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Abstract. We consider Tuba’s representation of the pure braid group, Ps, given by the map
¢ Ps — GL(4,F), where F is an algebraically closed field. After, specializing the indeterminates
used in defining the representation to non- zero complex numbers, we find sufficient conditions that
guarantee the irreducibility of Tuba’s representation of the pure braid group P; with dimension
d = 4. Under further restriction for the complex specialization of the indeterminates, we get a
necessary and sufficient condition for the irreducibility of ¢.
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1. Introduction

Let B,, be the braid group on n strands. There exists a surjective group homomor-
phism 7 : B, — S,,. The kernel of 7 is referred to as the pure braid group F, with
% generators. In 2001, a representation of B3 was defined by I. Tuba and H. Wenzl |
namely p : Bs — GL(V'), which is irreducible on the dimensional vector space V' over an
algebraically closed field F. A complete classification of irreducible representations of the
braid group Bs was given by Tuba and Wenzl, for dimensions d < 5 (see [7]). This was
done by assuming a certain triangular form of the matrices of the generators of Bs. Albev-
erio has found a class of representations of Bj in every dimension n, which depends on n
parameters [1]. The author in that work uses a deformation of pascal’s triangle connected
with gshifted factorials to get the representations, and this generalizes the work of Tuba
and Wenzl who classified all irreducible representations of Bs for dimensions d < 5 [7] .
This is also a generalization of the results of Humphries, who constructed the representa-

tions of the braid group Bs in arbitrary dimension using the classical pascal triangle [3]. Le
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Bruyn in [4] proved that all the components of n-dimensional irreducible representations
of Bg are densely parametrized by rational quiver varieties and the explicit parametriza-
tions are given for n < 12. Then Le Bruyn in [5] extended all this by establishing such
parametrizations for all finite dimensions n, which also generalizes the work of Tuba and
Wenzl. Also, researchers gave a great value for representations of the pure braid group
P,,, the normal subgroup of B,,.

Recently, N. Maanna and M. Abdulrahim gave a necessary and sufficient condition for the
irreducibility of the Tuba’s representation of pure braid group P3 for dimensions 2 and 3
(see [6]). In our work, we mainly consider the irreducibility criteria of Tuba’s represen-
tation of the pure braid group Ps, with dimension four. Our main result is Theorem 11,
which determines sufficient conditions for the irreducibility of Tuba’s representation of P;
with dimension d = 4. Under further restriction on the indeterminates used in defining
Tuba’s representation of dimension 4, we get a necessary and sufficient condition for the
irreducibility of the representation. This will be corollary 12.

2. Preliminaries

Definition 1. [2/ The braid group on n strings, By, is the abstract group with presentation
B, ={o1,...,0n-1; 0i0i4+10; = 0i110i0i41, fori =1,2,...,n—2, 0,05 = ojo; if |i — j| = 1}.

The generators o1, ...,0,_1 are called the standard generators of By,.

Definition 2. [2/ The pure braid group, Py, is defined as the kernel of the homomorphism
B, — Sy, defined by o; — (i,i+1),1 <i <n—1. It has the following generators:

Aij = Uj_lo'j_g...O'i_,_lO'iZO',:l...UJ-_}QO'J»_EI, 1 S Z,j S n
Definition 3. A representation is a map v : G — GL(V), where G is a group and
GL(V) is the group of n x n invertible matrices over the algebraically closed field V.

Definition 4. A representation v : G — GL(V') is said to be irreducible if it has no non
trivial proper invariant subspaces.

3. Tuba’s Representation of B3

Imre Tuba and Hans Wenzl gave a complete classification of all simple representations
of Bs with dimensions d < 5 by assuming a certain triangular form for the invertible d x d
matrices A and B of the generators of Bs that satisfy ABA = BAB. In particular, they
proved that a simple d— dimensional representation ¢ : By — GL(V') is determined, up
to isomorphism, by the eigenvalues A1, ...A\g of the images of the generators o1 and oy of
Bs. For more details, see [7]. Below,we write the explicit matrices in the case d = 4.
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Proposition 1. [7,p.500] Tubd' s representaion of Bs of dimension d = 4 is defind as
follows:

M (14+D P4+ DNy 1+D 14D 2N M

o 0 A2 (1 + Dil))\g A
=10 0 A3 A |
0 0 0 A4
A4 0 0 0
—A3 A3 0 0
oy — Do (D + DAy o 0 , where
—-D3)\; (D*+D?*+D)\y —(D?+D+1)\1 M\
A1, A2, Az, and A4 are indeterminates and D = ifii

Proposition 2. [7,p.503] Tuba’s representation of Bs of dimension four is irreducible if
and only if

*7_2 ()\% + ’72) ()\g + ’YQ) (72 + A g+ )\5)\l) (72 + A+ )\s>\k) 7& 0,

where {r, s, k,1} = {1,2,3,4}, and v* is a square root of the det(oy).

A similar result is obtained for the pure braid group Ps, the normal subgroup of the
braid group Bs.

Proposition 3. [6] Tuba’s representation of Py is irreducible if and only if
i) A # =Xy and A2 — M Ao + A2 # 0 for dimension d = 2,

i) Ai # —Xj and (A2, + XeAn) (A2 + M) # 0, for dimension d = 3.

Here i # j, m#n#k, and i,j,m,n, k € {1,2,3}.

4. Tuba’s Representation of P;

Let P3 be the pure braid group on three strings. Applying Tuba’s representation on the
normal subgroup of the braid group , namely the pure braid group, we get the following
representation of dimension d = 4.

Definition 5. Tuba’s representation of the pure braid group Ps of dimension d = 4 is
defined as follows:

)\% J Ao ()\1 + )\2) J)\g[)q + A3 + I)\Q] )\4[)\1 + M+ J()\Q + )\3)]

Aroy — 0 )\% I3 ()\2 —i—)\g) )\4[/\2+)\4+I)\3]
12 0 0 Y A (A3 + M) ’
0 0 0 A2
Y 0 0 0
—A3 (A3 + A % 0 0
Ay = 3 (A3 + Ag) 3

Mo[DMg+ (D+1DA3+ Do) —(D+DAa(Ma+A3) M2 0 |’
L K M X2
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where

= 1+D7%

1+D '+ D2

M(D? + D+ 1)[D(A\1 + X2 + A3) + A,
M[=D? (A\s+ A1) — (D + D* + D) (A3 + M),
= —(D*+ D+ 1A\ + N2).

EHNMN
Il

As for Aj3 = 020%02_1, we will not need it in the proof of Theorem 11.

5. Irreducibility of Tuba’s Representation of the Pure Braid Group P;
with Dimension d=4

We specialize the indeterminates i, A2, A3, and A4 to non zero complex numbers. Then
we find sufficient conditions for the irreducibility of the complex specialization of Tuba’s
representation of the pure braid group P53 with dimension d = 4.

Definition 6. Principal square root function is defined as follows:

For z = (1,0), vz = egi, where —m < 0 < 7. Since § € (—m, 7], it follows that V22 =2
for any complex number z.

In what follows, we take V22 = z for any complex number z.

Lemma 1. Let ¢ : P — G Ly(C) be the complex specialization of Tuba’s representation
of the pure braid group P3. Hence, the following are true:

i) D +1 =0 if and only if v* + Mg = 0.
ii) DAp + Ay = 0 if and only if 42 + N2 = 0, where {m,n} = {2, 3}.

iii) 1+ D + D? = 0 implies that v* + A A4 + AaA3 = 0.

Proof. The proof of (i) follows from the fact that det(c1) = AjAaA3Ag and v2 = A\ Ay D.

The proof of (ii) follows from the fact that v2 = ApAzD~ L.
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To prove (iii) : If 1 + D + D? = 0 then D3 — 1 = 0. This implies that

(AMA4D)3 — (A Ag)? = 0, which is equivalent to 4% —(A1\4)? = 0. Hence

(7 = M) (v + My 4 (Md)?) =0

In the case 72 — M\ =0, we get M\ D — A1y = 0. This implies that D =1,

a contradiction. Thus fy4 + )\1)\472 + (/\1)\4)2 = 0. It follows that

)\2/\374 + )\1)\2/\3)\472 + )\%/\2)\3)\3 = 0. This implies that )\2)\374 + 76 + )\1)\474 =0.
Thus AaAs + 7% + A A = 0.

Theorem 1. Tuba’s representation ¢ : Py — GL4(C) is irreducible if the following hold

true:
(1) A # =X, where i,j € {1,2,3,4}
(2) ¥2 4+ Ny #0, where I € {1,2,3}
(3) 72()\1' + A3+ )\4) + )\i)\j)\;g + )\i)\j)\4 + )\j)\3)\4 75 0, where {Z,]} S {1, 2}
(4) (V2 + 2D (2 + M+ Asdy) # 0, where {r,s,1,k} = {1,2,3,4}

Proof. To get contradiction, suppose that this representation ¢ : P3 — GL4(C) is
reducible .That is, there exists a proper non-zero invariant subspace S, of dimension 1 , 2
or 3.We consider 15 cases. We use ey, e, e3, and e4 as the canonical basis of C*. Let a,
and § be non-zero complex numbers.

Case 1: Let e; € 5, it follows that

0
Ry
R3
Ry

Here, the constants are given by

Agzer — )\42161 € S, then €s.

Ry = —X3(A3+ \1),
R3 )\Q[D)\4 + (D + 1))\3 + D)\Q],
Ry = M[-D3(\+ M) — (D + D%+ D)(A3 + Xo)].
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We have A23(R2€2 + Rses + R464) — )\%(RQ@Q + Rses + R4€4) es.

0

Then 0 € S, where
P

Py

P; = —RQ(D + 1))\2()\2 + )\3) + Rg()\% — )\g),

Py = KRy — R3(D? + D + 1)A1(A1 + Xa2) + Ra(A\F — A\2).

Also, we have A23(P3€3 + P464) - )\%(Pgeg + P4€4) € S. Then €S.

No oo

Here,

T = —P3(D?+ D+ 1)A1(A1 + A2) + Py(A] — A3).

If T # 0, then e4 € S. This implies that Pses € S.

In the case P3 =0, We get —Ra(D + 1)\a + R3(A2 — A3) =0,

and so (D + 1)A2A3(A3 + A1) + (A2 — A3) A2 [DAg + (D + 1)A3 + Do) = 0.

Thus A2(A3 + DA2)(A\g + A2) = 0, which implies that A3 + DXy = 0. This is equiva-
lent to v2 + A3 = 0 (Lemma 10), a contradiction.

In the case P3 # 0, we get es € S. But we have Roes + Rse3 + Ryeq € S,
and Re = —A3(A3+ A\g) #0. So eg € S, and also e; € S.
Thus S = C%, a contradiction.

Therefore, we have T = 0.
This implies that AaA3 + DS)\% + DA Ao+ DX\ A3 + DQ)\l)\Q + Dz)\l)\g =0.

We get )\1)\3(/\2)\3 + DS)\% + DX As + DA )3 + D2)\1)\2 + Dz)\l)\g,) =0.
Thus Y2[v2(A2 4+ A3 4+ A1) + A1 d2As + A A2 ds + A1 Az\y] = 0, a contradiction.

Case 2: Let ey € 5, it follows that
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(14+ DL+ D (A1 + A2)
Aqgeg — )\%62 € S . Then 8 e S.

0
But (1 4+ D71+ D72)Xy (A1 + A2) # 0, a contradiction (Case 1).

Case 3: Let eq4 € .9, it follows that
M
Ny
N3
0

/\%1[141264 — AMey] € S. Then es.

Here, the constants are given by

Ni=M+M+0+D1+D2) N+ N3),
No =Xy + A+ (1 + D7 H)g,
N3 = A3 + \g.

We have Alg(Nlel + Noeg + Ngeg) — )\%(Nlel + Nyey + N3€3) es.
M,y

This implies that My es,

where

M; = Nl(/\% — /\%) + NoJ Ao ()\1 + )\2) + N3J)\3[)\1 + A3+ (1 + Dil)AQ],
My = NQ()\% — )\%) + N3IA3 (Ay+ A3).

Also, we have Alg(Mlel + Mzeg) - A%(Mlel + Mgez) eS.
T

€ S, where

o O

This implies that

)

T = Ml()\% — )\%) + MsJ Ao ()\1 + )\2) .

If T # 0, then we get a contradiction (Case 1).

If T = 0. Then AoAs + DPA2 + DAAg + DAAs + D2AAa + D2\ A3 = 0.
Thus Y2[v2(A2 + A3 + A1) + A1 A2A3 + A A2 ds + AM1A3\y] = 0, a contradiction.

688
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Case 4: Let e3 € S, it follows that Asges — )\geg € S.

So €8S.

0
0
0
—(D?>+ D+ )X (M + o)

But —(D? + D + 1)A\; (A1 + A2) # 0, a contradiction (Case 3).

Case 5: Let e1 + aeg € S, it follows that

Aja(er + aeg) — A3(e1 + aes) € S. This implies that € S, where

co oM

TZ)\%—A%—FOCJ)\Q(/\l-l—/\Q).

If T # 0, then e € S, a contradiction (Case 1). If T'= 0 then
A1 — A2 + aJAg = 0. It follows that JAge; + (A2 — A1)ea € S. Thus

0
R
Ags[Jhaer + (A2 — Ai)ea] — A3[Jhzer 4+ (A2 — Ai)ea] € S . Then Ri,
Ry
Here, the constants are given by
Ry = —)\QJ)\;J,()\4 + )\3) + ()\2 — )\1)()\5 — /\Z),
Rs = )\%J[D/\4 + (D + 1))\3 + D/\Q] — ()\2 — /\1)(D + 1))\2()\3 + /\2),
Ry =X JL + ()\2 — )q)K.
Since Rges + Rges + Rueq € S, it follows that
0
0
A23(R262 + Rses + R464) — )\%(Rgeg + Rses + R464) € S. Thus Py
Py

where
P; = *RQ(D + 1))\2 ()\2 + )\3) + Rg()\% — )\:23),

Py = RoK + RsM + R4()\% — )\g)

689
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o O O

On the other hand, As3(Pses + Pies) — A3(Pses + Pies) € S. Then es.

Here, the constant T} is given by

Ty = —P3(D* + D+ )A1 (A1 + A2) + Pa(A2 — \3).

If Ty # 0, then e4 € S, a contradiction (by Case 3).

If 71 = 0 then D2A} + D2\ Aahs + DAZAg + DAtdads + DAZAs + A2 = 0.
Hence, 224(D2)3 + D2A Aoy + DAZAz + DAtAsAs + DX + Aih3) = 0.

This implies that (72 + A\2)(72 + A1 A3 + A2\4) = 0, a contradiction.
Case 6: Let e; + aez € S, it follows that
€s.

Aqz(er + ae3) — Mi(e1 + aes) € S. Then

Here, the constants are given by

Ni = )\% — )\% + OZJ/\3[/\1 + A3+ I/\Q],

No = alls ()\2 + )\3) .

We have N2 # 0 (I # 0 by Lemma 10). If N; =0, then ez € S, a contradiction (Case 2).
If N1 # 0, we get a contradiction (Case 5).

Case 7: Let e3 + aeq € S, it follows that

Aos(es + aey) — N(es3 + aeyq) € S. So € S, where

No oo

T = —D2JA1 (A1 + A2) + (A2 — A2).

If T # 0, then eq € 5, a contradiction.
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If T =0 then —DQJ)\l + Oé()\l — )\2) =0.

On the other hand, we have (e + aeq)(A1 — A2) € S.
It follows that (A — Ao)es + D?J\jeq € S.

Hence A12[<)\1 — )\2)63 + DZJ/\1€4] — )\i[()\l — )\2)63 + D2J/\1€4] es.

N

Ny

N3
0

Thus €8s.

Here, the constants are given by

Ny = ()\1 — )\Q)J)\g[)\l + A3+ I)\z] + DQJ)\l)\4[)\1 +M+J ()\2 + )\3)],
No = (A1 — X2)IA3 (A2 + A3) + D2I A A [A2 + Ag + T3],
N3 = ()\1 — )\2)()\% — )‘121) + D2J)\1)\4()\3 + )\4).
Also, we have Alg(Nlel + Noeg + N3€3) — A%(Nlel + Noeg + N3€3) e s.
M,y
Then J\gz € S, where
0

M; = Nl()\% — /\%) + NoJ)As ()\1 + )\2) + N3J)\3[)\1 + A3+ I}\QL

My = N2()\% — A%) + N3I)g ()\2 + )\3) .

If My # 0 or My # 0. Then we get a contradiction (Case 1, Case 2, and Case 5).

If M7 =0 and M5 = 0. Then

)\2)\3()\1 + )\4) + D2A1)\3)\4 + DX1XoA3 + DA Aoy + DAz g = 0.

So D_l()q)\g)\g 4+ Aoz Ay + D2)\1>\3)\4 + DX XoAs + DA Aoy + D)\Q)\3)\4) =0.

This implies that 72(/\1 + A3+ A1) F A A2 A3 + Ao Ay + Ao Ay = 0,
a contradiction.

Case 8: Let e; + aeq € S, it follows that Ass(e; + aeq) — M (e1 + aey) € S.

691
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0
Ry
Then €s.
R3
Ry

Here, the constants are given by

Ry = =X3(A3+ \g),
R3 = )\2[D)\4 + (D + 1))\3 + D)\Q],
Ri=L+ a2 - A2).

Also, we have Agg(Rgeg + Rses + R464) — )\g(RQGQ + Rses + R464) €S,
0
0
then P, es.
Py
Here, P3 = —RQ(D + 1))\2()\2 + A3) + R3()\% — )\g),
Py = RyK + R3M + Ry(\2 — )\2).
If P3 # 0 or Py # 0, then we get a contradiction (Case 3, Case 4, and Case 7).

Otherwise, if P3 =0 then Ao (A2 + Ag) (A2 + A3) (DA2 + A3) = 0.

Hence D)2 + A3 = 0, which is equivalent to 42 + A\3 = 0 (Lemma 10), a contradiction.

Case 9: Let eg + aeg € S, it follows that

Ny

Ny

Aqz(e2 + ae3) — Mi(ea + aes) € S. Then €S.

0
Here, the constants are given by

N1 = J)Xs ()\1 —|—>\2) +O¢J)\3P\1 + A3 +I)\2},
Ny = )\% —)\g + alds (A2 + A3).

If N1 # or Ny # 0, then we get a contradiction (Case 1, Case 2, and Case 5).
Otherwise, No = 0 and so

% (A2 + A3) (DA2 — DA3 + a3 + aDAg) = 0.

692
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This implies that DAg — DAz + a(A3 + DA3) = 0. (1)

Also, we have N = 0. It follows that

S5 D2J(DA3 + DA Az + adods + aDA3 4+ aDA Az + aDAgAg) = 0.
Hence DA2 + DA\ )2 + ada)s + ozD)\?)) + aDX A3+ aDX\A3 =0.  (2)

Now, after subtracting equation (2) from equation Aa(1), we get

DXodg + DA Ao + OéD)\?;’ + aDA{ A3 = 0. This implies that

D (A1 4+ A3) (A2 + aX3) = 0. Thus alg = —Ag. Substituting a3 = —\g in (1).

We get —DA3 — A\g = 0, which is equivalent to 42 + A3 = 0 (Lemma 10), a contradiction.

Case 10: Let es + aeyq € S, it follows that

A23(€2 + 0464) — )\3(62 + 0464) € S. Then P e S.
3

Py
Here, the constants are given by

Ps=—(D+1)X(Aa+ N3),
Py=M(D?*+D+ DID(A1 4+ A2+ A3) + Ao] + a()\% - )\g)

If P3 #0 or Py # 0, then we get a contradiction (Case 3, Case 4, and Case 7).
Otherwise, if P3 =0 then —(D + 1)A2 (A2 + A3) = 0, a contradiction (Lemma 10).

Case 11: Let ae; + Beg +e3 € S, it follows that

Ny

No

Ajo(aey + Pes +e3) — )\g(ael + Bea + e3) € S.Then €S.

0

Here, the constants are given by

Ny = a()\% — )\%) + B A2 (M1 + A2) + JA3[A\1 + A3 + T Aq],
Ny = B()\% — )\%) + I)g ()\2 + )\3) .

If N1 # 0 or Ny # 0, then we get a contradiction (Case 1, Case 2, and Case 5).

Otherwise, N = 0 and so (A — A\3) + A3 = 0.
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_ I3
T A3—=A2”

In the case Ao — A3 = 0, we get [A\3 = 0, a contradiction (Lemma 10). Hence /3

Substituting, 5 = )\?)Ii% in the equation (A3 — A2) N1 = 0, we get
o (Af =A%) (A3 — X2) + TJA3ha (A1 + A2) + JAs[A1 + Az + TAo] (A3 — A2) = 0.
Then o (A} — A3) (A3 — A2) + TJA2A3(A1 + Ag) + Az (A3 — A2) (A1 + Az) = 0.
This implies that a (A1 — A3) (A3 — A2) + [T A2 A3 + A3 (A3 — A2) = 0.

Hence o (A1 — A3) (A3 — X2) + A3(1 + D1+ D72) (A3 + D71)y) = 0.

If (A1 — A3) (A2 — A3) = 0, then A\3(1 + D=1+ D72)(A\3 + D~1)y) = 0.

So A3 + D7ty = 0, which is equivalent to ¥* + A3 = 0 (Lemma 10), a contradiction.

. 1, -2 -1
That is (A1 — A3) (A2 — A3) # 0. Thus a = /\S(HD(/\leDg)()\)z(iig)D ),

On the other hand, Ass(ce; + Beg + e3) — A3(aeg + Beg + e3) € S. Tt follows that

Ry
R3
Ry

€8S.

Here, the constants are given by

Ry = —als ()\4 + )\3) + ﬁ()\% — )\i),
R3 = a)ls [D)\4 + (D + 1))\3 + D)\Q] — B(D + 1))\2 ()\2 + )\3) + )\% — )\i,
Ry=aL+ K+ M.

We have A23(R2€2 + Rses + R464) — )\%(Rgeg + Rses + R464) €s.

0
0
It follows that es.
Py
Py
Here,

Py = —Ro(D +1)X2(X2 + A3) + B3 (A3 — AJ),
Py = Ry + RsM + Ry(\2 — \2).
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If P3 #0 or Py # 0, then we get a contradiction (Case 3, Case 4, and Case 7).

Thus P; =0 and P, = 0.

_ A3(14+D 4D (A3+D "1 N0) _ (1+D~Hx
But a = 22 (/\1_)\3)(/\2_33) 2 and B = 7(/\3_)\2)3.

After substituting the obtaining values of o and § in the equation Py = 0, we get

A2+A3)(A A3) (A A2)(A2+A
Qatln) (et DA DRIt (D2 (Mg + Asha — Mha) + DAods + dadg) = 0.

It follows that, either
(A2 + DA3)(A3 + DXg) =0 or D2()\1)\2 + A3Ag — A1 Ag) + DA Ag 4+ Ao A3 = 0.

If (A2 + DA3)(A\3 + DX2) = 0, which is equivalent to (72 + A3)(v% + A\2) = 0 (Lemma
10), we get a contradiction,

If Dz()\l)\g + A3\q — )\1)\4) 4+ DXaA3 + A3 = 0, we get that
D()\l)\4)\2A3 + DX AsA 1o + DAl)\4)\3)\4) = 0, which is equivalent to
D~?(72 4+ A A2 + A3)4). This give a contradiction.

Case 12: Let es 4+ aes + Beq € 5, it follows that

Agz(ea + aes + Bes) — Na(ea + aes + Bey) € S.

Then es.
Py
Here, the constants are given by

P = —(D + 1)/\2 ()\2 + A3) + Ct()\% — )\g),
Py =K +aM + B(\2 — \2).

If P3 # 0 or Py # 0, then we get a contradiction (Case 3, Case 4, and Case 7).
Otherwise, if P3 =0 then —(D + 1)A2 + a(A2 — A3) = 0.

In the case Ao — A3 = 0, we get —(D + 1)\ = 0, a contradiction (Lemma 10). Hence
(D+1)A2

o = No—Az
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Substituting o = (f\)j_l/)\zq in the equation Py(A2 — A3) = 0, we get

K (X2 = X3) + (D +1)AM + B(A] = A3) = 0.
Then —A1(D? + D + 1)(A\1 + A3)(DAs + X2) + B(A2 — A\2) = 0 and so
~M(D? + D+ 1)(DA3 + A2) + B(M — A3) = 0.

If A7 — A3 = 0, then DA3 + A2 = 0, which is equivalent to v2 + A\ = 0 (Lemma 10),
a contradiction.

AL(D24+D+1)(DAz+A
Hence 8 = 1( +/\L))\(3 3+da)

On the other hand, Aj2(ez + aes + Bes) — A3(ea + aes + Bey) € S.

Ny

No

N3
0

Then €8S.

Here, the constants are given by

N1 =J)X ()\1 + )\2) + OZJ)\g[)\l + A3 +I)\2} +B)\4[)\1 + M+ J()\z + )\3)] ,
Ny :)\%—)\i—l—af)\g ()\2—|—>\3)+,3)\4[)\2+>\4—|—I)\3],
N3 = a()\g — )\i) + BA (A3 + \4) -

If Ny 20 or Ny # 0 or N3 # 0,
then we get a contradiction (Case 1,Case 2, Case 4, Case 5, Case 6, Case 9, and Case 11).

Otherwise, if N3 = 0 then SA\y = a(\y — A3).
Substituting SAs = a(As — A3) in the equation Ny = 0, we get

)\% — )\i + al)s ()\2 + )\3) + Ck()\4 — )\3)[/\2 + M\ +I)\3] =0 (3)

Substituting o = 7(62__1))\;‘2 in (1), we get ()‘2+>\4)()5(§2D_/\§§§>\3+D)\2) =0.

This implies that Ay + DAy =0 or A3 + DXy = 0.

If Ao + DXy = 0 then D~ 'Xo\3 + A3\4 = 0, which is equivalent to 72 + A3\s = 0, a
contradiction,

If A3 + DAy = 0 then 742 + A3 = 0 (Lemma 10), a contradiction.

Case 13 : Let aey + Bea +e4 € S, it follows that

Alg(ael + Bes + 6’4) — )\?l(ozel + Bes + 64) € S.
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Ny

Ny

N3
0

Then es.

Here, the constants are given by

Ny =a(M = A]) + BJda (A1 + A2) + Aa[h + Aa + J (A2 + A3)],
No = B(A3 — 2D + Ag[Aa + My + 1],
N3 =X (A3 + A\g) .

Ile#OOI“N27AOOI'N37é0,
then we get a contradiction (Case 1, Case 2, Case 4, Case 5, Case 6, Case 9, and Case 11).

Otherwise, if N3 = 0 then Ay (A3 + \4) = 0, a contradiction.

Case 14: Let e; + aes + ey € 5, it follows that

Agz(er + aes + Bes) — N2(e1 + aes + Beq) € S.

0
Ry
R3
Ry

Then €8S.

Here, the constants are given by

Ry =—-X3(A3+ M),

Rs = )\Q[D)\4 + (D + 1))\3 + D)\Q] + Oé()\% — )\421),
Ry=L+ oM + B()\% — )\Z).

If Ry # 0 or R3 # 0 or Ry # 0 then we get a contradiction (Case 2, Case 3, Case 4,
Case 7,Case 9, Case 10, and Case 12).

Otherwise, if Ry = 0 then —A3 (A3 + A4) = 0, a contradiction.

Case 15: Let ae; + Beg + deg +e4 € S, it follows that

Alg(ael + Beg + des + 64) — )\i(ael + Bes + des + 64) cS.
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Then 2 € S.

Here, the constants are given by

N1 =a(A] = A\]) + BJX2 (A1 + A2) + T A3[A1 + Az + o] + A1 + s+ J (A2 + A3)],
Na = B(A3 = A3) + 6123 (A2 + A3) + Ma[A2 + Mg + TA),
N3 = 5()\% — )\i) + A (A3 + A\g).

If Ny # 0 or Ny # 0 or N3 # 0 then we get a contradiction (Case 1, Case 2, Case 4,
Case 5, Case 6, Case 9, and Case 11).

Otherwise, if N3 = 0 then 6(A3 — A4) + Ay = 0. This implies that § = ,\4)233'

Substituting § = /\4)21/\3 in the equation Na(Ag — A3) =0, we get

BAZ = A) (Mg — A3) + MIA3 (M2 + A3) + Aa(Ma — A3)[A2 + Mg + TA3] = 0.
So B(A3 — AD) (Mg — A3) + AT As(A2 + Ag) + Aa(Ag — A3) (A2 + \g) = 0.
This implies that (A2 + Ag)[B(A2 — A1) (Mg — A3) + Aa(Ag + A3D71)] = 0.
Hence B(A2 — A1) (As — A3) + Aa(Ag + 3D~ 1) = 0.

In the case (A2 — Ag)(Ag — A3) = 0, we get Ay + A3D~L = 0.

This implies that AdaAs + AoA3 D~ = 0, which is equivalent to 72 4+ XXy =0,

—1
a contradiction. Hence 8 = m%-

/\4()\4+)\3D71)

. DV _ M(utAsDTY) )
Let us substitute § and (= 3 5505 —xy 10 the equation

RV ED Y
Ni(A2 — A1) (A3 — Ayg) = 0. It follows that
af + (Mg + 23D YT A (A1 + X2) — Aa(Aa — Ag)JJA3[A1 + A3+ Thg] + g = 0.
Then
af + D73A (M1 + A1) (A2A3 + D3A2 + DAy + DAsAg + D?Xo)y + D?A3)\y) = 0.(4)

Here, the constants are f and g are given by

F=AF =Dz — M)Az — M),
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g = )\4[)\1 + M+ J ()\2 + )\3)]()\2 — )\4)()\3 — )\4).

In the case f = 0, we get \; = 4. Let us substitute Ay = A4 in (4), we get D73 g (A1 + A1) (AaA3+
Dg)\i 4+ DXoAy + DAsg + D2)\2)\4 + D2A3)\4) =0.

This implies that Ay(A2As + D3A] + DAaAs + DAsAs + D2 Ao A\g + D?Az)g) = 0.

But D3 = %, for A1 = 4.
1
So AoAs + DXoAs + DXody + DAsAy + DQ)\Q)\4 + D2/\3)\4 =0.

Then (D + 1)()\2/\3 + Doy + D)\3)\4) = 0. Hence AoA3 + DAg Ay + DAghy = 0.
This implies that Dil)\g)\g + XoAg + As3Ag = 0.

It follows that v2 + AoAs + A3A4 = 0, a contradiction. Thus f # 0.

Aa(A2A3+D3A2 +D,\2,\4+D,\3,\4+D2A2A4+D2,\3,\4)
D3 1= 1) (A2—21)(Pa—A3)

Now, (4) implies that o =

On the other hand, Ass(ae; + Bea + des + eq4) — A\3(aeq + Beg + dez + eq) € S.

Then €8s.

R3
Ry

Here, the constants are given by

Ry = —alg ()\3 + )\4) + 5()\% — )\421),
R3 = aXa[DAy + (D + 1)A3 + Do) — B(D + 1)da (A2 + A3) + (A3 — \?),
Ry=aL+ BK +8M + 3 — M}

If Ry # 0 or R3 # 0 or Ry # 0 then we get a contradiction (Case 2, Case 3, Case 4,
Case 7, Case 9, Case 10, and Case 12).

Otherwise, if Ry = 0 then —aAs + 5(A3 — \y) = 0.

B(As—A4)

A Aa+Ag D1
Hence av = ===, and we have 8 = 1QutAsD” ")

(A2—Aq)(Az3—Ag) "

A ()\2 A3 +D3)\2+D)\2)\4+D/\3 A4 +D2)\2 )\4—|—D2 )\3)\4)

A(Aa+A3D 1)
Thus a = 245255822 D3 —A1) (2= 1) (Aa—A3)

A3(A2—Ag)

Also, a =
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SO _)\4()\2/\3+D3)\3+D)\2)\4+D/\3)\4+D2)\2)\4+D2)\3)\4) + )\4()\4+)\3D_1) -0
D3 —1) (2 M) (Ma—A3) o)

This implies that

A AZ+ D3N3+ D2 A A2 —D3A A2+ D2 X322+ DA2A s — D2 A1 As A+ D3 A1 A Aa+(D+1) DAz Az g
D3x3(A1—xa)(Az—xa)(Az3—Aa)

=0.
It’s easy to see that, )\2)\§ — D2\ A3\, so we get h = 0, where
h = Dg)\i + D2)\1>\§ — DS)\l)\i + D2>\3)\Z + D)\g)\zl + Dg)\l)\3>\4 + (D + 1)D)\2)\3)\4.

Now, we multiply the equation h = 0 by )‘1D)‘4, we get

A2AsAT + A1A3Y2 — Ayt + AsATY2 4+ AMA3AT + Mgyt + Aadsay? + Ayt = 0.
Hence A3(v2 + A2)(v2 + A1A3 + A2A4) = 0, a contradiction.

Therefore, there is no non-zero invariant proper subspace. This implies that we have
determined sufficient condition under which the representation ¢ : P3 — GL4(C) is
irreducible.

If we require further the conditions \; = A3 and Ao = A4, we get a necessary and
sufficient condition for the irreducibility of ¢ : P3 — GL4(C).

Corollary 1. Let ¢ : P — GL4(C) be the complex specialization of Tuba’s representa-
tion of the pure braid group P3. Assume that \y = A3, Ao = Mg and A\y # —X\o.

Then ¢ is irreducible if and only if (v + A2)(v2 + Mo A + AsAx) # 0, where

{r,;s,l,k} ={1,2,3,4}.

Proof. Let us show that if (Y24+M2) (72 + AN+ s\, ) = 0, where {r, s, 1, k} = {1,2, 3,4},
then the representation ¢ is reducible.

Assume that (v2 4+ A2)(v2 + M A + AsAk) = 0, where {r,s,[,k} = {1,2,3,4}, then the

reducibility on P3 follows from reducibility on B3 (see Proposition 6).

Now, let us show that if (v2 + A2)(v2 4+ AN + AsAx) # 0, where {r,s,1,k} = {1,2,3,4},
then ¢ is irreducible.

Given that \{ = A3, Ada = Mg, and A\; # —Xo. In this case, 72 = A1X2. Hence, it’s
easy to verify that all the conditions of Theorem 11 are satisfied: For instance, the second
condition of Theorem 11 is equivalent to A\; % —A2. Also, the third condition is equivalent
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to )\1 7é —)\2.
Therefore, by Theorem 11, ¢ is irreducible.

Note that, provided that A\; = A3 and Ao = A4, we have to require A\; # — Ay in order

for the matrices of the generators of B3 not to be constant matrices.
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