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Abstract. A semigroup is called a GV-inverse semigroup if and only if it is isomorphic to a semi-
lattice of m-groups. In this paper, we give the sufficient and necessary conditions for a GV-inverse
semigroup to be a strong semilattice of m-groups. Some conclusions about Clifford semigroups are

generalized.
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1. Introduction

First of all, we give the basic definition for this paper. Let Y be a semilattice. For
each a € Y, let S, be a semigroup and assume that S, NSz = 0 if o # . For each pair
a, 8 €Y such that a > 3, there exists a homomorphism ¢, g : So — Sg such that:

(Cl) ¢pa,q = 1g, for any a € Y.

(C2) For any a, B,y € Y with o > > 7, ¢pa 308,y = Pay-

Define a multiplication on S = Ugecy Sa, in terms of the multiplications in the components
Se and the homomorphisms ¢, g, for each x in S, and y in Sg,

ry = x¢a,aﬁy¢ﬂ,aﬂ'
Then S with the multiplication defined above is a strong semilattice Y of semigroup
Sa, to be denoted by S[Y'; S, ¢q,8). The homomorphisms ¢, g are called the structure
homomorphisms of S. And if S, € § for all a € Y and some class of semigroups £, then
S is a strong semilattice of type $).

As is well known, a semigroup is a Clifford semigroup if and only if it is isomorphic
to a strong semilattice of groups. A semigroup S is a w-group if it is a nil-extension of a
group, which means that there exists a subgroup G of S and G is an ideal, and for any
a € S, there exists a number n € N such that a™ € G, where N is the natural number
set. A semigroup is called a GV-inverse semigroup if and only if it is isomorphic to a
semilattice of m-groups. It is natural to ask how about the strong semilattice of m-groups.
In this paper, we give the sufficient and necessary conditions for a GV-inverse semigroup
to be a strong semilattice of w-groups.
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2. Preliminaries

The class of m-regular semigroups is one of the important classes of non-regular semi-
groups. Recall that a semigroup S is said to be a w-regular semigroup if for any a € 5, there
exists a positive integer m such that o € a™Sa™. Denote r(a) = min{m € N : "™ €
a™Sa™} and call it the least regular index of a. A 7-regular semigroup is called a GV-
semigroup if every regular element is completely regular. Furthermore, a GV-semigroup S
is called a GV-inverse semigroup if every regular element of S possesses a unique inverse.
GV-semigroups and GV-inverse semigroups are the generalizations of completely regular
semigroups and Clifford semigroups in the range of 7w-regular semigroups respectively.

Throughout this paper, we denote the set of all regular elements of a w-regular semi-
group S by RegS. We will write maps on the right of the objects on which they act.

Let S be a m-regular semigroup. Generalized Green’s equivalences were defined by:

al*b = Sta" @ = S qR*b o " @S =¥ Sl 0T = Sla" @St = 51yt §t
H =L'NR*, D" =L"VR".
If S is a regular semigroup, then L = K* on S for any K € {H,L,R,D,J}. The class of

m-regular semigroups and some of its subclasses have been studied in in [1], [2], [4], [5], [6].
For notations and terminologies not mentioned here, the reader is referred to [1] and

[3].
3. Strong Semilattice of m-groups

In this section, we characterize the strong semilattice of m-groups. At first, we give
some characterizations of GV-inverse semigroups.

Lemma 1. ([1]) Let S be a semigroup and x be an element of S such that x™ lies in a
subgroup G of S for some positive integer n. If e is the identity of G, then

(i) ex = ze € G.

(ii) «™ € G for every m > mn and m € N.

Lemma 2. ([1]) Let S be a semigroup. Then the following conditions are equivalent:
(i) S is a GV-inverse semigroup.
(ii) S is w-regular, and a = azxa implies that ax = xa.
(iii) S is a semilattice of w-groups.

For convenience, we always denote a GV-inverse semigroup by S = U,cy S, in this
section, where Y is a semilattice, S, is a m-group for each o € Y by Lemma 2. Further,
we write So, = Go U @4, where G, is the group kernel of S,, and the identity of G, is
denoted by e,, for any a € Y. And Qn = S, \Gq is the set of non-regular elements of S,
and it is a partial semigroup by the definition of m-group. Certainly, if S, is just a group,
then @, is an empty set.

According to the results in [1], we know that H* = L* = R* = D* = J" on a
GV-inverse semigroup. On the other hand, we have the following results.
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Lemma 3. [5] Let S be a GV-inverse semigroup. Then for any K € {H,L,R,D,J},
KCK*onS.

Lemma 4. Let S be a GV-inverse semigroup and RegS be an ideal of S. For any a € Y,
if a € Gy, then Hy, = Lo = Ry = Jo = Go; if a € Qq, then J, = {a}.

Proof. For any a € Y, let a,b € Q. Suppose that aRb. Then there exist s € Sz and
t € Sy such that a = bs, b = at for some 3,7y € Y with 3,7 > «. Further,

a=bs = ats = a(ts)® = --- = a(ts)™,
b=at = bst = b(st)? =--- = b(st)"
where m > max{r(st),r(ts)}. By Lemma 1, (ts)™, (st)™ € G, C RegS. Since RegS is
an ideal of S, we get that s =¢ =1 and a = b, so R, = {a}. Similarly,
K, ={a} forany K € {H,L,R,D,T},a € Qq. (1)
On the other hand, by Lemma 2, it is easy to see that if a € G,

Ha:La:Ra: a:Ga- (2)

Let S be a GV-inverse semigroup. Define a mapping 1 from .S into RegS as follows:
for any a € S,
1 :S — RegS;arr ae,, if a €S,

where e, is the unique idempotent of 7-group S,. Then it is obvious that ¥|q, = 1q,-
For any a,b € S, define the following relation: atb if and only if ai) = bip. Then it is clear
that v is an equivalence on S and v |gegs= €, where € is the equality relation. Since avae,

for any a € S, 1; |s= ¢ if and only if S is a Clifford semigroup. In general, 1; |5\ Regs 18
not necessary the equality relation. Next, we give an example.

Example 1. Let S = {e, a,b} with the following Cayley table
la b

o S Q
o 0o o
D O D

e
e
e
It is clear that S is a w-group and RegS = {e} and ay) = ae = e = be = byp, but a # b.

Lemma 5. Let S be a GV-inverse semigroup. For any a,b € Sy, if ayp = by, then
there exists M € N such that a™ = b™ for any m € N with m > M. In particular,
(a)"@ = a7 And if ayp = a” (@, then ar@?=r(@ = ¢ .

Proof. Let a,b € S,. If ayp = bip, then ae, = bey, and (aey)™ = (bey)™ for any n € N.
By Lemma 1, a”e, = b"e,. Take M = max{r(a),r(b)}, then for any m € N with m > M,
a™, b™ € RegS and o = b™. In particular, (a))"@ = a"@e, = a"(@). If ap = a"(¥), then
at) = (ay))"@ and (ay))" (@1 = ¢, and hence ar@?’=r@) = ¢
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Lemma 6. Let S be a GV-inverse semigroup and RegS be an ideal of S. Then for any
a,B €Y and a € Sy, eg € Sg, aeg = ega, which means that E(S) C C(S), where C(S)
is the center of S.

Proof. By Lemma 2, RegS is a Clifford subsemigroup of S, then aeg,ega € Go3. And
hence aeg = eqpg(aeg)eqs = (eapa)eas = eqplega)eqs = ega.

Lemma 7. Let S be a GV-inverse semigroup and RegS be an ideal of S. Then ¢ is a
homomorphism and 1 is the least Clifford congruence on S.

Proof. Let a,b € S and a € S4, b € Sg. Then ay) = ae, and by) = beg. By Lemma 6,
we can get that

apbyp = aeqbeg = aeqegb = aeqpb = abeqs = (ab)i.

So 1 is a homomorphism and it is easy to understand that QZ is a congruence on S. For
any a € S, it is easy to see that aibai)(€ RegS) and so 1 is a regular congruence. Further,
since ayb if and only if a = b for any a,b € RegS, v is the least Clifford congruence on S.

Definition 1. Let S be a partial semigroup and T be a semigroup. A mapping f: S — T
is called a partial semigroup homomorphism if (ab)f = (af)(bf) for any a,b € S and
abe S.

Now we give the main result of this paper.

Theorem 1. Let S = Uyey So be a GV-inverse semigroup. If the following conditions are
satisfied:

(i) RegS = Uaecy Gy is a Clifford subsemigroup of S, denoted by G[Y'; Gy, 048], and it
is an ideal of S, which means that S is a nil-extension of a Clifford semigroup.

(ii) For any o, B € Y with o > B, if Qo # &, there is a partial semigroup homomor-
phism pq 5 : Qo — S such that

(1) a0 =1g, for any a €Y.

(2) For any a,B,y € Y with v < aff and a € Qa,b € Qp, if ab ¢ Qap, then
(apaqy)(bpsy) ¢ Q.

(3) For any o, B,y € Y with a > B > v and a € Qu, if apaps € Qg, then ap, gpsy =
Aoy If apa s ¢ Qp, then apq ¢ Q-

(4) For any o, B €Y and a € Qu, b€ Qp, if ab € Qup, then ab = (apa,a8)(bes.a8)-

(ili) For any o, f € Y with a > B, pqa,p = V8,5, where 1 is the homomorphism in
Lemma 7.

Define a mapping ¢po g : Sa — Sg for any o, B € Y with o > 3 and a € S,

aeaﬂ, a € G,

a5 = { WPup, € Qq.

Then S is a strong semilattice of m-groups, denoted by S[Y'; Sa, ¢agl. Conversely, every
strong semilattice of m-groups can be so obtained.
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Proof. Let S be a GV-inverse semigroup and the given conditions are satisfied. In
order to prove that S is a strong semilattice of w-groups, we firstly show that the mapping
¢a,p defined is a homomorphism from S, to Sg. For any «, 8 € Y with a > 3, suppose
that a,b € S,.

Case 1: if a € Qq, b € Qn and ab € @, since ¢, g is a partial semigroup homomor-
phism,

(ab)da,p = (ab)pa,s = (aa,3)(bpa,p) = (ada,p)(bPa,s)-
Case 2: if a € Qq, b€ Qy and ab € G, since G, is the group kernel of S,

(ab)da,g = (abea)da,s = ((aca)(bea))la,s = (aca)ba,p(bea)la,s
— (@0005) (0000,5) = (@ 50) (bpe307)(by Condition (i)
= (apa,ses)(bpa,pes) = apa,sbpa,ses
= apa,pba s = apa sbda s (by Condition (ii)(2)).

Case 3: if a € Qq, b € G, then ab € G, since G, is the group kernel of S,

(ab)pas = (ab)bap = (a(eab))la,p = ((a€a)b)0as = (a€a)ba,500q,5
= (ab,,8)b0q 3 = (apapes)(bbq,3) (by Condition (iii))
= (apa,p)(egblap) = apq gbla g = ada gbda .

Case 4: if a € G4, b € Qq, then ab € G, similar to the above case,

(ab)ga,s = (ab)fas = ((aca)b)la,s = (al(eab))la,s
= abqp(eab)ln g = aby g(beq)lq g (by Lemma 1)
= abq gbpages = aby gbpa s (by Condition (iii))
= a¢a,6b¢a,6-

Case 5: if a € Gy, b € G, then ab € G, by Condition (i),
(ab)¢a,5 = (ab)ea,ﬁ = aea,ﬁbga,ﬁ = a¢a,ﬂb¢a,ﬁ-

And so the mapping ¢, g defined is a homomorphism from S, to Sg. By Condition
(i), (ii)(1) and the definition of ¢ g, it is clear that ¢ = 1g,.

For any a, 8,7 € Y with a > 8 > v, let a € Q4.

If apqa 3 € Qs, by Condition (ii)(3),

a¢aw8¢ﬁ”y - agpaﬁ(bﬁﬁ - a(‘oavﬁ(pﬁ7’y = aSOOQ’Y = a(baﬂ‘
If a € Qq and apq g ¢ Qp, then ap,, ¢ Q, by Condition (ii)(3),

APa,pbpy = Papl8y = (apapes)dpy

= (ayl,p3)08~ = (aeq)ba 303, (by Condition (iii))

= (aeq)bo~y = (a)0q = apa~¥ (by Condition (i), (iii))
WParEy = GPay = APa -
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Let a € G,.

a¢a75¢ﬁ77 = a9a75¢5:’7 = aea»ﬁgﬁﬁ = a9a17 - a¢a7’7

Now we consider the multiplication on S. For any «, 8 € Y, suppose that a € S, and
be Sﬁ.
Case i: if a € Qq, b € Qp, and ab € Q,p, then by Condition (ii)(4),

ab = apa,apbppap = 0Pa,apbPs,ap-
Case ii: if a € Qu, b € Qp, and ab € G,g, then

ab = (ab)eqs = a(beqg) = aeqap(beqp) (since RegS is an ideal of S)
a6a€a5b€56a5 = (aea)eaﬁ(beg)eaﬁ

(aeq)ba,08(beg)bs s (since RegS is a Clifford subsemigroup)
(@900,08)(0908.08) = (@Pa.apeas) (bpp.apas) (by Condition (iii))
@ aap(apbppaptap) = 0Pa,a0P8,ap¢as

= a@aq,apbps.ap (by Condition (ii)(2))

= a¢a,a5b¢ﬁ,aﬂ~

Case iii: if a € Qq, b € G, then ab € G, by Condition (i), and

ab = (ab)eqs = aeqp(beas) = (aeqenp)beqs
= (aea)ba,apbls.08 = (a1)04.08)005 05
= (aPa,ap?)b03.08 = aPa,apapblp ap (by Condition (iii))
aPa,a8b08 08 = 00a,asbPs ap-

Case iv: if a € G, b € (g, ab € G,p, then similar to the above case

ab = (ab)eqs = aeqp(beqas) = aeqpbegeqs
= aba,a(bep)lp,ap = a0a,ap(0¥05,08)
= aemaﬁ(bwg,a/gw) = aln,a8b98,08€08 (by Condition (iii))
= aea,aﬁb@ﬁ,aﬂ = a¢a,a5b¢ﬁ,aﬁ~

Case v: if a € G, b € Gg, then ab € G, since Reg$ is a Clifford subsemigroup of S,

ab = ba,apblp,0p = APa,apbdp,ap-

By now we have proved that GV-inverse semigroup S is a strong semilattice of m-groups
if it satisfies the conditions.

Conversely, suppose that GV-inverse semigroup S is a strong semilattice of m-groups,
denoted by S[Y;Sa,dap]. For any o, € Y and a € S,, b € Gg C RegS, ab =
aPa,apb®s.a5. Because the structure homomorphisms ¢, g preserve the Green’s relations
on S, bdgas € Gop by Lemma 4. On the other hand, G,z is an ideal of S,g, and so
ab € Gop C RegS. Similarly, we can prove that ab € RegS for any a € RegS, b € S.
And so RegS is an ideal of S. Since RegS = Uncy Ga, it is clear that RegsS is a Clifford
subsemigroup of S. Denote ¢, g|G, by ba,5, then RegS = G[Y; Gy, 64 5]
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By Lemma 2, Q, is a partial semigroup for any o € Y. Denote ¢q g|Q. by ©a,s, then
it is easy to understand that ¢, g is a partial semigroup homomorphism from @, to Sg
such that Condition (ii) and (iii) are satisfied. In fact, for any «, 3,7 € Y with v < af
and a € Qq,b € @g, since

(apaqy)(bpsy) = (aay)(b9py) = (ada,apPas)(0ds,apPasq)
= (a9a,apb9p,08)Pap = (ab)Pap -

If ab ¢ Qqp, then (apa)(besy) = (ab)das~ ¢ @~. So Condition (ii)(2) holds. And it is
easy to see that Condition (ii)(1),(3),(4) hold by the definition of strong semilattice.
Further, for any «, 8 € Y with a > 8 and a € ()4, since ae, is regular,

abo,p = (a€a)ba,s = (a€a)a,s = (aa,p)(€aPa,p) = GPases = aPaa1-
So each strong semilattice of m-groups satisfies the conditions. The proof is completed.

At last, we consider the homomorphisms between two strong semilattices of m-groups.
Let S[Y'; Sa, ¢a,p] and T'[M; Ty, wq,g] be two strong semilattices of m-groups. Denote the
set of non-regular elements of S and T' by Q° and QT respectively. Every homomorphism
f from S to T induces a homomorphism from Y to M, we denoted this semilattice homo-
morphism by fr, and it is obvious that e, f = enf, for any a € Y. On the other hand,
since f |s,€ Hom(Sa,Taf, ), we can get a family of m-group homomorphisms denoted by
{fa:a €Y}

Theorem 2. Let S and T be be two strong semilattices of w-groups as defined above.
Given a semilattice homomorphism fr, : Y — M and a family of w-group homomorphisms
{fa : @ € Y}, where fo € Hom(Sa,Tyny,). Define f S — T by sf = sfa for any
a €Y, seS,. And the follwing conditions are satisfied.

(1) f lgs is a partial semigroup homomorphism from Q% toT. And for any a,b € Q°,
if ab ¢ Q5 then (af)(bf) ¢ Q"

(2) Ga,8f8t) = fawar, pr 0 for any o, B €Y with o > B.

Then f is a homomorphism. Conversely, every homomorphism between two strong
semilattices of w-groups satisfies the conditions.

Proof. 1t is obvious that f is a map from S to T. We only need to prove that f is a
homomorphism. Let a € S, and b € Sg.

Case 1: if ab € Q,p, then a € Q,, b € Qp, then by Condition (1), afbf = (ab)f.

Case 2: if ab ¢ Qqag, then (ab)f ¢ QT,

(ab)f = (ab)fap = (aba,apbdp,ap)fas = (aPa,apfap)(0Pp.asfas)eas) f.
= (a¢a,apfapeap) ) 00s.asfapeap)f,) = (aba,apfaptl)(bds apfap?l)-

On the other hand,
afbf

(afa)(bfs) = (afatary (ap)s) (0fsws 11 (ap) 1) .
= (afaary (0p)s1€ap) ) (08511 (a8) 11 8ap)s) (Py Condition (1))
= (afaasy (ap) s V) (bS8Ws1L (ap) 1 )-
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By Condition (2), we get afbf = (ab)f.

Conversely, let f be a homomorphism from S to T', fr and {f, : @ € Y} be the
corresponding semilattice homomorphism and the family of w-group homomorphisms as
considered above this theorem. That Condition (1) holds is clear. We only need to prove
the equation holds in Condition (2).

At first, we give the following fact. Let R[Z;R,,Xa,3] be a strong semilattices of
m-groups. For any «, 8 € Z with a > 8 and for any a € R,,

a(YXa,8) = (@€a)Xa,8 = GXa,BaXa,s = AXa,568 = A(Xa,5)-
And so
VXa,p = Xa,p¥- (3)
Now we return to the proof. For any «a, 8 € Y with a > 8 and for any a € S,
(aep)f = (aeaep)f = a(tda,pfp),

(af)(eﬁf) = (afa)(eﬁfL) = (afa)(eafL)(eﬁfL) = a(focwwafL,ﬂfL)'
And hence,

w(ba,ﬁfﬂ = fawwafL,BfL‘ (4)

Specially, for any o € Y and a € Sq,

a(wfa) = (aea)fa = afaeafL = a(faw)-

Which means that

Ufa = fath. (5)
By the equations (3), (4) and (5), it is easy to understand that
Pa,5f6Y = VPa,pfs = fa¥Warsppr = faass o9 (6)

The proof is completed.

Corollary 1. Let G1[Y1; Gq, 9o 5] and Go[Ya; G, wa g be two Clifford semigroups. Given
a semilattice homomorphism fr : Y1 — Y2 and a family of group homomorphisms {fa :
a € Y1}, where fo € Hom(Go,Goy,). Define f: Gy — Ga by sf = sfa for any s € G,.
And for any a, 8 € Y with a > 3, the follwing equation is satisfied.

ba,pfp = fawar, BfL-

Then f is a homomorphism. Conversely, every homomorphism between this two Clif-
ford semigroups satisfies the conditions.
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