZG and () is even}, then V = Us/G’;
(iii) If G/G' has exponent at most 4, then U(ZG) = £GV .

Theorem 1. [6,Theorem4.3] U(ZDs) = £D4V and V is isomorphic to the group of
2-by-2 matrices
2Z + 1 47 ]
27, 27,4+ 1 e
Proposition 4. Let G be an finite extra-special 2-group and G' = {1, s} its commutator
1 _ 1—

subgroup. Se G’ = ?, then the component QG(1 — G') = QG’(?S) in the decompo-
sition of QG is simple.

1—
Proof. Let E = ® and e be a non-trivial central idempotent of QG(E). If Z(G)
denotes the center of G and C, denotes the class of conjugation of g € G, then

e= Z g9 + Z ayCly,

geEZ(G) 9¢Z2(G)
where C; = Z z. Since G’ = {1, s}, if g is not central, then C; = {g, gs}. Consequently,
z€Cy
= D g+ Z aglg +gs) = Z g+ (1+3) D agg
9€Z(G) 9¢Z(G geEZ(G 9¢Z(G)

Since e is an idempotent of QG( ), it follows eE = e. Hence, as (14 s)E = 0,
e = ( Z agg>E and e € Q(Z(Q)). Since Z(G) = {1, s}, the only possibilities for e

gEZ(Q)
are

1 1-—
;_ 5 andA 5 %
Therefore, e = E and the component QG(1 — G’) = QG(E) is simple, as we wanted to

prove.

0, 1,

4. Main Results

Now that we have introduced the terminology, fix the notation and display the auxiliary
results, we are able to present the main results. We begin describing U(ZG1), the group
of units of ZG;.
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4.1. The Group of Units of Group Ring ZG,
Proposition 5. The group ring QG1 admits the following decomposition:

ac = 0ai (1) e e (752),
) ~ Q6 gnd @G1(1 _5) = My(Q).

Proof. 1t follows from Proposition 1 and Proposition 4.

1+s

where QG1 (

For the next results, ® denotes the Kronecker product and we use the representation
of Dy on M5(Q) previously fixed and we obtain a representation of G1 on My(Q):

1 0 1 0
b enten—ep—eu=|,4 ;1% 4 1|

1 0 0 -1
® U — —e13—€exqte31tep= 0 1 & 1 0 |

1 0 Lo
e by — e1] —exte3z—eqq = 0 —1 ® 0 1}

0 -1 1 0
® U — —e12+ €21 —e34+eq3= 1 0 & 01

I

1—
Thus, the following proposition gives us an elementary Q-basis matrix of QGy < 5 S)
M4(Q).

1
Proposition 6. Writing £ =

s _ )
and using the above representation, an elementary

Q-basis matrix of QG1<1 ; S) = My(Q) is:
(e (S0
= () aam (U ()
= () eam (Y (50
ey — (vb—v)<v1+v1b1>E, ept = <vb—v)(1—b1)E}

B vab 1+§1 _ v+2vb v1b2171)1
631_( 2 )( 2 )E 632_( 2 )( 2 )E
1—0b\ /145 1—>0\ /v1by — g
e33 = (7) ( E, €34 = E,
v—2i-vb 1112+1>11b1 <1H2—vl))< 1—2b1 )
e41_( 2 )( 2 )E 642:< 2 )( 2 )E

= (P = (305
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For the next result, we will need the following:

Definition 2. Let A = [Q[Xij] + 14] be a 4-by-4 matriz with X;; € Z, for all i,j,
1<14,j <4. We define 4 distinct blocks of A:
B1 = {X11, Xz, X3, Xa},
Bo = {X12, Xo1, X34, Xa3},
B3 = {X13, Xo4, X351, Xao},
By = {X14, Xo3, X32, X1 }.
In particular, By = {Xiji| 1<i<4 and j; # jy, if i # i’}, 1<k<4.
Finally we are in a position to give a description of U(ZG1) in a similar vein as the

description given for U(ZD,) in Theorem 1:

Theorem 2. Let G = Dx Dl/ {1, ss1} be the extra-special 2-group of order 32, the central

product of two copies of Dy = <b,v[ b2 = vt =1 and bvbv = 1>. Then U(ZG1) = £G1 V1
and V1 is isomorphic to the group

2l + 2y

of 4-by-4 matrices, where, for each k, 1 < k < 4, the integers X;j, € By, have the same
parity and 4 divides the sum X1;, + Xoj, + X3, + Xyj, .

Proof. By Proposition 3, U(ZG1) = £G1V1, where V] = Uy /G and

1—s 14+ s
Uz =U(zG1) n (Q6 (=) + () ) =
={u=14a(l —9)|ueclU(ZG), a € ZG}.

Thus, to describe U(ZG1) we need a complete description of Vi = Uy /G of the Us,
that is, we need to describe completly the subgroup Us of the U(ZG1).
1—s

2 )

u=1+a(l—5)=1+2(a1 +ab+azv+ asb; +asvi + agu + aru; + agbb; +

ag buy + g buy + a1 uby + g uug + agz uvy + a1q vby + @y vug + agevvr) E.

Let w € Us. Then, by Proposition 3 and writing E =

The Proposition 5 gives QG1(E) = M4(Q) and using the elementary basis matrix of
QG1(E) = M4(Q) and the given representation of G; in M4(Q), we obtain

1+s
uz( 5 )—I-(611+622+633+€44)+2[Oé1(€11+€22+633+644)+Oé2(€11+622—€33—

eqq) + az(—ei3 —eas +e31 +eqn) + as(ern — ez +e33 —eqq) + as(—e12 +e21 —e3q +eq3) +
ag(e13 + ez +e31 4 eq2) + ar(erz + ea1r + e3q + eq3) + ag(err — ezn — €33 + eqq) + agler +
ea1 — €34 — e43) + ajo(—e12 + ea1 +e34 — eq3) + ar1(e13 — eas +e31 — eq2) + ana(e1s + ez +
e32 + e41) + ai3(—e1s + e23 — e32 + eq1) + aya(—e13 + eas + e31 — eq2) + ay5(—e1s — ez +
e3n + eq1) + aig(es — ea3 — €32 + ean)].

Hence
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1+ s
u = (?)—I—[2(a1+a2+a4+a8)—1-1]611+2(—Oé5+047+049—0610)612-1-2(—043-1-0464-0411—
aig)es+2(aip—a3—ans+aie)era+2(as+ar+ag+aig)ea +[2(r +ap—ou—ag)+1lean+
2(2 + o3 — s —ang)ea3 +2(—az 4o —arr+aig)eas+2(az+ag+arr +aig)esr +2(a2 —
a13+a15—a16)632+[2(a1 — Q9 +a4—ag)—|—1}633+2(—a5+a7—a9+a10)634+2(a12 +ai13+
aistare)es +2(az+as—ar —ang)esn+2(as+ar—ag—aig)esz+[2(ar —ap—ay+ag)+1]esy.

Therefore u can be written as an integral invertible matrix U = [u;j],1 < 4,5 < 4,
where
(a1+a2+a4+as)+1 ( a5+a7+a9—a10),
w13 = 2(—az + ag + a1 — a14), w14 = 2(a12 — o3 — a5 + aie),
u21 = 2(as + a7 + a9 + p), u22 = 2(a1 + g — oy — ag) + 1,
u23 = 2(a2 + o3 — a5 — ), ug4 = 2(—a3 + ag — a11 + ag),
uz) = 2(a3 + o + 11 + ang), ugz = 2(ov2 — a3 + a5 — aig),
U33—2(a1—a2+a4—a8)+1 U34—2( a5—|—a7—a9+a10)
ug1 = 2(o12 + 03 + a5 + age), ug = 2(a3 + g — 11 — y),
Uy3 = 2(&54—0&7—(19 —0410) U44 —2(0[1 —ag—a4—|—a8) + 1.

Thus we produce the monomorphism

22+ 1 27 27 27
27 22+ 1 27 27
27 27 22+ 1 27
27 27 27 2Z+1

p:Uy —

det=+1
defined by ¢(u) = [2(Xij) +I4}, where

X11 =01 +az +ag +ag, X192 = —a5 + ar + ag — aig,
X13 = —a3 + ag + a11 — a1y, X14 = a12 — @13 — a5 + Qe
Xo1 = a5 + ar + ag + aqp, Xog = a1 + a2 — g — ag,
Xo3 = a2 + a13 — Q15 — Que, Xog = —ag + ag — a11 + Qug,
X31 = a3 + ag + a1 + a4, X32 = ai2 —aq3 + a15 — e,
X33 =01 — a2 + a4 — asg, X34 = —a5 + ar — ag + a0,
Xy = a2 + a13 + a5 + e, Xy2 = az + ag — 11 — a1,
X43 = a5 + a7 — ag — ajo, Xy =01 — a2 — ag+ag.

Let A = [2(Xj;) + Z4], with X;; € Z, for all 4,5, 1 <4,5 < 4. Then
det A =14 2061 + 482 + 883 + 1604,
where 8, € Z, 1 < r < 4. In particular, f1 = X171 + Xog + X33 + X44. Furthermore,
A € ¢(Us) if and only if det A = 1 and, for each k, 1 < k < 4, the integers X;;, € By, have
the same parity and 4 divides the sum X1;, + Xoj, + X35, + X4j,. Indeed, A € ¢(Us) if
and only if det A = £1 and, for each k, 1 < k < 4, with X;;, € By, 4 divides the sum
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Xijy + Xoj, + Xsjy + Xujy, this is, 4/( Xy, + Xojp, + Xsj5 + Xuj,), and 2[(Xyj, + Xaj,),
2/( X1y + Xsj)s 2/1( X1, + Xujy), 2[(X2j, + Xsjs), 2[(X2j, + X4j,) and 2[(Xsj; + X4j,). In
particular, as 4[(X11 + Xo2 + X33 + X44), it follows that det A = 1.

So

P(U2) = |2(Xy) + 7]
is a group of 4-by-4 matrices, where for each k, 1 < k < 4, the integers X;;, € B;, have
the same parity and 4 divides the sum Xy, + Xo;, + X3j, + X4;,. Since

o(s) = (1 +5(1—s)) = —T14,
it follows that the mapping ¢ induces an isomorphism from V; onto the group
2AXy) + 7 ]
[ (Xig) + 14 det=1

of 4-by-4 matrices, where for each k, 1 < k < 4, the integers X;;, € B;, have the same
parity and 4 divides the sum Xy;, + Xoj, + X3, + Xyj,.

det=1

4.2. The Group of Units of Group Ring ZG,
Proposition 7. The group ring QGs admits the following decomposition:

a6, = 06 (112) w06 (152),
) ~ Q% and @G2(1 *S) = M(Q).

1+ s
2

Proof. Tt follows from Proposition 4 and Proposition 5.

where QGQ(

For the next results, we use the representation of Dy on My(Q) previously fixed and
we obtain a representation of G on Mg(Q):

10 10 1 0

o b= ej1+texn+tesztess—ess—eps—e77—€88 = 01 ® 0 1 ® 0 1 |’
1 0 1 0 0 -1

® U — —ej5—ezs—e3r—eq8t+es1t+egater3tesy = 0 1 ® 01 ® Rt
10 1 0 (1 0

® by — e11+eg2—e33—eaatess+egs—err—esy = 01 1% 0 21190 1|
10 0 —1 (1 0]

® v — —ej3—eyteszrteq—esr—eggterstegs = 0 1 & 1 0 ® e
1 0 1 0 [1 0]

® by — e11—ex+e33—eqs+e55—e66+ €77 — €88 = 0 -1 ® 0 1 ® 01l
0 —1 10 (1 0]

® Uy — —eja+e1—e34+€e43—e56+ €5 —ergtegr = 1 0 ® 0 1 & 1
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Just as extend the Proposition 2 can also extend the Proposition 6 and get an elemen-
1—5
tary Q-basis matrix of QGg( ) = Mg(Q), that will be used in next result. Even to

the next result, we will need the following definition:

Definition 3. Let A = [2(X¢j) —|—Ig} be a 8-by-8 matriz with X;; € Z, for all i,j,
1<14,j <8. We define 8 distinct blocks of A:

By = {X11, X2, X33, Xua, X55, X6, X77, Xss},

By = {X12, Xo1, X34, X43, X556, X65, X78, Xs7},

B3 = {X13, Xoa, X31, Xa2, X57, Xes, X75, Xs6},

By = {X14, Xo3, X32, Xu1, X58, X7, X76, X85},

Bs = {X15, Xog, X37, Xug, Xs51, Xe2, X73, Xga},

B = {X16, Xos, X38, Xu7, X502, X61, X74, X3},

By = {X17, Xog, X35, X4, X53, X4, X71, Xso2},

By = {X18, Xo7, X36, X5, X4, X63, X72, Xg1}-

In particular, B, = {X;,|1 <i <8 and j; # ji, if i #1'}, 1 < k < 8.

Finally, with the same idea that we use to extend the Theorem 1, extend the Theorem
2 and describe completly U(ZG3):

Theorem 3. Let Go = D x D' x DQ/{1,881,882,8182} be the extra-special 2-group of
order 128, the central product of three copies of
Dy = (b,v|b* = v* =1 and bvbv = 1).
Then U(ZG2) = £G3Va and Vs is isomorphic to the group

[Q(Xij) +I8}

det=1
of 8-by-8 matrices, where, for each k, 1 < k < 8, the integers X;;, € By satisfy the
following conditions:

(i) All integers X;j,, 1 < i <8, have the same parity;
(ii) 4 divides the sums lel + X2j2 + X3j3 + X4j4 and X5j5 + X6j6 + X7j7 + XSjg ;

(i) If X1j, and X(1+k)j(1+k)’ 1 <k < 3, are congruentes module 4, then Xsj; e X 5.4
also are;

J(5+k)

(iv) 8 divides the sum X1j, + Xoj, + X35, + Xyj, + X555 + Xejg + X7j; + Xgjs -

Proof. By Proposition 3, U(ZG2) = £G2Va, where Vo = Uy /GY, and

1—s 14 s
-ty 0 (0015 + (45) -
={u=14a(l —s)|ueclUU(ZGs), a € ZG2}.
Thus, to describe U(ZG2) we need a complet description of Vo = Us/GY of the Us,
that is, we need to describe completly the subgroup U of the U(ZG2).
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1—s
2 b
u=14a(l—s)=1+2(a;+a2b+asv+ asb; + asv; + agbs + a7vy + agu +
aguy + +aqgus + agp bby + aqa bug + a3 bvy + ag uby + a5 uug + aqg uvy + a7 vby +
18 VU1 + Q19 VU1 + g bby + g bug + iag bug + quag ubs + rog UUs + ros UV + (uog Vb +
Q7 VU2 + Qg VU2 + +aog biba + azobius + as1 bive + as2 u1be + agzuius + asquive +
g5 V109 + g v1 U + +aigr v1U2 + aigg bb1ba + aigg bbiug + aigg bbivg + cugq b ba + cigo buqug +
43 buvg++0q burbo+ays buius+oue by va+ayr ubyba+aug ubyus +aug ubrva+aso uu ba+
4o UULUY + Qs UUV2 + Qg3 UV + Qisg UVTU2 + Qs UVIV2 + g6 UD1by + s vb1Uo +
+asg vh1v2 + g VU1 + o VUTUL + (i1 VU V2 + g2 VU1De + (g3 VU1 UL + Ces VUIV2) L

Let u € Us. Then, by Proposition 3 and writing E =

The Proposition 7 gives QG2(FE) = Mg(Q) and using the elementary matrix basis of
QG1(E) = Mg(Q) and the give representation of G in Mg(Q), u can be written as an
integral invertible matrix [u;;],1 < ¢,j < 8. Thus we produce the monomorphism defined

by p(u) = [2(Xy) + Ts|.
Let A = [2(X;;) + Zg], with X;; € Z, for all 4,5, 1 <4,5 <8. Then
det A=1+201 + 402 + 803 + 1684 + 32035 + 646 + 1287 + 256035,
where 3, € Z, 1 <r < 8. In particular,
p1 = Xu1 + Xog + X33 + Xy + Xs5 + Xe6 + X77 + Xss.

Furthermore, A € ¢(Us) if and only if det. A = 1 and, for each k, 1 < k < 8, the
integers X;;, € By, satisfy the following conditions:

(i) All integers X;;,, 1 < i < 8, have the same parity;
(11) 4 divides the sums X1j1 + X2j2 + X3j3 + X4j4 and X5j5 + Xﬁjs + X7j7 + ngg;

(iii) If lel and X(1+k)
also are;

i) 1 < k < 3, are congruentes module 4, then X5, e X(5+k)j(5+k>

(iV) 8 divides the sum lel + X2j2 + X3j3 + X4j4 + X5j5 + X6j6 + X7j7 + ngs.

Indeed, A € ¢(Us) if and only if det. A = 1 and, for each k, 1 < k < 8, the integers
Xij, € By, satisfy the following conditions:

e 2 divides the sum X;j, + Xy;,,, for all 1 <i,i" < 8;

e 4 divides the following sums:
- Xugy + Xoj, + Xij, + Xy
- Xujy + Xajy + Xiji + Xis2)
- Xugy + Xagy + Xojy + Xsjigs
- Xy + Xy, + Xejg + X7j0s
- Xoj, + Xgjs + Xsj5 + Xsjig:

with i € {3,5,7};
with i € {5,6};

J(i+1)?

j(i+2) ?
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- Xoj, + X3js + Xejs + X773
- Xoj, + Xyj, + Xij, + X(i+2)j(i+2), with i € {5,6};
+ Xsjy + Xajy + Xij, + X(iv1)j,0,» With @ € {5, 7}
- Xsjs + Xejs + X7j; + Xgjg-

e 8 divides the sum lel + X2j2 + X3j3 + )(4]'4 + X5j5 + X6j6 + X7j7 + ngg.

In particular, as 8 divides X711+ Xoo + X33+ Xy + X55 + Xg6 + X77+ Xgsg, we have that

det A = 1. Furthermore, ¢(s) = ¢p(1+ s(1 —s)) = —Zg. So, it follows that the mapping ¢
induces the isomorphism wanted.

The reader may notice that the idea used in this paper can be extended to describe the

group of units of any integral group ring of a finite extra-special 2-group of order higher
than 128, that is a central product of copies of Dy.

1]
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