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Abstract. In this article, we first presented a new identity concerning differentiable mappings
defined on m-invex set via k-fractional integrals. By using the notion of generalized relative semi-
(r;m, hy, ha)-preinvexity and the obtained identity as an auxiliary result, some new estimates with
respect to Hermite-Hadamard-Fejér type inequalities via k-fractional integrals are established. It
is pointed out that some new special cases can be deduced from main results of the article.
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1. Introduction

The following notations are used throughout this paper. We use I to denote an in-
terval on the real line R = (—o0,+00) and I° to denote the interior of I. For any subset
K C R" K° is used to denote the interior of K. R" is used to denote a n-dimensional
vector space. The set of integrable functions on the interval [a, b] is denoted by L1]a, b].

The following inequality, named Hermite-Hadamard inequality, is one of the most famous
inequalities in the literature for convex functions.

Theorem 1. Let f: I CR — R be a convex function on I and a,b € I with a < b. Then
the following inequality holds:
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The most well-known inequalities related to the integral mean of a convex function
f are the Hermite-Hadamard inequalities or its weighted versions, the so-called Hermite-
Hadamard-Fejér inequalities.

Definition 1. [28] A function w : [a,b] C R — R is said to be symmetric with respect
a ; b, if w(z) =w(a+b—x) holds for all z € [a,b].

Example 1. Assume that wi,ws : [a,b]) € R — R, wi(x) = ¢ for ¢ € R, wa(x) =
a+b

a+b ) . .
(x -3 ) , then w1, ws are symmetric functions with respect to

In [12], Fejér established the following Hermite-Hadamard-Fejér inequality which is the
weighted generalization of the Hermite-Hadamard inequality (1).

Theorem 2. [12] Let f : [a,b] CR — R be a convex function. Then the inequality

f(‘”b)/ da:</ fla < Sl );Lf()/a w(w)dz 2)

a+b

holds, where w : [a,b] — R is nonnegative, integrable and symmetric to

In recent years, various generalizations, extensions and variants of such inequalities
have been obtained. For other recent results which generalize, improve and extend the
inequalities (1) and (2) through various classes of convex functions interested readers are
referred to (see [[1]-[31],[33],[36],[39]-[44],[48],[49]]).

Let us recall some special functions and evoke some basic definitions as follows.
Definition 2. The Euler beta function is defined for a,b > 0 as

I'(a)(b)

1
B(a,b) = /0 (1 — )Pt = Taih)

(3)

Definition 3. Let f € Li[a,b]. The Riemann-Liouville integrals J&, f and J* f of order
a > 0 with a > 0 are defined by

7o f(x) = P(la) [ =t o>

and

b
o f(z) = Fl) / (t— ) f(B)dt, b> ()

(a

Here JO, f(z) = JP_f(z) = f(z). In the case of a = 1, the fractional integral reduces to
the classical integral.
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Definition 4. For k € RT and x € C, the k-gamma function is defined by

kP ki~
Tp(z) = lim 200 (5)

n—oo (q:)n’k

Its integral representation is given by

o0 tk
Fk(a) = / t* teTF dt. (6)
0
One can note that
Pyl + k) = aTx(a). (7)
For k =1, (6) gives integral representation of gamma function.

Definition 5. [35] Let f € Li[a,b]. Then k-fractional integrals of order a,k > 0 with
a > 0 are defined as

5@ = gy [ @ 0F 0k o>
and . . ) .
1% f(z) = ka(a)/x (=) f(O)dt, b> a. (8)

For k = 1, k-fractional integrals give Riemann-Liouville integrals.

Definition 6. [47] A set M, C R" is named as a relative convex (p-convex) set, if and
only if, there exists a function ¢ : R® — R"™ such that,

to(x) + (1 —t)p(y) € My, YV a,y € R" : p(x),p(y) € My, t € [0,1]. 9)

Definition 7. [/7] A function f is named as a relative convex (p-convex) function on a
relative convex (p-convex) set M, if and only if, there exists a function ¢ : R" — R”
such that,

flto(x) + (1 —t)e(y)) < tfle(@) + 1 —1t)fley)), (10)
Vo,yeR": px),¢(y) € My,tel0,1].

Definition 8. [8/ A nonnegative function f: I CR — [0,400) is said to be P-function,
if
flz+ (1 =t)y) < flz)+ fly), Vz,yel, tel0,1].

Definition 9. [3// Let h : [0,1] — R be a non-negative function and h # 0. The function
f on the invex set K is said to be h-preinvex with respect to n, if

flz+tn(y, @) < h(1—1)f(z) +h(t)f(y) (11)

for each z,y € K and t € [0,1] where f(-) > 0.
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Clearly, when putting h(t) = ¢ in Definition 9, f becomes a preinvex function [38]. If
the mapping 7n(y,z) = y — « in Definition 9, then the non-negative function f reduces to
h-convex mappings [46].

Definition 10. [45] A non-negative function f : K CR — R is said to be a tgs-convex
function on K if the inequality

(1 =tz +ty) <t —t)[f(z) + f(y)] (12)
grips for all x,y € K and t € (0,1).

Definition 11. [32] A function f : I C R — R is said to MT-convex functions, if it is
non-negative and ¥ x,y € I and t € (0,1) satisfies the subsequent inequality:

Vi 1—¢
/[ (x) +
21—t 2Vt
Definition 12. [36] A function: I CR — R is said to be m-MT-convez, if f is positive
and for ¥ x,y€l, and t € (0,1), among m € [0, 1], satisfies the following inequality

Vi my1—t
[tz +m(1 —t)y) < ﬁf(l‘)‘{’zi\/{

Definition 13. [37] Let K C R be an open m-invez set respectingn : K x K x (0,1] — R.
A function f: K — R and hy,hg : [0,1] — [0, +00), if

f(ma +tn(y, @,m)) < mhy(t)f(z) + ha(t) f (y) (15)

is valid for all z,y € K and t € [0,1], together m € (0,1], is said to be generalized
(m, hy, ha)-preinvez functions with respect to n.

fltz + (1 -t)y) < f(y). (13)

f(y). (14)

Motivated by the above literatures, the main objective of this article is to establish
some new estimates on Hermite-Hadamard-Fejér type inequalities via k-fractional integrals
associated with generalized relative semi-(r;m, hi, ha)-preinvex mappings. It is pointed
out that some new special cases will be deduced from main results of the article. Our
results also generalize Theorem 2.2 and Theorem 2.5 shown in [10].

2. Main results

The following definitions will be used in this section.

Definition 14. [9] A set K C R" is named as m-inver with respect to the mapping
n: K x K x(0,1] — R"™ for some firzed m € (0,1], if ma + tn(y,mzx) € K grips for each
x,y € K and any t € [0,1].

Remark 1. In Definition 14, under certain conditions, the mapping n(y, mz) could reduce
to n(y,x). For example when m = 1, then the m-invex set degenerates an invex set on K.
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We next introduce a new class called generalized relative semi-(r;m, hy, he)-preinvex
mappings.

Definition 15. Let K C R be an open nonempty m-invex set with respect to the mapping
n: KxKx(0,1] — R. Suppose hi,hg : [0,1] — [0, +00) and ¢ : I — K are continuous.
A function f : K — (0, +00) is said to be generalized relative semi-(r; m, hy, ha)-preinvez,
if

Fme(z) + tn(e(y), e(x),m)) < M (ha(t), ha(t); f(2)., f(y),m) (16)

holds for all x,y € I and t € [0,1], with some fized m € (0, 1], where

[mhl(t)fr(x) + hg(t)f”(y)} %, if r #0;
MT(hl(t)a hQ(t); f(.%‘), f(y>7 m) =

[F(@)] ™ [f )], ifr =0,

is the weighted power mean of order r for positive numbers f(x) and f(y).
Remark 2. In Definition 15, if we choose r =1 and ¢(x) = x, then we get Definition 13.

Remark 3. Forr =1, let us discuss some spectal cases in Definition 15 as follows.

(I) If taking hi(t) = (1 — t)*, ha(t) = t* for s € (0,1], then we get generalized relative
semi-(m, s)— Breckner-preinver mappings.

(II) If taking hi(t) = ho(t) = 1, then we get generalized relative semi-(m, P)-preinvex
mappings.

(II1) If taking hy(t) = (1 — )%, ha(t) =t=° for s € (0, 1], then we get generalized relative
semi-(m, s)-Godunova-Levin-Dragomir-preinvex mappings.

(IV) If taking hi(t) = h(1 —t), ha(t) = h(t), then we get generalized relative semi-(m, h)-
Preinvexr mappings.

(V) If taking hi(t) = ha(t) = t(1 —t), then we get generalized relative semi-(m,tgs)-

Preinvexr mappings.

, V1=t Vi
VI) If taking hi1(t) = ———, ho(t) = ——,
()f(J,ZTLg 1() 2\/27/ 2() 2m

MT-preinvex mappings.

then we get generalized relative semi-m-

It is worth to mention here that to the best of our knowledge all the special cases
discussed above are new in the literature.

For establishing our main results regarding some new Hermite-Hadamard-Fejér type
integral inequalities associated with generalized relative semi-(r;m, hy, ha)-preinvexity via
k-fractional integrals, we need the following crucial lemma.

Lemma 1. Suppose K = [my(a), mp(a) + n(e((b), ¢(a),m)] C R be an open nonempty
m-invexr subset with respect ton: K x K x (0,1] — R for some fired m € (0, 1], where
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n(e(d), p(a),m) > 0. Also, let ¢ : | — K and g : K — R are continuous. Assume that
f:+ K — R be a differentiable mapping on K° such that f' € L1(K). Then for o,k > 0,
the following equality holds for k-fractional integrals:

mep(a)+n(p(b).p(a)m) %
( / ( g(s)ds) [f(m¢(a))+f(mg0(a)+n(go(b),<p(a),m))]
me

a)
o a)+n((b),p(a),m) t k
@ d £) F(t)dt
k/‘ (wamws> 9(1) 1)

mep(a)+n(p(d),p(a),m) </m<p(a)+n(w(b),<ﬁ(a),m)
mep(a)

w\Q

o1
9(5)d8> g(t) f(t)dt

t

mep(a)+n((b).p(a)m) [t ®
:/' / g(s)ds | f/(t)dt
me(a) mep(a)

mep(a)+n(p(b).p(a)m) [ pmep(a)+n(o(®)p(a)m) 3
—/ / g(s)ds | f(t)dt. (17)
me(a) t

Proof. Let denote

mp(a)+n(e(b)p(a)m) [ rt 3
Ignolakom,a,b) = [ [ awis) o
v(a)

me(a) m

mep(a)+n(p(b),p(a),m) mep(a)+n(p(b),p(a),m) 3
- / / o(s)ds | f(0)dt. (18)

v(a) ¢

Integrating by parts, we get

t k
If»QJMO(OZ7 kama a, b) = (/ ( )g(S)dS) f(t)
mep(a

o ) p(a)m) [ ot
=7 (/ Ug@ﬁb> o) (1)
mep(a) me(a

m(p(a)-‘,—n((p(b)’(p(a)’m) % mso(a)+77(<ﬂ(b)790(a)7m)
—(/ agw) (1)
t
me(a)

o [me(a@)+n(e(b).e(a),m) mep(a)+n(p(b),p(a),m)
-2 / o(s)ds | o) f(e)dr
t

my(a)

mep(a)+n(p(b),¢(a),m)
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g

mep(a)+n(p(6) i (a).m) E
/ g(s)ds> [£(mep(a) + f(mie(a) + (e (b), (@), m))]

mep(a)

o [mela)in(e®)el@m) [t Bl
-2 [ ais) g
mep(a) mep(a)
a [me(@)+n(e®).e(a),m) mep(a)+n(p(b),p(a),m) Bt
=3 / o()ds ) gl f (0t
mep(a) t

This completes the proof of the lemma.

Remark 4. For n(e(b), p(a),m) = ¢(b) —mep(a), where p(x) = x, Vo € I and m =1, we
get ([10], Lemma 2.1).

Using Lemma 1, we now state the following theorems for the corresponding version for
power of first derivative.

Theorem 3. Leta, k > 0 and 0 < r < 1. Suppose K = [mep(a), mp(a)+n(p(b), ¢(a),m)] C
R be an open nonempty m-inver subset with respect to n : K x K x (0,1] — R for
some fized m € (0,1], where n(¢(b),v(a),m) > 0. Also, let hi,he : [0,1] — [0, +00),
o: I — K and g : K — R are continuous. Assume that f : K — (0,4+00) be
a differentiable mapping on K° such that f' € Li(K). If (f'(2))? is generalized relative
semi-(r;m, hy, ho)-preinver mapping, ¢ > 1, p~ 1 + ¢t = 1 and | glloc = sup|g(t)], then
the following inequality for k-fractional integrals holds:

2|lglldon* ! (0 (b), p(a), m)
(e + 1)

119l kym,a,b)] <

1

< [m( /(@) (0):7) + (F/ O)T (ha(t)s)] ™, (19)
where

I(hi(t);r) == /01 hr(bdt, Vi=1,2.

Proof. Suppose that ¢ > 1, p~' +¢ ' =1 and 0 < r < 1. From Lemma 1, generalized
relative semi-(r; m, hy, ho)-preinvexity of (f/(z))?, Holder inequality, Minkowski inequality,
properties of the modulus, the fact g(t) < ||g|lcc and changing the variable t = my(a) +

xn(e(b), p(a), m), we have

mp(a)+n(p(b)pla)m) |t Eo
|If,g,n7¢(a,k‘,m,a,b)|§/ / g(s)ds| |f'(t)|dt
mep(a) m(a)
mp(a)+n(e(b),p(a),m) mep(a)+n(p(b),p(a),m) k .
- ) / g(s)ds| | f/(1)ldt
mp(a t
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|

1
TN [ pmpl@tne®)ela)m) i
al ("))t
my(a)

1
B
dt)

/mso(a)+77(<ﬂ(b),so(a),m)

t
/ g(s)ds
me(a)
mep(a)+n(p(b),p(a),m)
av
me(a) t

mip(a) +n((b) p(a)m) @
</ (' (£))dt
mp(a)

o mip(a)tn(p(b).p(a)m) 7
< llglls x / (f/(t))9dt

me(a)

mep(a)+n(p(b),p(a),m)
/ g(s)ds

mep(a)
mip(a)+n(i(8) o(a)m) Y
X / (t — mep(a) ' dt
mep(a)
mep(a)+n(p(b)p(a),m) N 7
+ / ) (mep(a) + n((b), p(a), m) — 1) dt
mep(a
_ 2Yglhnti(

- fiii}f I ([ (£meta) + a0, pl) ) )
'k

2lgll&n (o), pla).m) ([ )y el )
< (%Jrl)up X (/0 [mhl(t)(f (@)™ + ha(t)(f'(b)) } dt)

_ 2lgll&nt (e (), ¢(a),m)
) (e + )"

1

" [ </01 mi(f,(a))qh%(t)dt)r . ( /01 Sl (t)dt>T] s

_ 2lgll&nFH (o(b), p(a), m)
(e + )

1

x[ml /@)1 (b (03 7) + (F/ ()T (ha(t);7)] ™

So, the proof of this theorem is complete.

Remark 5. For hi(t) = 1—t, hao(t) =t, r =m =1, and n(¢(b), p(a),m) = ¢(b) —mep(a),
where p(z) =z, VYx € I, we get ([10], Theorem 2.5).
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We point out some special cases of Theorem 3.

Corollary 1. In Theorem 8 for p = q = 2, we have the following Hermite-Hadamard type
inequality for generalized relative semi-(r;m,hi, ha)-preinver mappings via k-fractional
integrals:

119l kym,a,b)] <

2|glldn ™ (0(b), p(a), m)
V341
1
x| mf @) T (h (8); ) + (F/ () T (ha(t)ir) | (20)
Corollary 2. In Theorem 3 for g(s) = 1, we have the following Hermite-Hadamard type

inequality for generalized relative semi-(r;m,hi, ha)-preinver mappings via k-fractional
integrals:

‘f(mw(a)) + f(me(a) + n(e(®),p(a),m))  Tpla+k)
2 2n% ((b), p(a), m)

< Loty £ (mep(a) + (o (0). (@), 1)) F Ik )0ty (2(a) ‘

wt a),m E
: (Efi(i)’f;f/ﬁ’ L [/ (@) (a0)er) + (F ) (o)) 7. (@)
'k

Corollary 3. In Theorem 3 for hi(t) = h(1 —t), ha(t) = h(t) and f'(z) < K,Vz € I,
we get the following Hermite-Hadamard-Fejér type inequality for generalized relative semi-
(r; m, h)-preinvex mappings via k-fractional integrals:

<

IR
2K (m + 1)74 ||gll&n™ ' (p(b), ¢(a), m)
(5 +1)"

|1 g, kym, a,b)| < Lo (h(t): 7). (22)

Corollary 4. In Corollary 8 for hi(t) = (1—1t)%, ha(t) = t°, we get the following Hermite-
Hadamard-Fejér type inequality for generalized relative semi-(r;m, s)-Breckner-preinvex
mappings via k-fractional integrals:

2K<m+1>fquguén‘k‘“(@(b),w(axm)( r ) (23)

Uf,g,n,so(a’ k,m,a, b)‘ < (% N 1)1/p r+s

Corollary 5. In Corollary 3 for hi(t) = (1 —¢)™%, hao(t) =t7° and 0 < s < r, we get the
following Hermite-Hadamard-Fejér type inequality for generalized relative semi-(r;m, s)-
Godunova-Levin-Dragomir-preinvex mappings via k-fractional integrals:
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2K (m + 1)7a||glEnE 1 (o(0), (a),m) [ © \1
(2 1) ) e

Corollary 6. In Theorem 3 for hi(t) = ha(t) = t(1—t) and f'(x) < K, Vx € I, we get the
following Hermite-Hadamard-Fejér type inequality for generalized relative semi-(m,tgs)-
preinver mappings via k-fractional integrals:

.9, kym,a,b)| <

12 o
2K (m +1)74||gllson s " (p(b), p(a), m)
(5 +1)"
VvV1—t t
Corollary 7. In Theorem 3 for hi(t) = ———, ha(t) = Vi
2Vt 21—t

we get the following Hermite-Hadamard-Fejér type inequality for generalized relative semi-
(r;m)-MT-preinvex mappings via k-fractional integrals:

’vagv’fh(ﬂ(a? k,m,a, b)’ <

Bi <1+1,1+1>. (25)
r T

and f'(z) < K, Vx €1,

_ 1 1 & a
2+ DM ol 0tk (1 Ly 1)
(% ! 1) ” ! 27(426)

’vagm#’(a’ k) m,a, b)’ <

Theorem 4. Let o,k > 0 and 0 < r < 1. Suppose K = [mep(a), me(a)+n(p(b), ¢(a),m)] C
R be an open nonempty m-invex subset with respect to n : K x K x (0,1] — R for
some fized m € (0,1], where n(p(b), p(a),m) > 0. Also, let hy,hy : [0,1] — [0, +00),
¢: I — K and g : K — R are continuous. Assume that f : K — (0,+00) be
a differentiable mapping on K° such that f' € L1(K). If (f'(2))? is generalized relative
semi-(r;m, hy, ho)-preinvex mapping, ¢ > 1 and ||g|lcc = sup |g(t)|, then the following
wnequality for k-fractional integrals holds:

lgll&n®+ (o(b), o(a), m)
(¢+1)

It .9, kym,a,b)| <

Q

{ (' (@) (b (1): 0, k) + (F/ (8)" 0 (R (t); )| ™

| @) T ( (B)s vk, 1)+ (£ )T (ha(t)s ek, m)] } (27)
where

1 a L — 1 o 1
I(hi(t);a, k,r) = / teh; (t)dt, I(hi(t);a,k,r):= / (1—=t)kh;(t)dt, Vi=1,2.
0 0
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Proof. Suppose that ¢ > 1 and 0 < r < 1. From Lemma 1, generalized relative semi-
(r;m, hy, he)-preinvexity of (f/(z))?, the well-known power mean inequality, Minkowski
inequality, properties of the modulus, the fact g(t) < ||g|lcc and changing the variable
t = me(a) + zn(e(d), p(a), m), we have

@

mep(a)+n(e(b),p(a),m) t k ,
Lranolakma )| < [ [ ssas| Ifolar
me(a) mip(a)
mp(@)+n(e(b)p(a)m) | pme(@)+n(e(b)e(a)m) E
+ [ / g(s)ds| 17(t)ldt
me(a) t

. 1-1
me(a)+n(e(b),p(a),m) |t k !
< / / g(s)ds| dt
( mep(a) mp(a)
mep(a)+n(p(b),p(a),m)
1
mep(a)

( mep(a)+1(p(b),9(a).m)

t
/ g(s)ds
me(a)

mﬁo(a)"’n(‘P(b) ,cp(a) vm)
* /

mep(a t

me(a) t

m(a)+n(pb).p(a)m) | pme(a)+n(p®).p(a),m) 2 C
/ / g(s)ds| (f'(£))dt

_ lgll&nt 1 (e(b), e(a), m)
= _1
(g+1)

1
q

1 «@
{ [/ 5 (f/(mep(a) + tn(so(b),so(a),m)))qclt]
0

Q=
—

1
/0 (1—1)% (f'(mp(a) + tn(e(b), w(a),m)))th]

HgHoonk“(sO(b),sO(a),m)
(¢ +1) x

Q=

{ [/0 £ [ (6)(7'(@)" + ha(0)('(8)"] :‘dt]
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_l’_

1 N E
| =0 [mh @) @) + ra(( )] Tdt] }

 lgln (o(0). o@). m)

(2 +1)'

1

X{ [ ([ mia@minion) + ([ wopmtn (t)dt)r] !

(/01 (@)= ) F ] <t>dt)r + ( / ) -0t hg (t)dtﬂ ”}

_ llgll&n® (o (), p(a), m)

(+1)'

[

+

1

{ |m(F (@) (a8 ek m) 4+ (F/ (0) 1" (ha(t): 0, k)|

1
[mf @) T (@ k) + (£ )T (ha(t): 0 k7)™ }
So, the proof of this theorem is complete.

Remark 6. For hi(t) = 1 —t, ho(t) = t,7 = m = ¢ = 1, and n(e(b),e(a),m) =
o(b) — mp(a), where p(x) = x, Yo € I, we get ([10], Theorem 2.2).

We point out some special cases of Theorem 4.

Corollary 8. In Theorem 4 for ¢ = 1, we have the following Hermite-Hadamard type
inequality for generalized relative semi-(r;m,hy, ha)-preinver mappings via k-fractional
integrals:

[I.g.n.0( kym,a,b)| < |lgll&n® TH(p(b), (a), m)

S=

{ (@) I (a0 0, k1) + (F(0) T (ha(t): @ )]

}. o8)

3=

M @)T (a0 kr) + (£ (0T (ho(t); s )]
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Corollary 9. In Theorem 4 for g(s) = 1, we have the following Hermite-Hadamard type
inequality for generalized relative semi-(r;m,hy, ha)-preinver mappings via k-fractional
integrals:

‘f(mw(a)) + f(mp(a) + n(p®), ¢(a),m))  Tila+k)
2 2n% ((b), p(a), m)

X {I?,;lkw(a))+f(m@(a) +n(p(b), p(a),m)) + I&Z(a)+n(¢(5)7@(a)7m))_f(mSO(a))} |

1

{ (@) (a(8)s v m) 4+ (F/ (0) 1" (ha(8): 0, )|

[ m(f (@) T (ha(8)s @ by r) + (' O)T (ha(0); k)| } (29)

Corollary 10. In Theorem 4 for hi(t) = h(1 —t), ho(t) = h(t) and f'(x) < K, Vx € I,
we get the following Hermite-Hadamard-Fejér type inequality for generalized relative semi-
(r;m, h)-preinver mappings via k-fractional integrals:

KlglEnt*1(p(b), p(a), m)

‘If,g,n,p(a,k,m,a,b)‘ < 11
(1 +1)"

X{ [ (b1 0, (00, )] O [ (000 )T (L0, )] }
(30)

Corollary 11. In Corollary 10 for hi(t) = (1 —t)°, ha(t) = t°, we get the following
Hermite-Hadamard-Fejér type inequality for generalized relative semi-(r;m, s)-Breckner-
preinver mappings via k-fractional integrals:

%-i—l(

)| < K |lgll bon (). ¢la).m)
) (2+1)"

1 TS o
S 2,8 Q
m(i+z+1)+ﬁ<r+ BT

|If:g777»‘,9(a7 ky m,a, b
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Corollary 12. In Corollary 10 for hi(t) = (1—t)7°, ha(t) =t7° and 0 < s < r, we get the
following Hermite-Hadamard-Fejér type inequality for generalized relative semi-(r;m, s)-
Godunova-Levin-Dragomir-preinvex mappings via k-fractional integrals:

K O%O s
11 g, kym,a,b)| < lgll&n® 1 (o(b), p(a), m)

{ [mﬁr (-2 ) (gbpy)

Corollary 13. In Theorem 4 for hi(t) = hao(t) = t(1 —t) and f'(z) < K, Vx € I, we
get the following Hermite-Hadamard-Fejér type inequality for gemeralized relative semi-
(m, tgs)-preinvex mappings via k-fractional integrals:

[un

1 23

2K 17 ||g|l&n® 1 1 1 1

’If,g7n7<p(a,k,m,a,b)’ < (m+1)ra||g|l&n* (80(5)790(61),”05; <1+ I« )
(1)

VI—t WVt ,
VR ha(t) = N and f'(x) < K, Vz € I,

we get the following Hermite-Hadamard-Fejér type inequality for generalized relative semi-
(r;m)-MT-preinvex mappings via k-fractional integrals:

Corollary 14. In Theorem 4 for hy(t) =

1 (=1
1\ K||gll&n®t(p(b
‘If7g7n7so(a,k,m,a,b)‘ S <> 1 HgH 77’“ (90( )7¢<a)7m)

1
i (1)
1
a 1 1 a 1 1 ”1
L [T B I B U (= S O
x{lmﬁ (k: o T h +2r>+5 <k+2r+’ 27’)]
1
a 1 1 a 1 1 ™
L [T B R B’ U (= I P . 34
+|mp <k+2r+’ 2r>+6 <k o T +2r>] } (34)

Remark 7. For k =1, by our Theorems 3 and 4, we can get some new special Hermite-
Hadamard-Fejér type inequalities associated with generalized relative semi-(r;m, hy, hg)-
preinver mappings via fractional integrals of order a > 0.

Remark 8. Also, applying our Theorems 3 and 4, we can deduce some new inequalities
using special means associated with generalized relative semi-(r;m, hi, he)-preinvex map-
PINgs.
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