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Abstract. In this paper, we investigate some combinatorial sequences based on Daehee and
Changhee numbers and polynomials, then derive their moment representations in use of prob-
abilistic method. We also provide identities related to Daehee numbers, derangement numbers,
Cauchy numbers of the second kind, and Stirling numbers of the first kind.
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1. Introduction and Preliminaries

Throughout this paper, we use the following notations:
N= {1’2’37”'}7Z20 = {051723}

Let D' 2( ) denote the nth twisted Daehee polynomials of order k(€ N), which are
defined by the generating function[2] to be

In(14&t) .,

a *(1 4 et)” ZD (1)

(

In special case, when x = 0, Dgcg = fog(O) are called twisted Daehee numbers of

order k. Similarly, D%k) :Dfﬁ are higher-order Daehee numbers, D), c = Dfllé are twisted
Daehee numbers, and D,, = DS% are Daehee numbers.

Let ﬁgﬂg(:v) denote the nth twisted Daehee polynomials of the second kind of order
k(e N), which are defined by the generating function[2] to be
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(1+aﬂm1+a)
( 7 M1+ &t)” ZD ) (2)

In special case, when x = 0, D1(7, g = gcé
)

numbers of the second kind. Similarly, D(k = D(k) are higher-order Daehee numbers of

(0) are called higher-order twisted Daehee

the second kind, Dn,& = DS% are twisted Daehee numbers of the second kind, and D, =
]_A?S& are Daehee numbers of the second kind.

Let Chg) () denote the nth Changhee polynomials of order r(€ N), which are defined
by the generating function|[1] to be

(2_2H (1+1)° ZCh ) (3)

When z =0, C’hg) (0) = Chq(f) are called higher-order Changhee numbers.

Let CAY) () denote the nth Changhee polynomials of order r(€ N) of the second kind,
which are defined by the generating function[1] to be

2

(m) (1+t)*" = ZCh (4)

When z = 0, Rl (0) = CRY) are called higher-order Changhee numbers of the second
kind.

Remark 1. [see 7] If f and g are exponential generating functions, and

fg= (> (>,

r=0 ) 5=0

then the coefficients of ‘% mn fg are given by

2100 =3 (b

r=0
Remark 2. Throughout this paper, symbol E denotes the expectation operator defined by
+oo
Ef(X) = f(@)p(x)dz

—0o0

where random variable X is continuous, whose density function is p(x). Specially, when
f(z) =2a™, EX"™ denotes n-order moment of random variable X.

; n 1
(i) When r.vu~ U[0,1], Bu" = =,
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(i) When r.v X ~T'(1,1), EX™ =nl.
Definition 1. The characteristic function of random variable X is defined as
o(t) = Be™ i? = —1,—0c0 < t < 0. (5)

When the moments of all orders of r.v. X exist, the following relation expression holds
true,

lo(t), @ =-1. (6)

Remark 3. [see 5] If random variable X is distributed as I'(a, \), where a, X > 0, its

characteristic function is
1t
o(t) = B = (1- 5)™. (7)
Remark 4. X and Y are two random variables, when Cov(X,Y)=0, we have E(XY)=EX-EY,
where

Cov(X,Y) = E(XY) — E(X)E(Y)

Then we give three lemmas to introduce moment representations of some special com-
binatorial sequences.

Lemma 1. [see 6] Assume that r.v X ~ I'(u, 1), withu ~ U[0,1] is a random variable that
follows uniform distribution, and X, u are independent respectively, then Cauchy numbers
of the second kind C,, whose generating function is

ZZ:GT (1+2)In(1 +z)’ ®)

have the following moment representation,

C,=EX", n>0. (9)

Lemma 2. [see 6] Assume that rv X ~ T'(1,1), then derangement numbers d, =
n> o r 0 Dis have the following moment representation,

d,=EX-1)", nx=0. (10)

Lemma 3. [see 6] Suppose that r.v.s uy,ug,- - ,ii.d ~ U[0,1], r.v.s ', To, -+ ji.i.d ~
I'(1,1), r.v u; and I'; are independent respectively for all i,j. When n,k > 1, Stirling
numbers of the first kind s(n, k) satisfy

(n k) ( )n k <k>E(U1F1 4+ uol'o + -+ - + ukl“k)"_k. (11)

It is demanded that s(n,0)=s(0,k)=0, s(0,0)=1.
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2. Moment Representations of Daehee and Changhee Sequences

In this section, we use probabilistic method to derive moment representations about
two kinds of higher-order twisted Daehee numbers and polynomials, and two kinds of
higher-order Changhee numbers and polynomials.

Theorem 1. Assume that r.v.s uy,ug, ..., i.i.d ~ U[0,1], '1,T9, ..., i.i.d ~ T'(1,1), and
for alli,3, r.vu; and I'j are independent. When n,m — k € Zxq, k € N, we have

Dn]?g = (_g)nE(’U/lrl +ugl'y + -+ -+ ukrk)n’ (12)
p K .
Dg:)_k,g = (=" kEE(mrl oot Ty + ) 3 13

Proof. The generating function of higher-order twisted Daehee numbers is known as

iD(k) o (ln(l —i—Et))k’ (14)

nEp| T
= n! &t

Taking the coefficients of ¢" in the left-hand side of Eq.(14), we get

D™ n i . .
25— )L = (s S~ oS ey o)
=0 120
Q_rEEn) =3 DT (BEum)) - (Beu) )
=0 n=041++ip=n
1

SDICTED DI (RN [ S R A B ICO R T

! 11,19, -1
o0 e N2 k

=0 X () B ey - (BT

/[: ’[/ e
n=0 i1 tip=n 1,02, k

= Z QTE[ Z ( ) >(U1F1)i1 o (ugTg) ]t

n=0 i14Fip=n b,02, 0 U
[o.¢] gn

=> ZrE(ualy 4 L) (16)
n=0

D) _An
ne _ (28 E(uil'y + - 4+ ugly)",

n! n!
thus we have
ne = () "E(ul + -+ wel'e)"™
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Eq.(13) can be proved by the following equation|see 6]

k
E(uﬂ“l +ugl'yg + -+ + ukl“k)m*’“ = EE(ulFl + -t up 1L + Fk)mfk (17)

Corollary 1. In theorem 1, when & = 1, we obtain the moment representation of higher-
order Daehee numbers[3]

DWW — (—D)"E(uil'y + -+ + uglg)™. (18)

n

Corollary 2. In theorem 1, when k = 1, we obtain the moment representation of twisted
Daehee numbers[2]
Dy = (=§)"E(ul)". (19)

Corollary 3. In theoreml1, when & = 1,k = 1, we obtain the moment representation of
Daehee numbers[]]
D, = (—1)"E(ul')". (20)

Theorem 2. Suppose that r.vu ~ U[0,1], T ~T'(1,1), rvu and T are independent, then
twisted Daehee numbers of the second kind of order k satisfy

~ (k “~ (n n—i k
D=3 (1)ewn- . (21)
i=0
Proof. The generating function of ﬁfﬁg is given by
In(1+ §t) (k)"
(? + &t))k ZD me T (22)

From theorem 1, the left-hand side of Eq.(22) can be written as
In(1+ &)

ft
mn o "
= Z V"E(uil'y +uglo + -+ - + Uka)nm Z (£1)

( )P+t

n!
n=0

. ks

_ ZZ( ) B(uiTy + ugls + -+ ux Dy (k)i

n=0 i=0 "
k) t"
=33 (el
n=0 =0 ’

where (k),=k(k—1)---(k—n+1). By comparing the coefficients of %, theorem 2 is
proved.
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Corollary 4. In theorem 2, taking k = 1,n > 1, we obtain the moment form of twisted
Daehee numbers of the second kind,

2 (_1)n—1 n n B
Dpe=-—"2¢"E@D)", n>1, Dy =1. (23)
n

Corollary 5. From corollary 2 and corollary 4, when n > 1,the following relationship
holds true,
—nan = Dn,§7 n = 1. (24)

Theorem 3. Under the circumstance of theorem 1, higher-order twisted Daehee polyno-
mials ngg(x) have the following moment representationd

DH(z) =" <7;>§n—i(x)n_ipgﬁ>. (25)
1=0

Proof. Proof of theorem 3 is similar to the one of theorem 2.

Theorem 4. Suppose that r.v.s uy,ug, ..., i.i.d ~ U[0,1], T'1,Tq, ..., ©.i.d ~ T'(1,1),
X ~ Iz, %], (x <0, >0), and r.v u;, I'; and X are independent for all i, j, then

higher-order twisted Daehee polynomials Dflkg () satisfy

Proof. Replacing t by —it in the generating function of higher-order twisted Daehee
polynomials, and according to remark 3 and 4, we have

ZD — - LS iy

= Z D" E(ui Ty + - - + upTy)

- Z Z ( ) E(uily + - + Ty EX" (Z:f

n=0 =0

it"
=Y Bl + -+ wly) + X"

@)
n!

By comparing the coefficients of

Theorem 5. Suppose that r.v u ~ U[0,1], T' ~ I'(1,1), r.v w and T' are independent
respectively, twisted Daehee polynomials of the second kind of order k satisfy

D) = Y- (1) B+ T o+ R (21)
1=0
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Proof. Proof of theorem 5 is similar to that of theorem 2.

Theorem 6. Suppose that r.v.s uy,ug, ..., i.i.d ~ U[0,1], T'1,Tq, ..., ©.i.d ~ T'(1,1),
X ~T[—z -k, %], (x < =k, & >0), and r.v u;, I'; and X are independent for all i, j,

then higher-order twisted Daehee polynomials of the second kind ﬁflkg(x) satisfy

br(zkg(x) =(—1)"El¢(uil + - +upl'y) + X (28)

Proof. Proof of theorem 6 is similar to the one of theorem 4.

Theorem 7. Assume r.v X ~ I'[r,2], then higher-order Changhee numbers satisfy

Ch) = (=1)"EX™. (29)
Proof. Replacing t by —it, where 2 = —1 in the generating function of Chg), we have
Ch 30
—) Z (30)
The left-hand side of Eq.(30) can be written as
it it X n
(1-5)7" =Ee Z EX (31)

from Eq.(30) and Eq.(31), we obtain

Z Ch(") (—Z)n _ Z(_1>nEXn (—5)”.

n=0

(=i )

By comparing the coefficients of , theorem 7 is proved.

Theorem 8. Under the circumstance of theorem 7, higher-order Changhee polynomials
of the second kind CA'hg) (x) satisfy

Chi(z) =) (”) (=D)*(z +7)p_rEX". (32)
k
k=0
Proof. The generating function of CA’hg) (z) can be written as

2
E h(r = (=—)"(1 +t)**"
C n' (2—1-75)( +t)

o0 n

_Z H"EX" nZ(x+r)n%

n=0



C. Liu, Wuyungaowa / Eur. J. Pure Appl. Math, 11 (1) (2018), 69-78 76

- i zn: (Z) ()" EX*(z + r)n_k%n'.

n=0 k=0 )

By comparing the coefficients of tn—T;, theorem 8 is proved.

Corollary 6. In theorem 8, taking x = 0, we obtain the moment form of higher-order
Changhee numbers of the second kind,

onp =3 (1) 0t e, (33)

k=0
Corollary 7. Since the generating function of higher-order Changhee polynomials is

S OHD () = (s (o) (34)
n=0 '

From theorem 8, we can see that the moment form of Chg) (x) is

Chi(x) = (Z) (1" (@)n-rEX". (35)

k=0
3. Identities of Daehee Numbers and Special Combinatorial Sequences

In this section, we use moment forms of special combinatorial sequences, characteristic
function and generating function method to investigate the relationships between Dachee
numbers D,,, Cauchy numbers of the second kind C‘m derangement numbers d,, and
Stirling numbers of the first kind, then we obtain combinatorial identities about them.

Theorem 9. Let r.v u ~ U[0,1], T' ~ T'(1,1), X ~ I'(u,1), then Daehee numbers D,,,
Cauchy numbers of the second kind Cy,, and derangement numbers d,, satisfy the following
identity

n n

Z <Z> (—=1)"DyCry = Z <Z> di,m > 0. (36)

k=0 k=0

Proof. On one hand,

[E(ul) — EX]"

I
M=

(Z) E(ul)F(—EX)"k

ol

3 |

[e=]

3

<k> (-1)"E(—ul)FEX"F

B
Il
o
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= Z ( ) )" Dy,Croi; (37)

Write the generating function of the equation above, noting that i? = —1
> tsr) 5 zz() .
n=0 n=0 k=0
oo
— t

->0.

B ln(l - zt) —z't

it (1 — it) ln(l — it)

et Z g n' : (38)

On the other hand, by comparing the coefficients of (Zfl# in Eq.(38), we have

n n

[E(ul) — EX]"=EI" =Bl -1+1)" =Y _ (Z)E(F —pk=3y <Z> di.  (39)

k=0 k=0

From Eq.(37) and Eq.(39), we can get Eq.(36). Theorem 9 is proved.

Theorem 10. Higher-order Deahee numbers D,(lk) and Stirling numbers of the first kind
satisfy the following relationship

Dgf) — W (40)

Proof. From corollary 1 and lemma 3, write generating function of the left-hand side
of Eq.(40),

(3 m
n!

tn
(k)“ n n
EODn 5 = E E(uil'y + - +uply) -
+k
‘Z <n )BT+t

+ k, k) t”
Z nn+k

k! tn+k
tk (n + k)!

By comparing the coefficients of & 1, we obtain the conclusion.
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