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1. Introduction and preliminaries

The Bananch contraction theorem is the most important technique for solving non-
linear integral equations, differential equations and functional equations etc. It has fruitful
applications within as well as outside mathematics. Many authors have extended this
theorem employing relatively more general contractive conditions ensuring the existence
and uniqueness of a fixed point.

To solve the problem of the convergence of measurable functions with respect to a
measure, Bakhtin [2] and Czerwik [7] introduced the concept of b-metric spaces also called
metric type space [18]. Using this concept Czerwik, generalized the Banach contraction
principle in b-metric spaces (see [7, 8, 20, 21]). Yamaod and Sintunavarat [27] introduced
the concept of (v, 8)-(¢, ¢)-contractive mapping in b-metric spaces, and established some
fixed point results for such mappings in b-metric spaces. Yamaod et al. [19] studied the
existence of a common solution for a system of nonlinear integral equations via fixed point
methods in b-metric space.

The concept of coupled fixed point was introduced by Gou and Lakshmikantham [9] for
partially ordered set. Bhaskar and Lakshmikantham [5] studied the existence and unique-
ness of a coupled fixed point results in partially ordered metric space. Lakshmikantham
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and Ciric in [12] defined mixed g-monotone property and studied coupled coincidence point
in partially ordered metric spaces. Samet [24] investigated coupled fixed point results in
the setting of partial ordered metric spaces for a generalized Meir- Keeler type contractive
condition. Very recently, Sarwar et al. [15] studied the common coupled fixed point re-
sults satisfying rational type contractive conditions in b-metric spaces. Many researchers
studied the coupled fixed point and discussed it’s application. (see [3, 9, 25, 26]).

Berinde and Borcut [4] introduced the notion of tripled fixed point and established
some results in the setting of partially ordered metric spaces. Karapinar [11] studied some
quadruple fixed point results for non-linear contraction partially ordered metric spaces.

Imdadet al.[13] introduced the concept of n-tupled coincidence as well as n-tupled fixed
point (for even n) and obtained n-tupled coincidence as well as n-tupled common fixed
point theorems for nonlinear ¢-contraction. Paknazar et al. [14] introduced the concept
of a new g-monotone mapping and defined the notions of n-fixed point and n-coincidence
point and proved some related theorems for nonlinear contractive mappings in partially
ordered complete metric spaces. Soliman et al. [1] proved some n-tupled coincidence point
theorems for nonlinear ¢-contraction mappings in partially ordered complete asymptoti-
cally regular metric spaces. In [22] the authors introduced the notion of compatibility for
n-tupled coincidence points and proved n-tupled fixed point for compatible mappings sat-
isfying contractive type conditions in partially ordered metric spaces. Murthy et al. [17]
introduced n-tupled fixed points (for all positive integers) and proved n-tupled fixed points
theorems for contractive type mappings in fuzzy metric spaces. Husain et al. [23] present
some n-tupled coincidence point results for a pair of mappings without mixed monotone
property satisfying a rational type contractive condition in metric spaces equipped with
a partial ordering as well as present results on the existence and uniqueness of n-tupled
common fixed points.

The aim of this manuscript is to study n-tupled fixed point results via rational type
contraction in complete b-metric spaces. The established result generalizes some recent
results ( particularly the result of Sarwar et al. [15] and Malhotra and Bansal [16] ) from
the existing literature in b-metric spaces.

Throughout this paper R is the set of real and R* is a set of non-negative real numbers.

Definition 1. [10] Let X be a non empty set and s > 1, s € R. A functiond : X x X — RT
is called b-metric if for each x, y, z € X, the following conditions are satisfied:

(1) d(z,y) =0z =y;
(1) d(z,y) = d(y, z);
(i) d(z,z) < sld(z,y) + d(y, 2)].
Then the pair (X, d) with parameter s is called b-metric space.

Example 1. [6] The l, space, 0 <p <1, I, = {(zp) € R: D> |z,P < 00}, and function is
defined as d : l, <1, = R by d(z,y) = (> \azn—yn|p)%, z = (zy), y = (yn) € Ly, then (X,d)
is called b-metric space with parameter s = 23 provided that d(x, z) < 23 [d(z,y)+d(y, z)].
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Definition 2. [6] Let (X, d) be a b-metric space. Then a sequence {x,} is said be converge
to x € X if for each € > 0 there exists j(e¢) € N, such that d(x,,z) < e ¥ n > j(e).

Definition 3. [6/ Let (X,d) be a b-metric space. Then a sequence {x,} is said be a
Cauchy sequence if for each € > 0 there exists j(e) € N, such that d(zy,xn) < € V n,
m > j(e).

Definition 4. [13] Let X be a non empty set. An element (x',2%,---  2™) € X™ is called
an n-tupled fized point of a given mapping T : X" — X if

vl =T (2t 22, 2™),

2?2 =T (2%, 23, - 2" 2b),
23 =T(23, - 2"zt 2?),
" =T (™, 2t 2% 2" ).

Definition 5. [13] Let X be a non empty set. An element (z%,22,--- | 2™) € X™ is called
an n-tupled coincidence point of the given mappings S,T : X" — X if S(
T(xlvaa e axn);

1 ,.2 ny —
z)x’...’x)_

S(z? 23, a2 2t) = T(x?, 23, --- 2™, 2h),
S($37 T 7xn’xl7l,2) = T(J’Bv e axnvxla'iUQ):
S(xnaxla:zzv T 737”_1) = T(:L’n,a?l,l'2, T 7$n_1)‘

Example 2. Suppose X =R and S, T : X" — X be defined by

Szt 2?23, J2") = W and T(zt, 2%, 23, J2™) = 2'a23 ... 2™ for
each x', 2%, 3,--- 2™ € X™. Then clearly (0,0,0,---,0) and (1,1,1,---,1) are n-tupled
coincidence points of S and T.

Definition 6. [1] Let X be a non empty set. An element (x',2%,---  2™) € X" is called
an n-tupled common fixed point of the mappings S,T : X" — X if

vl =Szt 2% - 2" =T (2t 22, | 2"),

2?2 =S 23, 2" al) =T (22,23, 2", 2t),

23 =83, 2" 2t 2?) =T (23, 2", 2!, 2?),

2" =Sz, 2t 2?2 = T2, 2t 22, 2™ Y),

2. Main results

We begin with the following theorem.

Theorem 1. Let (X,d) be a complete b-metric space with parameter s > 1 and let the
mapping S, T : X™ — X satisfy:

d(z',yt) +d(z?,y?) + - + d(z™, y")

d<5($1,$27-~ 7xn)7T(y17y27"' 7yn)) S aq n
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+ a9

L+d(zh,yt) +d(a?,y%) + - +d
d(ylvs('xl?xQ? e 7xn))d(x17T(ylvy2a e ’yn))
1+d(at,yl) +d(a?,y?) +---+d
d(5($17$27"' ’xn),T(ylva,“‘ y"
1+d(at,yl)+d(2?,y?)+---+d
d(S(:Cl,SC2,'-- ’$n)7T(y17y27"' Y )d(anyQ)
L+d(zt, yt) +d(2?,y?) + - - + d(a™, y")

( 17T(y17y27'” ayn))d($2792)
1 .1
1

+ a3

+ oy

+ a5

+ ag
My

y
(y', S
zl, y!
(y', S

1

1.27 T 7xn)>d(x17 yl)

d
1+d(
d
+a71+d(
d

2> e 7xn))d(x27 y2)

X
Yy ay27 o 7yn))d(xn’ yn)

334

(1)

For all x', 2%, 23,---, 2" and y', v*,1>, -, y" € X and a; >0, i = 1,2,---,10 with the
conditions saq + ag + ag + a5 + ag + ag < 1 and a1 + az + a4 + a5 + ar + ag + ag < 1.

Then S and T have unique common n-fized point in X .

Proof. Taking “n” arbitrary points l'(l), l’%, :r:g,' -+, xg, in X, define the sequence by the
following rules
1 _ 1 2 3 n
x%kﬂ = S(xglwx%k’x%k’ L Ty,
J— n
x§k+1 = S(%w””gk’x%k? L, T,
J— n
Topy1 = S (Wops Top Top - T
n — n n—1 _n—2 2 1
Top1 = S(@h Ty T, s T Tap)
and
1 _ 1 2 3 n
$%k+2 = T($2k+17x2k+17 Lokt1 """ ax2k+1)7
J— n
$§k+2 = T($2k+1’$2k+1’ Lopy1s" " a%kﬂ)»
J— n
Logyo = T<$2k+17x2k+17 Lok41 " 7w2k+1)7
n _ n n—1 n—2 2 1 _
Lokio = T($2k+17x2k+1’x2k+1? T 7m2k+17x2k+1> for k=0,1,2,---.
Consider
1 1 _ 1 2 3 n 1 2 3
d(x2k+17x2k:+2) = d(S(way, Ty, Top, - a$2k)aT(x2k+1v$2k+1a$2k+1a T

Tk 41))-
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Then by using contractive condition (1) of Theorem 1, we have

d(ahy,, thy,y 1) + d(@3y, 23 0) + -+ d(@hy, o)

1 1
d(IQk—Hv $2k+2) <o

n
o d(@gpr S(@apr ¥+ W) )@y T (g1 T 1+ 5 Tyy))
Ut d(wgy, @y ) + d(@h 23, ) + -+ d(@hy, 28, )
1 1 .2 1 1 2
tas d($2k+1’5(x2k7$2k7 e xgk))d(ka’T(x2k+17x2k+1’ T vxgkﬂ))
L d(agy, 2y ) + d(@5, 23, ) + -+ d(ahy, 25, )
d(s(x2k>x2k"" €T k)aT(%kH»”U%kHa“' axgkﬂ))d(w%kvx%kﬂ)
o 1+d(xl,,zb ) +d@2, 22 )+ +d@h, z% )
2k Lop41 2% Lo 2k Lok41
+a5d(s(x2k;7x2k"” ) L k)?T(x2k+17x2k+17"' ’xgk—i-l))d(x%k’x%k—i—l)
1+ d(ka’ x2k+1) + (‘T2k7 x2k+1> + -+ d(zy, xgk—i-l)
6 d(x2k+17 T(x%k;_t,_la x2k+17 ot 7x3k+1))d(‘r§kz7 x%k—‘rl)
Ut d(wgy, @y pq) + d(@h, 23, ) + -+ d(@hy, 28, )
1 1 .2 1 .1
1o d($2k+1v S(@gp, T, -, ) ) (2o, $2k+1)
1+ (s Ty 1) + d(@3y, 03, ) + o+ d(@ly, o)
2 2
tos ($2k+1v S(xy Lok x%, - xhy) (@, x2k+1)
Lt d(agy, why ) + d(@3,, 23, ) + -+ d(@hy, 25, )
Fag d(w%-&-lv T($2k+1> x2k+17 T vxgkﬂ))d(xgkv x3k+1)
1+ d(agy, xyy, 1) + d(23, x%k+1> + e+ d(hy, 2y )
Yo (w31, S (@, T3, - - ) )2y, Ty )
1+ d(hy, wyp ) + d(@3y, 23, ) + -+ d(ahy, 25 )
— (@ Ty yy) +d(@dy, 23, ) + -+ d(ahy, a5 )
n
d(zb, ,x  d(xl xl )
ta 2k Log41 2k+1° Lok 42
1+ (s Ty 1) + d(@3y, 03y ) + o+ d(@hy, )
ta d(952k+17 5‘72k+1)d(5‘72k> $2k+2)
°1 + d(ka’ x2k+1) + d(w2k7 x2k+1> + -+ d(zy, xgk—i-l)
ta d($2k+17 5’32k+2)d(5'32k7 x2k+1)
1+ d(x3, Ty yy) + d(@3y, 25, ) + -+ d(@hy, 2l )
ta d($2k+17$2k+2)d($2k7$2k+1)

1+ (s Ty y) + d(@3y, 03, 0) + o+ d(@hy, o)
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1 1 2 .2
d(x2k+17 $2k+2)d($2k> $2k+1)

+CM6
L+ d(zhy, vy ) + d(@3y, 23, ) + -+ d(ahy, 25 )

1 1 1.1
d(x2k+17 x2k+1)d($2k7 $2k+1)

+ar
1+ d(wgy, 2y, ) + d(23, x%k-H) + o+ d(@Gy, Thy )

1 1 2 .2
d(952k+17 5‘72k+1)d(5‘72k> $2k+1)

“+ag
1+ d(xék’ x%k—‘,—l) + d(wgkv x%k—i-l) + -+ d(zy, xgk—i-l)

. ATy ys Topyo)d(@hy, )
1+ d(xék’ x%k—‘,—l) + d(wgkv x%k—i-l) + -+ d(zy, xgk—i-l)

+«

d(x%k—i-l? x%kﬂ)d(xgkv fcgkﬂ)
L+ d(xgy, 23,4 1) + d(23,, x%k-H) + o d(aly, ah )

+aio

ay 1 .1 2 2 1 1
< ;[d(‘erﬂ Topy1) + d(Tog, Do yq) + -0+ d(Thy, T4 )] + Qod(To 41, Togyo)
Foud(Thy 1, Tapya) + 05d(Tap g1, Ty o) + 6d(Tp 1, Thyyo) T od(Thyy 1, Top o)
Which implies that
(1—ag— o — a5 — ag — ag)d(Tg;, 1, Ty yo) <
aq 1 .1 2 2
;[d(%k, Topy1) + d(T3g, Do yq) + -0+ d(Th), T 4)]

al[d(xék, x%k-&—l) + d(ﬂﬁgk’ x%k-}-l) + -+ d(zy, xgk—&-l)]

d(xb, . ., xl < A

( 2k+1 2k+2) = Tl(l N (a2 +oay+ as + ag +Olg)) ( 1)

Similarly
d(z2 22.0) < al[d(w%ww%kﬂ) + d(l’%k’f’fgkﬂ) + o d(ay, 25)] (4s)
Zk+1r2k+2/ = n(l— (a2 + ag + a5 + o + ag)) .
Proceeding n-times, one can write
a1 [d(@yy Tap i) + d(@hy, 33y0) + -+ d(aly, 25,4 4))]

d(@p 11, Topsa) < - - == (An)

n(l — (062 + a4 + a5+ ag + 049))
Addlng (A1)7 (A2)7 ) and (An)7 we get
A3 15 Thprn) + A1, T 0) + - - + d(@hy oy, Thps) <

al[d(x%w x%k—i—l) + d(x%m x%k—l—l) + -+ d(wy, mgkﬂ)]
1 — (2 +ay + as + ag + ag)

= hld(zgy, T3ppq) + d(@3p, ¥5p0) + -+ d(@By, 2 40)]-

Where
a1

h—
1—(a2+a4+a5+a6+a9)

< 1.
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Also,
d(zl 1 < 041[d($%k+17355k+2) + d(xgk—o—l:x%k-ﬂ) + d(25p 115 T )] B
(Topt2: Togs) < n(l — (e + as + as + ag + ag)) . )
d(x2 2 < a1 [d(Tgp 15 Taprn) + A3y 11, T34 10) + @510 T 12)] B
(Toht2s Topag) < n(1 — (ag + ag + a5 + o + ag)) - B
d(z? ooy < a1 [d(@y415 Tgppn) + @i, P 0) T+ d@h g, 75, 10)] B
(%) 42, T2k 43) < n(1— (ag + a4+ as + ag + ag)) -

Adding equations, (By), (B2), ---, and (B,,), we get
1 1 2 2
AT 19, Topy3) + d(Topy9) Topy) + oo + (X510, Ty y3) <

ar[d(xy, 1, Ty o) + (@51, T3y o) + o+ d(@5y 25 )]
1— (ag+ ag + a5 + apg + ag)

h[d($2k+17 372k+2) + d($2k+1, 372k+2) +oot+ d(ﬂ7gk+17 $3k+2)]
< B[d(agy, @ i1) + (@5, 23p01) + -+ d(@hy, 2540)]-

Therefore one can write,

d(x}l?xib-‘rl) +d(z7, 1/‘721+1) +oet d(fﬂﬁ’ﬂfZH)
<h[d( LTp_1,T n)+d( Ly 1755121) +d( Ty 17$n)]
< B[d(xy g 2 ) + d(zh s, 7211) o+ d(n_g, Ty )]

<o < WMd(wg, @) + d(ag, o) + -+ d(ag, 7).

If we set d(az,ll, m}qjﬂ) + d(m%,xiﬂ) 4+ 4 d(mﬁ,xZH) = .
Then % < hwn—l < h2%—2 <---< hnwo-

For m > n,
[d(z), 2l )+ d(2?,22) + -+ d(z", z™)] <
sld(a, T yy) +d(ar, 2 py) + o+ d(zh, o))
+32[d($711+1> 55711-1-2) + d($721+1’ 1'31+2) “td(@p 1, Thyo)]
+oe ST g ) + d(a, px?n) o+ d(wg, 7))

< Shnwo 4+ 82hn+1’¢0 4. °Sm_nhm_11/10

< sh™1 4 sh+ (sh)? + -]

= Shh—>0asn—>oo

This shows that {zl}, {xn}, , {z}'} are Cauchy sequences in X. As X is complete
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b-metric space, so there exists !, 22, 23, .- 2" € X such that 2l — 2!, 22— 22 .-,
r— " as n—00.

Now we will prove that z! = S(z!,22,---  2"), 22 = S(2?,23,2%,--- 2" 2!) |- -,
2" = 8(z", 2t 22 2.

Suppose on contrary that

ol £ S(xt 2?2, 2% # S(2?, 23 2t a2t - 2™ £ S(an 2t 2?2,

Then

d(zb, S(xt 22 - 2™) =13 > 0,d(2?, S(2?, 23, 2%, --- 2™, 21)) =13 > 0,---, d(z", S (2™, 2t 22 - -
I3 > 0.

Consider the following and using condition (1) of Theorem 1, we get

ll = d(lJ? S(:Ul?xQ? e 7‘7:”)) < S[d(x17$%k+2) + d(x%k—f—% S(‘Tlvaa T 7317”))]
= sd(z!, 2y 10) + sd(S(a', 2%, "), wyp)
= Sd(.’L‘l, $2k+2) + Sd(S(Jtl, $2) e 7'%'”)7 T(x2k+17 x%kJrl? e 7$3k+1))

d(.ﬁL‘l, -TU%]C_H) + d(xQ’ x%k_H) + .4 d(xn’ xgk-i-l)

< sd(x',2340) + 801

n
+san d(xla 5(3717x2a T 737n))d(372k+17 ($$k+1aw2k+1a‘ : 7373k+1))
L+ d(xt,agy ) +d(@?, 23, ) + -+ d(a™, 25, )
oy d(x3yyq, S(at 22, - 2))d(z! aT($§k+17x2k+1v L Thpig)
L+d(at, oy, ) +d@? a3, )+ +d(zm, 2, ,)
+say d(5($17 1.27 e 7$n)7 T(x;]prla $%k+1a e 7xgk+1))d(mla m%kJrl)
1+ d(a1, x%k+1) + d(x?, x%kJrl) + e d(at ag )
s d(S(a!,a?, - a"), T($%k+17 x%kﬂv T 75”gk+1))d(x27 x%kﬂ)
1+ d(2!, x%k—&-l) + d(a?, x%kﬂ) + o d(at ag )
+sag d(@hy,y 1, T(Thy 41,0540 Topyy))d(@?, 25, 1)
1+ d(2!, x%k—&-l) + d(x?, $%k+1) + -+ d(2n, xgkﬂ)
s d(:v%kﬂ, S(zt, 22, 2™))d(x!, x%kﬂ)
1+ d(t, x%k—&-l) + d(a?, z%kH) + o d(an 2y )
+s0g d($%k+1a S(l’l, m2’ T ’xn))d(mQ’ xngrl)
1+ d(a1, x%k+1) + d(x?, x%kﬂ) + o d(at ag )
+sayg d(w%k—l-l? T(x%k—i-l’ $§k+17 T 7x3k+1))d(xn’ Sy
1 +d(2!, x%kﬂ) + d(a?, x%k—i—l) + e d(at ag )
d(zt ., Szt 2%, - 2))d(a”, 2?
ol S Dd(a" 18)

1+ d(ml,x%kﬂ) + d(:cQ,xng) + o+ d(an )
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d(x17 x%kz—&—l) + d(x2’ x%k—i—l) +oot d(xnv xg/c—i—l)

= sd(z', 23 5) + s

n

s d(zt, S(xt, 22, - 7xn))d(x%k+17m%k+2)

1+d(at, xy, ) +d(@? 23, )+ -+ dam,zl, )
+so d(ryyy, S(at,2?, - am))d(at, 2y )

1+d(z!, x%kﬂ) + d(z2, $%k+1) + - d(a™ wy )
o d(S(at,2?, -, a"),2d, H)d(at, 2d, L)

Lt d(at, oy ) + d(@?, 23, ) + - +d(a, 254 )
oo d(S(zt a2, a™), ad o)d(x? 23, )

1+ d(:Ul,x%kH) + d(x?, x%kﬂ) A d(an )
d($%k+17w%k+2)d($2>x§k+1)
1+ d(:vl,ac%kH) + d(x?, x%kﬂ) 4 d(am, )
d(x%kﬂ, S(xt, 2?,--- ,m”))d(ml,mékﬂ)
1+ d(ml,x%kﬂ) + d(22, x%kH) 4 d(am, )
d(x%k—&—l’ Szt a?, - a™))d(z?, ‘rgk—‘,—l)

1+ d(a:l,a:%kH) +d(@? a3, )+ + d(z™, xhy, )

+Sag

+sar

+sag

d(x%kﬂvx%k+2)d(fcnax3k+1)
1+ d(xl,xékﬂ) + d(22, x%k_H) + o+ d(an 2y )
d(hy,yy, S(@t,a?, - 2™))d(z", 2%y )
L+ d(z! 2y ) +d(@? gy ) + -+ d(a,zfy )

+Ssag

+saqg

Using the concept that {z.}, {z2},-- -, {2} are convergent sequences, so it’s subsequences.
Taking limit as k — oo we get [; < 0.
Which implies that

d(zt, S(xt 22, 2™) =0, s0 2t = S(zt,2?,--- ,2").

Similarly we can prove that

2?2 = S22, 23, 2%, - a2t o 2" = S, a2 2

Analogously we have

zl = T(2b 22, ,2"), 22 = T(2?,23,--- 2", 2!) -, 2" = T(a", 2!, 22 2”71,
Thus we have proved that (z!,2% .-+ 2") is a common n-tupled fixed point of S and T.

Uniqueness

Let (zl,22 .-, 2%)€ X™ be second common n-tupled fixed point of S and 7. From

condition (1) of Theorem 1, we can write
d(z', 2y = d(S(z", 2%, - 2™, T(al, 22, - | 2™))

n

<o
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d(zt, S(x!
“+a

7:(:27 e ,I'n))d(l'i,T(.%'i, xza e 71.2))

1+ d(z?,
d(xl, S(x!,

xl) +d(2?,22) 4+ - + d(a™, 2?)

8

s + d(t,

d
a?, - a))d(a!, T(ay, a3, - al))
xl)—l—d(az2 2) 4. x”,:zl})

n)aT($}<>$z7 )d(l‘l,{[)i)

+ |
=3k

8

| ~~—

)
no
8
(e}
~
+
+
Q[*3

a”, xl)

)d(2?, 27)

8
3
8

d
n)’ T<mi7$37 T
d

=
\.l\:)
8
* DN
~
+
+
Q*3
—~ | —
8
VZ
&
\_:/

*

*
~
8
8
* 10
8
*3
o
Dl
—
8
v
8
* N

S|~

=+
=
8
\_l\D

. FO
* D
S~—
_l’_
+
5
QH
*3

* =
wn
Lo+ |8
S
R
\.M\'
3
.
]
+ |3
A N
C &
+ |8
o |
3\_/
5
*3

=
8
*
o
8
8
uw
8
3
=
&
8
\.[\7
8
* DN

* = +
=
&
\.l\) .
. S|
* DN
S~—
+
+
N
\‘: SN—
&
*3

2
S
ﬁ}—‘
S
S
S
é\(--l\')
8
*3
=
QU
—~
8

3
8
*3
~—

8
%
SN—
+
=
8
\-l\D .
8
* D
S~—
+
+
2%
8
93
)
*3

st

+aqp

d(z*

T d(el, )+ (e, a2 T
rh) +d(z?2?) + -+

P
s
8
—
8
[\
B
3
=z
2
8
1%
B |E
S |~

8
*3
~—

=
5
\‘3
)
* 3

“+a

n
d(z', z)d(z,, z;)

+Oz3

1+ d(at,

o]+ d(a?,22) + -
d(al,a))d(x", )

+d(z", })

1+ d(t,

o)+ (2 )+
(e, (e, o)

+d(a”, 27)

+ay

+as

1+ d(2t,

o)+ da?,a?) +
d(a!, 2} d(a?,a?)

+d(a”, 27)

1+ d(at,

o]+ d(2,22) + -
d(al, el)d(a?, 2)

+d(a”, 27)

+ag

+ar

1+ d(t,

o)+ +
(el o)d(' 7))

+d(a”, 2})

1+ d(t,

o)+ da?,a?) +

d(z,, z)d(2?, 23)

+d(a”, 27

+ag

1+ d(t,

)+ d@®,2%) + -+ d(a", a7)

340
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d(zl, xl)d(z", 27)
L+d(at, al) +d(2?,22) + - - - + d(2", 2})
d(ay, ')d(z", z7)
14 d(xl,xi) + d(fL‘Q,l‘z) 4+ -+ d(xn’ xz})
d(zl, 2l +d(x2, 22) + - + d(z™, 2"
<o @, z.) +dl ,x;) o d(etz) + asd(x', xl)
+agd(a!, z}) + asd(z!, ) + ard(z!, 7)) + agd(z!, 2,) + anod(z', )

which implies that

+ag

+aqp

a;
(1-— —az—a4—as—oar—as - aio)d(a’,z;) <

d(z?,22) +d(23,23) + - + d(2", 27)

Qa1
n
d 2 .2 d 3 .3 .. d(x™. "
d(l‘l,ﬂfi) S ( 041[ ($ ,.’B*)+ ('T ,.1‘*)+ + ($ ,J}*)] (Cl)
n— o —naz —nayg —nNay — a7 — nog — TLOélo)
similarly,
d(l’Q .1'2) < al[d(x17xi> + d(x37xi) +o d(.%'n, Q}:})] (C )
T (n— a1 — nag — nay — nas — nag — nag — naqg) 2
Proceeding n-times, one can write
d 1 ..1 d 2 .2 . d n—1 ,.n—1

(n — a1 — nag — nay — nas — nag — nag — naqg)
Adding, C1, Cs, ---, and C},, we get

(n — Daa[d(z', x}) + d(a? 23) +--- +d(a", 2])]
(n — a1 — nag — nay — nas — nay — nag — Nagg)
(n — Dag[d(zt, x}) +d(2?, 22) + - +d(2", 27)]
(n — a1 — nag — nay — nas — nay — nag — Naqg)

d(xl, xi) + d(xz, xz) +-Fd(2"2l) <

1-— <0

n(l—a1—ag—a4—a5—a7—a8—a10)

(TL — ] — N3 — Ny — Ny — Naey — noeg — nalo)

since a1 + a3 + aq4 + a5 + a7 + ag + ajg < 1.

Therefore
n(l—ay —as —ag —as — ar —ag — ag) <0
(n — a1 — nag — noy — nas — nay — nag — Nag) '
Hence
which implies that 2! =z , 22 =22, ... |, 2" = 27
So (b, 22, ,a") = (xl, 22, 2?).

Thus, S and T have unique common n-fixed point.

Theorem 1 yields the following corollary.
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Corollary 1. Let (X,d) be a complete b-metric space with parameter s >1 and let the
mapping T : X™ — X satisfy:
d(z',y") +d(@? y*) + -+ d(z", y")
n
d(i[}l, T(.lel, xzy o ’xn))d(yl’ T(y17 y27 o ’yn))
1+d(ztyl) +d(2?,y?) + - - + d(a™, y™)

d(ylﬂT(‘Tlax27'” 7xn))d('r17T(y1 y27" 7yn))
L+d(@t,yt) +d(a?,y?) + - + d(2"

d(T($17x27'” 7xn)7T(y17y27“' 7yn)) S aq

“+a

+asg

Y™
+a4d(T(fE1,x2w-- ™), Ty y% - y™)d(a!, yt)
L+d(zt,yt) +d(z?,y?) + - - -+ d(a7, )
+a5d(T(x1,x2,-~ ,a™), Ty v, y™)d(=?, y?)
1+d(zt yl) +d(22,y%) + - - - + d(z™, y» )
o dly", Ty, 9% - y™)d(2?, %)
L+d(zt yt) +d(z?,y?) + - - -+ d(a", y")
ran dy', T(z!, 2% - a™))d(z", y")
L+d(zt, yt) +d(2?,y?) + -+ d(z", y™)
Lo d(yl,T(x17w2,--- ,a™))d(z?, y°)
L+d(zt, yt) +d(22,y?) + - -+ d(am, y)
ta dly', Ty, 9% - y™))d(z",y")
1+d(ztyl) +d(z?,9?) + - - + d(a™, y™)
oo dy', T(z!, 2% - a™))d(=", y")

T+ d(al,y7) + d(@% ) + - + d(@", ")
3

for all 2, 22, 23,---, 2™ and y*, y%, v, -, y" € X and o; > 0,3 =1,2,--- ,10 with the
conditions saq + as + a4 + a5+ ag +ag < 1 and a1 + az + a4 + a5 + ar + ag + ag < 1.
Then T has unique common n-tupled fized point in X.

Proof. Proof is very easy if we take S =T in Theorem 1.

Theorem 2. Let (X,d) be a complete b metric space with parameter s > 1 and let the
mappings S, T : X" — X satisfy:

d(zt, yt) +d(z?,y?) + - + d(z™, y™)

d<5($1,$27--- 7xn)7T(y17y27"' 7yn)) S a1 n
d(xlvs(xlvxzv"' 7xn))d(yl7T(y1’y2’.“ 7yn))

1+ S[d(ZL'l,T(yl, T ’yn)) + d(y17 S(:Elv T 7l.n)) + d(l:lv yl) + d($2a y2) +eee d(l‘n’yn)]
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d(xlv S(xla Q?2, tU ’xn))d(ajl’ T(yla Z/27 a 7yn)>
I+ S[d($17T(y17 e 7yn)) + d(y17 S(xlv e ,xn)) + d({El, yl) + d($2, y2) +oot d(xn’yn)] .
(2)

+y

For all x', 22, 23,---, 2" and y*, 42, y3, ---, y" € X and a, B, v are non-negative real

numbers with s(a+ +7) < 1. Then S and T have unique common n-tupled fized point.

Proof. Taking n arbitrary points iL‘(l), x%, 1‘8,' -+, x5, in X, define
1 _ 1 .2 .3 n
x%k-ﬁ-l = S(ka’x%wak? e, Thy),
J— n
$§k+1 = S(xglwxgk’w%k’ LTy ),
— n
Log41 = S(Tops Top, Tops**+ + Thy)
zn —S(x" xn—l xn—2 x2 xl )
2%k+1 = 2k Lo Lo » Lok Tog )
and
1 _ 1 2 3 n
x%k+2 = T(‘r%k—t-lvx%-&-l’ Lopy1s" " 7m2kz+1)7
J— n
x§k+2 = T($2k+1’x2k+l’ $%k+17 T 75'32k+1)v
— n
Logyo = T($2k+1>$2k+1a Log410" " 73:2k+l)7
n _ n n—1 n—2 2 1 _
Lopy2 = T($2k+1v$2k+17x2k+1» T 7$2k+17x2k+1) for k=0,1,2,---.

For the sake of simplicity, we take
A= d(wgy, why ) + d(@3y, 25y 0) + -+ d(ahy, ).
Consider

1 1 12 1 2
(w11, Top o) = d(S(wop, Top, -+ 2k ), T(Xop i1, Top 1, Topy1))-
Then by using condition (2) of Theorem 2, we have

d@%k» x%kJrl) + d(x%k’ l‘%kﬂ) + -+ d(wy, xngrl)

1 1
d(Top 11, Topr2) < a1

n
(g, S (@hp T3+ ) )@y 1 T (X1 T 15 5 Ty1))
1+ S[d(‘/l‘ék’ T(x%k;_}_la o 7$g]€+1)) + d(‘r%k_t,_la S(‘T%k’ e 7x3k) + >‘]
d(méw S(:U%Iw x%kv T ’xgk))d(xékv T(f’f%kﬂa x%k-&-l’ T 7xgk+1))

+
1+ S[d(x%w T(xék-i-l? e ,$§k+1)) + d(x%k-rla S(x%k, T vxgk)) + Al

o d(f’f%k, x%kJrl) + d(x%k’ f”%kﬂ) + -+ d(2hy, xngrl)
! n
11 1 1
d(wyy, x2k+1)d(x2k+1’ $2k+2)
1+ s[d(agy, 2y, o) + d(@5 1, Tapyy) + (@, 2y ) + d(@5, 23, ) + -+ d(@hy, o)
5 d(x%wx%k—i-l)d(x%k?w%k—ﬂ)
Lt sld(wyy, 2y o) + d(@gyy 1y Tap ) + d(@gg, 25y 0) +d(@3y, 25, ) + -+ d(@y, 28 )]

+5

_l’_
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d(ahy,, thy,y 1) + d(@3y, @3, 0) + -+ d(@hy, o)
n

48 d(x%k’ x%kﬂ)d(%%kﬂ’ m%k+2)
1+ s[d(agy, 15 @y o) + d(@5y, 23, ) + -+ d(@hy, 2, )]
d(x%lw “f’%kﬂ)d(@’%kv w%km)
1+ S[d(xém $§k+2) + d(xéw m%k—‘,—l) + d(x%kﬂ x%k—i—l) + - d(zhy, xgkﬂ)]

(x5, Ty q) + d(@3y, 25y 0) + -+ d(@y, 28, )
<a " + Bd(wyy, Thyi1) + V(g Tyt 1)

+y

which implies that

1 a+np+ny
d(x%kJrl’ Togya) < Td(%k, x%kJrl)
o
+ﬁ[d($%ka T3p41) + (@3, 2 y) + -+ d(@hy, wh )] (D1)
Similarly, we can prove
a+nfb+ny
d@%kﬂa x%k+2) #d(%kn 37%k+1)
+ 2 (@b, 2 ) + (@, 2y ) + o+ d(2ly, 7)) (D2)
n 2k> T2k+1 2k L2k+1 2k> Tok41)]- 2
Proceeding similarly, one can write
a+nf+ny
d(T3p1 15 Thiyo) < fd(xgkﬁ Topt1)
«
+E[d($%ka m%k-i-l) + d(m%k, x%k+1) R d(l‘gk 1a fgk.&l)] (Dn)

Adding equations (D1), (D2), - -+, and (D), we get
[d(l‘%k—i-l’ x%k+2) + d(x%kﬂ, $%k+2) + o+ AT, Tg0)] <

(a+ B+ 7)[d(xdy, $2k+1) + d(x3;,, x%kJrl) + -+ d(hy, )]

Also 5
a+np+ny
d(x%k-ﬂa x%k+3) Td(x%—&—l’ 5'32k+2)
g d 2 2 d 3 3 L. d(z™ n E
+ n[ (T2hq 15 T2pp2) + A(Topi1, Topqn) + -+ + d(Thg 1, Thg o)) (E1)
a+nf+ny
d($%k+27 x%k+3) #d(x%—&—lv x2k+2)
g d 1 1 d 3 3 L. d(x? n E
+n[ (Tokt 1> Topt2) + A(Topq1, Topqa) + -+ + (T 1, Thp o)) (E2)
n n a+np+ ny
d(372k+27 x2k+3) 7d(3«"2k+17 332k+2)

n
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(@1 @hn) + g W) - dlahl ahly)) (En)
Adding, (E1), (E3) ---, and (E,,), we get
(A0, Thprs) + d(@3p0, Bps) + -+ AT, Ty s)]
< (a+ B4 Nd(@ygs 1, Tapra) + (@341, Topa) + -+ d(@hyp 1, T )]
< (@4 B+ 7)?[d(@ags wopi1) + A3y, ¥5p0q) + - + (@, 2By 4)).
Therefore we have the following
d(xylm 357114-1) + d(fU?w xgz—f—l) + -t d(ay, )
< (a+ B4+ Ndy_1, ) +d(z5 g, 25) + -+ d(a_y, 27))]
< (a+ B+ d(wy_o, 1) + d(@} s, %1) -t d(zg g, )]
<o < (ot B+ )" [d(xg, x1) + d(ag, 2F) + - - + d(ag, 27))

where h=a+ 3+~ < 1.
Now if we set d(z),zh 1) +d(22,22 1) + -+ d(@l, 2z, ) =y
Then wn < hwn—l < h2wn—2 <. < h""l/Jo

So for m > n, we have

[d(x}wxm) d( L, m) +o d(wm‘rm)] <

sld(zy, zpp1) + d(@h, x5 0) + -+ d(z, 20 )]
+82[d($£+1, xn+2) + d(xn+17 xn+2) -+ d( Ln+1s n+2)]
++$m_n[d(xrln LT m)+d( Lopp— 17:6371) +d( Ln— 17xm)]

<Shn1f) +82hn+1’¢ 4. gMm—npm— 1¢0
< sh™1+ sh+ (sh)*> + -]t

= Sh 5 — 0asn — oo.

This shows that {zl}, {:I}n}, , {zL} are Cauchy sequences in X. As X is complete
b-metric space, so there exists :1:1, 2?2, 2%, 2" € X such that z} — 2!, 22— 2% ...,
Tp— " as n—o0.

Now we will prove that z! = S(z!,22,.--  2"), 22 = S(a?, 23, 2%, ,a:",xl) R
" = S(z™ 2, 22--- 2" 1). On contrary suppose that 331 £ Szt 2%, 2"), 22
S(x? 2%, 2%, - a2t - 2 #£ S(an 2t 2?2,
Then

d(zb, S(xt 22 - 2™) =13 > 0,d(2?, S(2?, 23, 2%, .-+ 2™, 2t)) =13 > 0,---, d(z", S (2™, 2t 22 - -
I3 > 0.

For the sake of simplicity, we take again
= d(:vl,x%]Hl) + d(ﬂ:2,x§k+1) + - 4 d(a”, xgkﬂ).
Now consider the following and using condition (2) of Theorem 2, we get

1= d(xl,S(azl,mg,--' ') <
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S[d([L‘l x%k—f—Q) + d(gjék-i—% S(xlv $2, T 71:”))]
Sd(fﬁl x2k+2) + sd(S(:L‘ 552 3Un)ax%k+2))
Sd(ﬂfl $2k+2) + Sd(S(x a?,- 7xn)7T(x2k+lax§k+17"' , T41))
d(z', x + d(2?, 22 4+ -+ d(x™, 28
ety 4 a0l ) ) (@ )
n
—FSB d('xl S(q“l 562, e axn))d(‘r%]prlv T(x%kJrl) x%kJrlv o ,$§k+1))
Lt sld(@h, T(@gyq, 05150 Thpyq)) + A2y, S(@h, 22,0 am) + ]
+s7 d(xlv S(x 73527 o 7$n))d(xl7 T(x%kJrla x%ker U 7x3k+1))
1 + S[d(xl, T(x%]prp w%k+17 e axngrl)) + d($%k+1, S(.%'l, x27 e ’xn)) + )\}
d(z!, x%k—f—l) +d(a?, m%k—i—l) + o4 d(2", xgk—l—l)
= sa
n
"‘36 d(xl,S(xl,xQ,-u 7$n))d(‘r%kz+17w%k+2)
1+ sld(z?!, x%k_ﬂ) + d(w%k_H, S(xl, - zm)) + d(at, x%k-yl) + d(z2, x%kﬂ) + - d(an )]
+ d(.’El,S( a"' ,xn))d(xl x%k+2)
57
1+ s[d(at, xy, o) +d(ag,, 1, S(at, - )) +d(@t,zhy ) +d(2? 25 )+ d(am ety )]
— s d(z! $2k+1) +d(2?, $2k+1) + o Hda ag )
n
+85 d($175($1,$2,"' ﬂxn))d(x%k+17$%k+2)
1+ s[d(agy, . S(at a2, - am) +d(ag,, 2y o) +d(@? 25, ) + - +d(an, 2y, )]
N d(zt, S(xt, 22, - - ,m"))d(ml,xékw)
sy .
1+ S[d(xék_u’ S(xt,z?,---  an)) + d(x%k+17 x%k+2) + d(22, $%k+1) + o+ d(@m )]
Taking limit £k — oo we get [; <0
sod(z',S(zt, 22%,--- ,2")) =0 = z' = S(z', 22, --- 2.
Similarly we can prove that
2?2 = S22, 23, 2%, - 2" 2t o 2" = S, 2t 2?2 ).
Also we can prove that
ol = T(2b 22, ,2"), 22 = T(2?,23,--- 2", 2!) -, 2" = T(a", 2!, 2. 2"~ 1),
Thus we have proved that (z!,z2,--- ,2") is a common n-fixed point of S and 7.
Uniqueness:
Let (zl,22,--- , 27)€ X™ be another common n-fixed point of S and 7. Using condition

(2) of Theorem 2 here, we get
d(zt, z}) = d(S(zt, 22, -+ 2™, T(xl, 22, .-, 2™))

d(xl,xi) + d(:pQ, l‘z) + oot d(am 2}

n

<«
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d(.%'l,S(.%'l,x2,~-- ’:Cn))d(l' T(x 5132 7'7;7:))
2

+61+3[d($17T(96i;"'7$1‘))+d(90l,5(901a"'7 ") +d(zt, xi) +d(2?,23) + -+ d(2", 27)]
d(xlvs(xlawza"' 7xn))d($17T(xiax§7"' axzx}))
T St TG ) + (el St 2] + d(atal) § d(a?, 22) T § (e 2]
_ad(xl,xi)+d(x2,xz)+---+d(x",:vfj)
n
d(x!, x')d(x}, x})
+B1+S[d(azl xl) +d(xl, V) + d(xt, 2l) + d(22,22) + - - - + d(z™, 27)]
d(z',z ) (z!,z})
T St o)+ AL o) + d(eb, o) 1 % ad) T T o)
_ d(zt, o) +d(2?,22) + - + d(2™, z7)
n

d(ml,xl)d(:ni,xi)
1+ S[3d(m1’ xi) + d(xQ, xz) 4+ 4 d(xn’ $§<L)]
d(z',z")d(a", 2,)
1+ S[Sd(xl’ xi) + d(:rQ, xz) 4+ 4 d(:p”, Sﬂf)}
St 2l) +d(@?, 22) + -+ d(a", o)

n

+5

+v

Which implies that

2 .2 3 .3 n .n
d(xl,wi)[ _ %] §04d(x ,x*)—i-d(a: 7x:l)+ +d(x 737*)

d(z',z}) < ——[d(2*,22) + d(2*,22) + - + d(a", 27)]. (F1)

T n—a«o
Similarly, we can prove that

(07

d(2?,23) < [d(at, 23) + d(a?,23) + - + d(z", 2})] (F2)

a

d(z™, x}) < [d(z!,2l) +d(z?, 22) + -+ d(=" 1, 27 ). (Fy)

n—uow

Addll’lg, (F1)7 (F2)7 T and (Fn)7 we get
which implies that
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SO
(1 - a)[d(z!,2}) + d(=? 22) + -+ + d(z", 27)] < 0.

Since 0 < a < 1.

Therefore

d(zb, 2l) + d(2?,22) + - + d(z", 27) = 0.
Thus

(xlv $2, T ’xn) = (xLx'z’ T 7'73:})

Hence S and T have unique common n-tupled fixed point.

Corollary 2. Let (X,d) be a complete b metric space with parameter s > 1 and let the
mapping T : X" — X satisfy:

d(zt, yt) +d(z?,y?) + -+ d(z™, y")
n

d(wlvT(x17m2? T 7xn))d(y1>T(yla y2’ e, y")
L+ s[d(=h Tyt - y™) +dyt Tt - am)) +d(at, yt) + d(2?,42) + -+ d(a™, y™)]
+’}/ d(xl,T(a,’l,a:2, e 7xn))d(x17T(y17 y27 e 7yn))
L+ s[d(@n Tyt ym) +dyh Tt a™) +d(at, yt) +d(2?,y?) + -+ d(am, y™)]

For all 2%, 22, 23,---, 2" and y', v?, v3,---, y" € X and a, B, v are non-negative real

numbers with s(ac + f+v) < 1. Then T has unique common n-tupled fized point.

d<5($1;$27"' 7xn)7T(y17y27"' 7yn)> <o

+6

Remarks:

e If we put n =2 and ag = 0, a;9 = 0 in Theorem 1, then we get coupled fixed point
result of Sarwar et al. [15].

o If we put n=2and o; =0,7=4,5,---,10 in Theorem 1, then we get the result of
Malhotra and Bansal [16].

Example 3. Suppose S=[0,1] and a b-metric d : X x X — R defined by d(z,y) = 3(z—y)?
for each x, y € X.

Then (X, d) is b metric space having parameter s = 2. If we define S,T : X™ — X by
S(l‘l ;A ") = e 4’ 4ad4. 42 T(le 22 3 ... ") = x1+x2+m31+---+x"
) ) ) ) n ) b ) ) b n+
!, 22, 23, 2" € X". Then it can be proved simply that the maps S and T satisfy the

L , 1 _ 2 _ 3 _ 4 _ 1 _ 3 _
c;mtmctzogn m Thelorem 1 wzzth a1 = 55,02 = 55,03 = 55,04 = 55,05 = 55,06 = 55,7 =
%7048 = %7059 = ﬁualo = 75

Clearly (0,0,0,---,0) is a unique common n-tupled fixed point of S and T.

for each

3. Conclusion

The derived results generalized the results of [16] and [15] in the setting of b metric
spaces.



REFERENCES 349

Authors contributions

All authors contributed equally to the writing of this manuscript.

All authors read and approved the final version.

Acknowledgements

This work was supported by the National Natural Science Foundation of China (11571378).

The authors are grateful to the editor and anonymous reviewers for their careful reviews,
valuable comments and remarks to improve this manuscript.

[1]

References

M Imdad A H Soliman and A Sharma. Results on n-tupled coincidence points in
generalized complete metric spaces. J. Adv. Math., 9(1):1787-1805, 2014.

I A Bakhtin. The contraction mapping principle in quasimetric spaces. Funtional
Analysis, 30:26-37, 1989.

V Berinde. Coupled fixed point theorems for ¢-contractive mixed monotone map-
pings in partially ordered metric spaces. Nonlinear Analysis, Theory, Methods and
Applications, 75(6):3218-3228, 1975.

V Berinde and M Borcut. Tripled fixed point theorems for contractive type mappings
partially ordered metric spaces. Nonlinear Analysis, 75(15):4889-4897, 2011.

T G Bhaskar and V Lakshmikantham. Fixed point theorems in partially ordered
metric spaces and applications. Nonlinear Analysis: TMA, 65:1379-1393, 2006.

M Boriceanu. Fixd point theory for multivalued generalized contraction on a set with
two b-metrices. Studia Univ. Babes-Bolyani Math., LIV(3):1-14, 2009.

S Czerwik. Contraction mappings in b-metric  spaces. Acta
Math.Inform. Univ. Ostraviensis, 1:5-11, 1993.

S Czerwik.  Non-linear Set-Valud Contraction mappings in b-metric spaces.
Atti.sem.math. fis. Univ.modena, 46:263-276, 1998.

D Guo and V lakshmikantham. Coupled fixed points of Non-linear operators with
applications. Nonlinear Anal., Theory Method Appl, 11:623-632, 1987.

E Karapinar H Aydi, M F Bota and S Mitrovic. A fixed point theorem for set-valued
quasi-contractions in b-metric spaces. Fized Point Theory Appl., 2012:88, 2012.

E Karapinar. Quartet fixed point for nonlinear contraction.  http://arzivorg
/abs/1106.5472., page http://arxivorg /abs/1106.5472., 2010.

V Lakshmikantham and L Ciric. Coupled fixed point theorems for nonlinear contrac-
tions in partially ordered metric spaces. Nonlinear Analysis: Theory, Method and
Applications, 70(12):4341-4349, 2009.



REFERENCES 350

[13]

[14]

[20]

[21]

[22]

23]

B S Choudhury M Imdad, A H Soliman and P Das. On n-tupled coincidence and
common fixed points results in metric spaces. Journal of Operators, 2013:Article ID
532867, 2013.

M D L Sen M Paknazar, M E Gordji and S Vaezpour. n-Fixed point theorem for
nonlinear contractions in partially ordered metric spaces. Fized Point Theory and
Applications, 2013, 2013.

S Hussain M Sarwar and P S Kumari. Common coupled fixed point theorems sat-
isfying rational type contractive conditions in b-metric spaces. SpringerPlus., 5:257,
2016.

N Malhotra and B Bansal. Some common coupled fixed point theorems for generalised
contaction in b-metric space. Journal of Nonlinear Science and Application., 8:8-16,
2015.

P P Murthy and R Kenvat. n-Tupled Fixed Points Theorem in Fuzzy Metric Spaces
with Application. Advances in Fuzzy Systems, 2015:1-12, 2015.

Z Kadelburg N Hussain, D Doric and S Radonovic. Suzuki-type fixed point result in
metic type spaces. Fized Point Theory. Appl, 2012:12 pages, 2012.

W Sintunavarat O Yamaod and Y J Cho. Existence of common solution for a system
of nonlinear integral equations via fixed points methods in b-metric spaces. Open
Math., 14:128-145, 2016.

K Dlutek S Czerwik and S L Singh. Round-off stability of iteration procedure for
operatos in b-metric spaces. S.Natur.phys.sci, 11:87-94, 1997.

K Dlutek S Czerwik and S L Singh. Round-off stability of iteration procedure for set
value operatos in b-metric spaces. S.Natur.phys.sci, 15:1-2, 2001.

M A Khan S Dalal and S Chauhan. n-Tupled Coincidence Point Theorems in Partially
Ordered Metric Spaces for Compatible Mappings. Abstract and Applied Analysis,
2014:1-8, 2014.

H Sahper S Husain and A Sharma. Generalized n-tupled fixed Point Theorems for
Contractive Rational Type Condition. British Journal of Mathematics and Computer
Sciences, 4(5):765-748, 2014.

B Samet. Coupled fixed point theorems for a generalized Meir-Keeler Contraction in
partially ordered metric spaces. Nonlinear Analysis, 47:4508-4517, 2010.

P Kumam W Sintunavarat and Y J Cho. Coupled fixed points theorems of Nonlinear
contractions without mixed monotone property. Fized Point Theory Appl., 2012:170,
2012.



REFERENCES 351

[26] Z Golbovic W Sintunavarat, S Radenovic and P Kumum. Coupled fixed points the-
orems for F-invariant set. Appl. Math. Inf. Sci, 7(1):247-255, 2013.

[27] O Yamaod and W Sintunavarat. Fixed point theorems for («, 3)-(1, ¢)-conractive

mapping in b-metric spaces with some numerical results and applications. J. Nonlinear
Sci. Application, 9:22-34, 2016.



