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Abstract. An additive mapping F: R — R is called a generalized derivation on R if there exists
a derivation d: R — R such that F(zxy) = xF(y) + d(z)y holds for all z,y € R. It is called a
generalized (a, §)—derivation on R if there exists an (a, )—derivation d: R — R such that the
equation F(zy) = F(x)a(y) + B(z)d(y) holds for all z,y € R. In the present paper, we investigate
commutativity of a prime ring R, which satisfies certain differential identities on the left ideals of
R. Moreover some results on commutativity of rings with involutions that satisfy certain identities
are proved.
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1. Introduction

Recently, a considerable number of researchers have investigated the ideals in prime
rings as well as the commutativity of prime rings that consider derivations and generalized
derivations, see for example [2], [3], [5] and [7]. In [4], Ashraf and Khan showed that a
x-ideal U is central if the ring R admits a general derivation F associated with a derivation
d satisfying specific properties. In [10] , El-Soufi and Aboubakr proved that J C Z(R)
under specific properties, where R is a 2-torsion free prime ring with center Z(R) admitting
a generalized derivation F' associated with a derivation d , J is a nonzero Jordan ideal. In
addition, Ibraheem in [11] showed that if f is a generalized reverse derivation on R such
that f is commuting and centralizing on a right ideal I of R, then R is a commutative,
where R is a prime ring and d is a reverse derivation on R. Moreover, in [1], Abu Nawas
and Al-Omary investigated the commutativity of R such that R is a *-prime ring admitting
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generalized (o, 3)- derivations F' and G associated with (o, 3)—derivations d and g, respec-
tively, that satisfying certain properties. Let R be an associative ring with center Z(R).
For z,y € R denote the commutator xy — yx by [z,y] and the anti-commutator xy + yx
by z oy. Recall that a ring R is prime if for any a,b € R, aRb = {0} implies that a = 0
or b=0. An additive mapping d : R — R is called a derivation if d(xy) = d(z)y + zd(y)
for all x,y € R. In particular, for a fixed a € R, the mapping I, : R — R given by
I,(x) = [z,a] is a derivation called an inner derivation. An additive mapping z — z* on
a ring R is called an involution if (z*)* = z and (zy)* = y*2* for all x,y € R. A ring R
equipped with an involution x is said to be a *-prime ring if aRb = aRb* = {0} implies
a=0orb=0 for any a,b € R.

An additive function F' : R — R is called a generalized inner derivation if F'(x) = az+zb
for fixed a,b € R. For such a mapping F, it is easy to see that

F(zy) = 2F(y) + [a,x]y = 2F(y) + Io(z)y for all z,y € R.

This observation leads to the following definition, given in [9]: an additive mapping F :
R — R is called a generalized derivation with associated derivation d if

F(xy) =2F(y) +d(z)y for all z,y € R.

Familiar examples of generalized derivations are derivations and generalized inner deriva-
tions that include left multipliers and right multipliers. Since the sum of two generalized
derivations is a generalized derivation, every map of the form F(z) = xzc + d(x), where ¢
is a fixed element of R and d is a derivation, is a generalized derivation; and if R has 1,
all generalized derivations have this form. Let o and 8 be endomorphisms of R. We shall
write for any pair of z,y € R, [x,ylag = za(y) — B(y)z, (xoy)as = za(y) + B(y)z An
additive map d : R — R is called an («, 3)-derivation if d(zy) = d(z)a(y) + B(x)d(y) for
all x,y € R. An additive mapping F': R — R is called a generalized (o, 3)-inner deriva-
tion if F(x) = aa(x) + B(x)b, for some fixed a,b € R and for all x € R. An additive map
F : R — R is called a generalized («, §)-derivation associated with an (a, §)-derivation
d:R— Rif
F(xy) = F(x)a(y) + B(x)d(y) for all z,y € R.

Over the last four decade, several authors have proved results on commutativity of
prime rings or semiprime rings that admitting automorphisms, derivations or generalized
derivations which are centralizing or commuting on appropriate subset of R (see [5], [8],
12] , [14)-[16]).

In this paper, we investigate the commutativity of a prime ring R admitting generalized
derivations F' and G satisfying any one of the following properties: (i) F(x)ox € Z(R), (i)
[F(x), F(y)] = Flz,y] € Z(R), (iii) F(x)oF(y) - F(zoy) € Z(R), (iv) Flz,y|+ [F(z),y] -
[F(2), F(y)] € Z(R), () F(aoy) — [z.y] € Z(R), (vi) [F(x), F(y)] — w0y € Z(R), (vii)
[F(2), G(y)] — [2.] € Z(R), (viii) [F(x),a] - [&,G(x)] € Z(R) and F(r)oz —z0G(z) €

Z(R) for all z,y in some appropriate subset of R. Some results on commutativity of rings
with involutions that satisfy certain identities are also proved.
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2. Preliminaries

We shall use, without explicit mention, the following basic identities that hold for any
z,y,z € R:
[vy, 2] = zly, 2] + [z, 2]y;

[z, y2] = yl, 2] + [2, 4]
zo(yz) = (roy)z —ylr,z] = y(z o 2) + [z,y]2;
(zy) 0z = w(y o 2) — [z, 2]y = (x 0 2)y + z[y, 2];
[2y, 2]a,p = #ly, 2la,s + [z, B(2)]y = zly, a(2)] + [2, 2]a,8Y;
[,yz]as = B[ 2las + [2,y]a,sa(2);
(0 (y2))as = (0 Y)aps(z) = BY)[z, Zlas = BY)(x © 2)as + [, Yla,s(2);
((zy) © 2)a,8 = 2(y © 2)a,s = [, B(2)]y = (x © 2)a,py + x[y, a(2)].
The following results are also going to be used:

Remark 2.1. In a prime ring, the centralizer of any nonzero one-sided ideal is equal to the
center of R; in particular, if R has nonzero central ideal, R must be commutative.

Remark 2.2. Let R be a prime ring. For a nonzero element a € Z(R), if ab € Z(R), then
be Z(R).

We begin our discussion with the following results.

Lemma 2.1. Let R be a prime ring. If d : R — R is a derivation on R, then for any
0+#z2€ Z(R), d(z) € Z(R).

Proof. We have 0 # z € Z(R), that is [z,r] = 0 for all » € R and hence d[z,7r] = 0,
d(zr —rz) =0, i.e d(z)r+ z(d(r) —d(r)z — rd(z) = 0, that is [d(2),r] + [z,d(r)] = 0, since
z € Z(R) so we get [d(z),r] =0 for all » € R which yields that d(z) € Z(R).

Lemma 2.2. [[6], Theorem 2| Let R be a prime ring and I a nonzero left ideal of R
such that INZ(R) # 0. If R admits a generalized derivation F' with associated derivation
d such that F' is centralizing on I, then R is commutative.

Lemma 2.3. [[7], Theorem 4] Let R be a prime ring and I a nonzero left ideal. If
R admits a nonzero derivation d such that [d(x),z] € Z(R) for all x € I, then R is
commutative.

Lemma 2.4. [[13], Lemma 2.5] If a prime ring R contains a nonzero commutative right
ideal, then R is commutative.

Lemma 2.5. Let R be a prime ring and I be a nonzero left ideal of R such that
(a) [z,y] € Z(R) for all z,y € I, or

(b) xoy € Z(R) for all z,y € I.
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Then R is commutative.

Proof. (a) We have [z,y] € Z(R) for all z,y € I. This implies that [r,[z,y]] = 0
for all 7 € R. Replace y by yx in the above relation, to get [r,[z,yx]] = [r, [z,y]z] =
[, y][r, z] + [r, [z, y]]x = 0, now use the relation [r, [z,y]] = 0, to get [x,y][r,z] = 0 for
all z,y € I, r € R. Again, replace r by ry to get [z,y|R(—[z,y]) = {0} for all z,y € I
and primeness of R yields that [z,y] = 0 for all z,y € I and hence by Lemma 2.4, R is
commutative.

(b) If zoy € Z(R) for all z,y € I, then [zoy,r] = 0 for all r € R. Replacing y by yx we
find that (zxoy)[x,r] = 0. For any s € R, replace r by sr to get (zoy)R[x,r| = {0}. Thus,
for each x € I either zoy =0or [z,7] =0. Let A={x €I |zoy=0for al ye I},
B={xel]|[z,r] =0for all r € R}. Then A and B are additive subgroups of I whose
union is I. But a group cannot be the union of two proper subgroups and hence either
zoy=0forall z,y € I or [x,r] =0 for all x € [ and r € R. If x oy = 0, then replace y
by ry we obtain [x,r]y = 0 for all x,y € I and r € R, that is [z,7]] = {0}. Since I # 0,
we get [x,r] = 0 for all x € I and r € R and both the cases we find that I is central and
hence by Remark 2.1, R is commutative.

3. Main Results

Theorem 3.1. Let R be a prime ring and I a nonzero left ideal of R. Suppose that R
admits a generalized derivation F with associated derivation d of R such that d(Z(R)) # 0.
Further, if R satisfies the condition F(x)ox € Z(R) for all x € I, then R is commutative.

Proof. By hypothesis we have F(x)ox € Z(R) for all z € I. Replace x by = + y, to
get

F(z)oy+ F(y)ox € Z(R) for all z,y € I. (1)

Since d(Z(R)) # 0, then there exists z € Z(R) such that d(z) # 0. Replace y by zy in (1)
and using (1), we get

[F(x), 2y = [z, 2] F(y) + d(2)(y o x) — [d(2), z]y € Z(R).

Now by Lemma 2.1, d(z) € Z(R) and therefore we find that d(z)(y o z) € Z(R). Since R
is prime and d(z) # 0, it follows from Remark 2.2 that y oz € Z(R) for all z,y € I and
hence by Lemma 2.5(b), R is a commutative.

Theorem 3.2. Let R be a prime ring and I a nonzero left ideal of R such that INZ(R) # 0.
Suppose that R admits a generalized derivation F with associated derivation d such that
d(Z(R)) # 0. Further, if R satisfies any one of the following conditions:

(i) [F(x),F(y)] — Flz,y] € Z(R) for all x,y €I, or
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(1) F(x)o F(y) — F(zxoy) € Z(R) for all z,y€l,
then R is commutative.

Proof. (i) For all x,y € I, we have
[F(x), F(y)] = Flz,y] € Z(R). (2)

Since d(Z(R)) # 0, then there exists z € Z(R) such that d(z) # 0. Replacing y by zy in
(2) and using (2), we get [F(z), 2] F(y) + [F(2), d(=)ly + d(=)([F(z), 4] — [z.y]) € Z(R) for
all z,y € I. Since d(z) € Z(R) by Lemma 2.1, and therefore d(2)([F(z),y]—[z,y]) € Z(R).
Since d(z) # 0 and R is prime, it follows from Remark 2.2 that [F(z),y] — [z,y] € Z(R)
for all x,y € I. Now, replace y by d(z)z in the above relation and use it, to get
d(z)[F(x),z] € Z(R). Again using the same arguments as used above we find that
[F(z),z] € Z(R) for all x € I. Thus, by Lemma 2.2 we get R is commutative.

(7i) For all z,y € I, we have
F(z)o F(y) — F(zoy) € Z(R). (3)

Since d(Z(R)) # 0, then there exists z € Z(R) such that d(z) # 0. Replacing y by zy in (3)
and using (3), we get [F(x), 2] F(y) +d(z)(F(x) oy —zoy)+[F(z),d(2)]y € Z(R). Now by
Lemma 2.1 d(z) € Z(R) and therefore d(z)(F(x)oy—xzoy) € Z(R). Since d(z) # 0 and R
is prim, hence from Remark 2.2 we find that F(z)oy—zoy € Z(R) for all z,y € I. Again
replace x by zx in the last expression and use it, to get d(z)(x oy) — [d(z),y]x € Z(R).
Now by Lemma 2.1 d(z) € Z(R) and therefore d(z)(z o y) € Z(R) and hence by Remark
2.2, we obtain x oy € Z(R) for all x,y € I. Thus, by Lemma 2.5 (b), we conclude that R
is commutative.

Theorem 3.3. Let R be a prime ring and I a nonzero left ideal of R such that INZ(R) # 0.
Suppose that R admits a generalized derivation F with associated derivation d such that
d(Z(R)) # 0. Further, if R satisfies the condition:

Flz,yl + [F(z),y] — [F(z), F(y)] € Z(R) for all z,y € I,
then R is commutative.

Proof. For all x,y € I, we have
Flz,y] + [F(z),y] = [F(2), F(y)] € Z(R). (4)

Since d(Z(R)) # 0, then there exists z € Z(R) such that d(z) # 0. Replacing y by zy in (4)
and using (4), we get d(z)([z,y] — [F(x),y]) — [F(z),d(2)]y € Z(R). Since by Lemma 2.1
d(z) € Z(R) and hence by Remark 2.2 we obtain, [F(z),y]+ [z,y] € Z(R) for all x,y € I.
Again replace y by d(z)z in the last relation and use it, to get d(z)[F(x),z] € Z(R) for
all x € I, again using the same arguments as above we find that [F(z),z] € Z(R) for all
x € I and hence by Lemma 2.2, R is commutative.
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Theorem 3.4. Let R be a prime ring and I a nonzero ideal of R. Suppose that R admits
a generalized deriwation F with associated derivation d such that d(Z(R)) # 0. Further,
if R satisfies any one of the following conditions:

(i) F(zroy)—[z,y] € Z(R) for all z,y € I, or
(i1) F(xoy)+ [z,y] € Z(R) for all x,y € I,
then R is commutative.

Proof. (i) By hypothesis we have F(x oy) — [z,y] € Z(R) for all z,y € I. If F =0,
then [z,y] € Z(R) for all z,y € I, and hence by Lemma 2.5(a), we get the required result.
Therefore we shall assume that F' # 0, then we have for any x,y €

F(zoy) —[z,y] € Z(R). (5)

Since d(Z(R)) # 0, then there exists z € Z(R) such that d(z) # 0. Replace y by zy in (5)
to get
zF(zxoy)+d(z)(xoy) — z[z,y] € Z(R), for all z,y € I,

and hence by (5), we find that d(z)(zoy) € Z(R) for all z,y € I. Thus, Lemma 2.1 and
Remark 2.2 gives that zoy € Z(R) and hence by Lemma 2.5(b) we get the required result.

(77) Using the same trick as used in (7), result follows.

Theorem 3.5. Let R be a prime ring and I a nonzero left ideal of R such that INZ(R) # 0.
Suppose that R admits a generalized derivation F with associated derivation d such that
d(Z(R)) # 0. Further, if R satisfies any one of the following conditions:

(i) [F(z),F(y)] —xzoye€ Z(R), for all x,y € I, or
(i) [F(z), F(y)] +xoy € Z(R), for all z,y € I,
then R is commutative.

Proof. (i) By hypothesis we have [F(z), F(y)] —xoy € Z(R) for all z,y € I. If F =0,
then z oy € Z(R) for all z,y € I, and hence we get the required result by Lemma 2.5(b).
Therefore we shall assume that F' # 0, then for any x,y € I we have

[F(2), F(y)] —zoy € Z(R). (6)

Since d(Z(R)) # 0, then there exists z € Z(R) such that d(z) # 0. Replacing y by zy
in (6) and using (6), we get d(z)[F(x),y] + [F(z),d(z)ly € Z(R). Now, since z € Z(R)
then by Lemma 2.1 we have d(z)[F(z),y] € Z(R) and hence by Remark 2.2, we find that
[F(z),y] € Z(R) for all x,y € I. In particular [F(z),z] € Z(R) for all = € I and hence by
Lemma 2.2, R is commutative.

(74) Using similar arguments as (i) it follows.
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Theorem 3.6. Let R be a prime ring and I a nonzero left ideal of R such that INZ(R) # 0.
Suppose that R admits a generalized derivations F' and G with associated derivations d
and g respectively, such that g(Z(R)) # 0. Further, if R satisfies any one of the following
conditions:

(@) [F(2),Gy)] — [z,y] € Z(R), for all z,y € I, or
(13) [F(x),G(y)] + [x,y] € Z(R), for all x,y € I,
then R is commutative.

Proof. Given that F' and G are generalized derivations of R such that [F'(z), G(y)]—[z,y] €
Z(R) for all z,y € I. If F =0 (or G = 0), then [z,y] € Z(R) for all z,y € I, and hence
by Lemma 2.5 (a), R is a commutative.

Therefore, we shall assume that F # 0 (and G # 0). For any x,y € I we have

[F(x), G(y)] = [z, y] € Z(R). (7)
Since g(Z(R)) # 0, then there exists z € Z(R) such that g(z) # 0. Replacing y by zy
in (7) and using (7), we get g(2)[F(z),y] + [F(x),9(2)|ly € Z(R) for all z,y € I, since by
Lemma 2.1, g(z) € Z(R) so we find that ¢g(z)[F(x),y] € Z(R). Thus, by Remark 2.2, we

find that [F(z),y] € Z(R) for all x,y € I. In particular [F(x),z] € Z(R) for all z € I.
Hence, R is commutative by Lemma 2.2.

(i) Using the same technique as above we get the required result.

Theorem 3.7. Let R be a prime ring and I a nonzero left ideal of R such that INZ(R) # 0.
Suppose that R admits a generalized derivations F' and G with associated derivations d
and g respectively, such that {z € Z(R) | d(z) = g(2) # 0} # ¢. Further, if R satisfies
any one of the following conditions:

(1) [F(x),z] — [x,G(z)] € Z(R), for allx € I, or
(i7) [F(x),x]+ [z,G(x)] € Z(R), for all z € I,
then R is commutative.

Proof. (i) It is given that F' and G are generalized derivations of R such that [F(x),z] —
[z,G(z)] € Z(R) for all z € I. If G = 0 then [F(z),z] € Z(R) for all z € I, (or if F =0,
then —[z,G(x)] € Z(R)) and hence in both the cases by Lemma 2.2, we get the required
result.

Henceforth, we shall assume that F' # 0 (and G # 0). For any = € I, we have [F(z),x] —
[z,G(x)] € Z(R). Linearizing the above expression, we get

[F(2),y] + [F(y), 2] = [,G(y)] - [y, G(2)] € Z(R). (8)
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Since {z € Z(R) | d(z) = g(z) # 0} # ¢. Replacing y by zy in (8) and using (8), we find
that d(z)[y, z]+[d(2), x|ly—9g(2)[z,y]—[x,9(2)]y € Z(R) for all x,y € I. Since z € Z(R) and
hence by Lemma 2.1, d(z) € Z(R) and g(z) € Z(R) and therefore (d(z) + g(z)) € Z(R).
Thus, we find that (d(z)+g¢(2))[y, z] € Z(R) and hence by Remark 2.2, we get [y, 2] € Z(R)
for all z,y € I and hence by Lemma 2.5 (a), we get the required result.

(74) Using similar arguments as above it follows.

Theorem 3.8. Let R be a prime ring and I a nonzero ideal of R. Suppose that R admits
a generalized derivations F' and G with associated derivations d and g respectively, such
that {z € Z(R) | d(z) = g(z) # 0} # ¢. Further, if R satisfies any one of the following
conditions:

(1) F(x)ox —xz0oG(x) € Z(R), for allx € I, or
(11) F(x)ox +x0G(z) € Z(R), for all x € I,
then R is commutative.

Proof. (i) It is given that F' and G are generalized derivations of R such that F(z)oz—zo
G(z) € Z(R) forall z € I. If F =0, then F(z)ox € Z(R) for all z € I, (or if G = 0, then
—(xoG(z)) € Z(R) and hence in both the cases by Theorem 3.1 we get the required result.

Henceforth, we shall assume that G # 0 (and F # 0). For any = € I, we have F(z) oz —
xoG(x) € Z(R). Linearizing the last expression, to get

Fx)oy+ F(y)ox —xoG(y) —yoG(x) € Z(R). (9)

Since {z € Z(R) | d(z) = g(z) # 0} # ¢. Replace y by zy in (9) and use (9), to get
d(z)(yox)—[d(2),z]y —g(z)(xoy) — [x,9(2)]y € Z(R) for all z,y € I. Hence, by Lemma
2.1 we find that d(z) € Z(R) and g(z) € Z(R) and therefore d(z) — g(z) € Z(R). Thus,
we obtain (d(z) — ¢g(2))(yox) € Z(R) and by Remark 2.2 it follows that y o x € Z(R) for
all z,y € I and hence R is commutative by Lemma 2.5 (b).

(7i) Using similar arguments as above it follows.

In the next theorem, we consider two identities involving generalized («, 3)—derivation F'
associated with («, 8)—derivation d, such that R is a prime ring with involution %, and we
show that R is commutative.

Theorem 3.9. Let R be a 2-torsion free x—prime ring and o, 8 be automorphisms on R.
If R admits a generalized (o, B)-derivation F' associated with a nonzero (o, B)—derivation
d such that either
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(1) Flo,y] = [F(2),Yla,s = [d(y), z]ap for all z,y € R, or
(it) Flz,y] — (F(z) oy)ap = [d(y), z]ap for all z,y € R,

then R is commutative.

Proof. (i) If FF =0, then we have [d(y), x|, = 0 for all 2,y € R. Replacing y by yx in the
last expression gives 5(y)[d(z), z]ag + [B(y), B(z)]d(z) = 0. Again replacing y by zy gives
[B(2), B(x)]B(y)d(x) =0 for all z,y,z € R. But as ( is an automorphism on R, we have

[B(2), B(z)|Rd(x) =0 for all z,z € R. (10)

If z € S.(R) N R, then B([z,z])Rd(x) = B([z, x])*Rd(x). Thus, for some z € S,(R) N R,
the x—primeness of R yields either 5([z,z]) = 0 or d(z) = 0. But for any =z € R,
x —a* € Sy(R) N R. Thus, for some x € R, either [z, —2*] = 0 or d(z — z*) = 0.
If [z,z — 2*] = 0, then equation (10) follows that 3([z,z])Rd(z) = 0 = B([z,z])*Rd(x).
Hence the s—primeness of R yields either 5([z,z]) = 0 or d(x) = 0. If d(z — 2*) = 0
then d(z) = (d(x))* for all x € R. Consequently, for all z,z € R, either 3([z,z]) = 0 or
d(z) =0. Let A={zx € R|d(x) =0} and B={x € R| [z,2] =0} . Then A and B
are both additive subgroups of R whose union is R. Using Brauer’s trick we have either
A=Ror B=R. If A= R then d(z) =0 for all x € R, a contradiction. If B = R, then
[z,2] = 0 for all z,z € R and hence R is commutative.

Therefore, we shall assume that F' # 0. So, for any z,y € R, we have

Flz,y] - [F(2),yla,s = [dy), T]a,s- (11)
Replacing y by yx in (11) gives
B[z, z]ap +28([z, y])d(z) = B(y)[d(z), z]a,p, for all 2,y € R. (12)

Again we replace y by wy in (12) to get 28([z, w])5(y)d(z) = 0 for all z,y,w € R. Since R
is a 2-torsion free and § is an automorphism, we get ([z, w])Rd(x) = {0}, for all z,w € R.
Therefore, proceeding in the same way as that after (10), gives the required result.

(#) If F =0, then we have [d(y),z]s,s = 0 for all z,y € R. Applying the same techniques
as that used above to prove (i) yields the required result. Henceforth, we shall assume
that ' # 0. So, for all x,y € R, we have

Flz,y] = (F(z) 0 y)a,s = [d(y), ¥]a,p- (13)
Replacing y by yx in (13) gives
Bz, zlas + 26([z,y))d(x) = B(y)[d(z), ]a,s- (14)

Again, we replace y by wy in (14) to get 26([x,w])B(y)d(x) = 0 for all z,y € R. Since R
is a 2-torsion free and  is an automorphism on R, we get

B([z, w])Rd(x) = {0}, for all z,w € R. (15)

Now, using similar techniques as that after equation (10), we get the required result.
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