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1. Introduction

Let D be a nonempty subset of a metric space (X,d). A mapping T': D — D is called
asymptotically nonexpansive if for any x, y € D, there exists a sequence {k,} with k, > 1
and lim k&, = 1 such that

n—oo

d(T"z, T"y) < kpd(z,y).

Let P(D) represent the set of all nonempty subsets of D, Cl(D) denote the set all nonempty
closed subsets of D and C'B(D) denote the set all nonempty closed and bounded subsets
of D . For A,B € CB(D) and z,y € D, define

d(z,A) = inf d(z,a).

a€A

Then H is known as the generalized Pompeiu-Hausdorff distance induced by d if

H(A, B) = max{supd(a, B),supd(A,b)}.
acA beB
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We say that a multivalued mapping 7' : D — P(D) has a fixed point x if z € Tz. It
is obvious that the theory of mutlivalued mappings is more complicated than that of the
single valued mappings. Many different techniques have been employed to approximate
fixed points of multivalued mappings. Rus [7] introduced the concept of generalized orbits
in multivalued mappings. Khamsi and Kirk extended this concept of generalized orbits
for the iterates of a multivalued mapping in [3].

Definition 1. Let D be a nonempty subset of X and T : D — P(D) be a multivalued
mapping. We call O(x,T) = {x,} a generalized orbit of x if for any x € D and n > 0,
the sequence {x,} is defined by ro = x and xp4+1 € T(xy) where n € NU{0}.

Recently, in 2017, Khamsi and Khan [2], introduced the concept of a multivalued
asymptotically nonexpansive mapping.

Definition 2. A mapping T : D — P(D) is called a multivalued asymptotically nonez-
pansive mapping if there exists a sequence {k,} with ky, > 1 and lim,,_,oc k,, = 1 such that
for any x,y € D, and any generalized orbit O(x,T) = {x,} of x, there exists a generalized
orbit O(y,T) = {yn} of y such that

d(Tnsn, yn) < knd(zn,y),
where n,h € N.

They established the existence of a fixed point for a multivalued asymptotically non-
expansive mapping in hyperbolic metric spaces. They also proved the convergence of a
modified Mann iterative process.

Motivated by this, we construct a modified Ishikawa iterative process for two multival-
ued asymptotically nonexpansive mappings and then prove some convergence theorems in
uniformly convex hyperbolic metric spaces.

Next we recall the concept of hyperbolic metric spaces. Let (X, d) be a metric space
and x,y be any two points in X. Then the unique metric segment [x,y] is an isometric
image of the real line interval [0, d(z,y)]. A point z in [z,y] is denoted as Sz @ (1 — B)y
which satisfies

d((L‘, Z) = (1 _B)d(x7y) and d(zvy) :Bd(.’ﬂ,y)
where § € [0, 1]. Metric spaces with the class of metric segments are usually called convex
metric spaces [5]. Further, if

dlaou® (1 — a)z,av @ (1 — @)y) < ad(u,v) + (1 — a)d(z,y)

is satisfied for any z,y,u,v € X and « € [0,1], then X is said to be a hyperbolic metric
space [6]. The following definition of uniformly convex hyperbolic metric space can be
found in [1].

Definition 3. A hyperbolic metric space (X,d) is called uniformly convex if for any
z,y,w € X, for every r > 0, and for each € >0

) 1 /1 1
d(r,e) = inf {1 — rd<2:1: & 2V w>,
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dlz,w) < rd(y,w)<rd(x,y) > 7‘6} > 0.

Following is an important result in a uniformly convex hyperbolic metric space which
will be used later.

Theorem 1. [}] Let (X,d) be a uniformly convex complete hyperbolic metric space. Let
c>0and z € X. Assume that {z"} and {y"} are two sequences in X such that

limsupd(z",z) <c¢, limsupd(y", z) <c,

n—oo n—oo

and, lim d(az" @ (1 —a)y", 2) =c¢,

n—oo

then we have
lim d(z",y") = 0.

n—oo

The following definition is needed in the sequel.

Definition 4. A multivalued mapping T : D — P(D) is said to be H-continuous if for
any sequence {x"} which converges to x in D, we have

lim d(y",T(z)) =0

n—oo
for any sequence {y"} such that y"™ € Tx™ for any n € N.

Khamsi and Khan [2] have shown that every multivalued asymptotically nonexpansive
mappings is H-continuous.

In this paper, we construct a modified Ishikawa iterative process which extends the
Mann Type iterative process considered by Khamsi and Khan [2]. We use this iterative
process to approximate common fixed points for two multivalued asymptotically nonex-
pansive mappings and prove some convergence theorems in uniformly convex hyperbolic
spaces.

2. Main Results

Let T7 and T5 be two multivalued asymptotically nonexpansive mappings such that
there exist sequences of positive numbers {k:%)} and {k'?(fl)} with &%) € [1,00) and Z(kﬁﬁ) -
1) < co. Let

ke = max{k(D), k1

m ''m

then > (km, — 1) < oco. So, we take {ky,} for both T} and T».
Now, we construct modified Ishikawa iterative process as follows:

Let O(z!,T1) = {x1} be a generalized orbit of 2! associated with 71 and O(z!,Ty) =
{x}} be a generalized orbit of ! associated with Ty. Fix 0 < o, 8 < 1 and set

¥ = ar'®(1- a)y},
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1 1 1
y = Bz o (1P

Again, let O(22,Ty) = {x%} be a generalized orbit of 2 associated with T3 and O(z?%, Ty) =
{22} be a generalized orbit of x? associated with Th where

d(z rlz+ha$h) < kpd(zy, 2%,
and  d(z),,, h) < kpd(zl,2?).

Hence, using induction for any m > 1 we have a sequence {z™} in D and the orbits
O(z™,Th) = {£"} and O(z™,T2) = {z'} such that

2" = e @ (1 - )yl
y" = B o (1- By, (1)
and
d(x ?+,11,xh) < kpd(a™t ™),

and d(x n+h,xh) < khd(azz{fl,xm).

Throughout this section, we denote F' = F(T1) N F(T5).

Lemma 1. Let (X,d) be a complete uniformly convex hyperbolic metric space. Let D
be a nonempty bounded, closed and convex subset of X. Let T and Ty be multivalued
asymptotically nonexpansive mappings with ky, € [1,00) and Y>> (kym — 1) < 0o. Define
the sequence as in (1). If

lim d(z™,z;") =0= lim d(z™, %),

mM—r00 m—00
then

Jim A ) = 0= i da” )
Proof. Let

d(z™ 2m) = a,,, and d(z = b

")

Since 2™ = az™ @ (1 — a)y™, we have

(1 —a)d(™, gm)

d(@™, G

d(@™, &) + d(L5y, Im)

Ay 4 (T Ty ) + ALy s Uy )
A, + kmd(Z, ™) + kpd(Z, y™)
am—i-kmam—i-km(ﬁd( ™)

d(xm—l—l, xm)

(VAN VAN VAN VAN VARSI VAN
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+(1 = B)d(Zy, zy))

< am + kG + kmBam + kn (1 — B)d(Zy, ™)
+hm (1 = B)d(zy,;, 2™)

< am+ kmam + kEnBam,
+km(1 = B)am + km(1 — B)bm

< (14 2kn)am + kmbp,.

Taking lim,,,—, o, in the above inequality, we get

lim d(z™,2™) < lim (1 4+ 2ky)am + lim Eyby, = 0.

m—0o0 m—0o0 m—0o0

That is
lim d(z™, ™) =0 (2)

m—ro0

Moreover, from (2)

A 2T < d(am et + d(apt e,

< Gyt + krd(@™ 2t

< i1 + K [d(z™, 2™+ d(2™, 2) + d(aim, xm+1)],

< mt1 +k:1[d(:z:m, ™) 4 d(a, 2 + kpnd (2™, 2],
= Qg1 + krfam 4+ (14 kp)d(z™, 2™,

Then
Jim d(@™ a0 < lm agen + ke lim [an + (14 Ep)d (@™, 2™ )]
= 0.
Hence
o, d(a™, ) =0,
Similarly
™) < d(em ) + d(endt A

< bm+1 +k1d( m+1 IEerl)
< byt + k1 [d(@, @1y + d(@™, i) + d(apn, )]
< bm+1 + kl[d(xm7xm+1) + d(xm m) +k d( m m+1)]
- bm—i—l + kl [bm + (1 + km)d(xmv xm—&-l)]'

Consequently

lim d(z™,27") = 0.

m—r0o0
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Theorem 2. Let (X, d) be a complete uniformly convex hyperbolic metric space. Let D
be a monempty bounded, closed and convexr subset of X. Let T1 and 1o be multivalued
asymptotically nonexpansive mappings. Let ky, be the Lipschitz sequence associated with
Ty and Ty such that ky, € [1,00] and Y o (km—1) < 00. Let F # @ and Tip = Top = {p}
forp € F. Fix x1 € D and a € (0,00). Suppose x™ is defined as in (1). Then,

lim d(z™,27") =0, and lim d(z™, ") =0.

m—0o0 m—0o0

That 1is,
lim d(z™,Ty2™) =0, and lim d(z™, Teax™)=0.

m—r 00 m—0o0

Proof. Let p € D be such that p € F and T1p = Top = {p}. Then
d(a . p) < kpd(zl,p)
and  d(zp'p,,p) < knd(zy,p).

Now

and

d(y™,p) < Bd(z™,p) + (1 — B)d(z7, p)
< B d(@™,p) + (1 = B)kmd(2™,p). (4)

Inequalities (3) and (4) imply,

d(z™,p) < ad(z™,p) + (1 — a)km[B + (1 = B)kmld(z™, p)
= [+ B(1 = @km + (1 = B)(1 — @)k, ]d(z"™, p)
= Vipd(z™, p),

where V,, = a + B(1 — o)k, + (1 — B)(1 — a)k2,.
This implies,

d(z™ 1, p) = d(@™,p) < (Vim — 1)d(z™, p) < (Vi — 1)6(D)
for any m € N, where §(D) = sup, ,ep {d(z,y)} is the diameter of D. Therefore,

m+(h—1)
(@™, p) —d(@™p) < Y (Vi—1)8(D).
Since Y o7 1 (km — 1) <0080 > 7 (Vi — 1) < 00. Let h — o0,

(e 9]

limsup d(z", p) — d(z™,p) < §(D) Z(V; - 1),

n—oo
=m
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for any m € N. Now letting m — oo,

limsup d(z", p) < liminf d(z™, p).

n—00 =00
This implies {d(z™,p)} is convergent. Let

c= lim d(z",p).

n—oo

If ¢ = 0, then we have nothing to prove. So we take ¢ > 0. Since d(x]',p) < k,d(z"

limsup d(af, p) <

n—o0

Also,
limsupd(y”,p) <c

n—o0

We know that if lim,, .o k,, = 1 then lim,, k?l = 1, therefore,

limsup d(¢;,, p) < limsup k,d(y",p)

< limsup k,[Bd(2",p) + (1 — B)d(zy,, p)]
< limsup k, [Bd(z",p) + (1 — B)knd(z", p)]
=g,

and
c= lim d(z""!,p) = lim d(az" ® (1 — @)y, p).
n—oo

n—oo

Then, from Theorem 1, (5), (7) and (8), we get

lim d(2",y?) = 0.

n—oo

Next

d(z",p) < d(a",y7) + d(y, p)
< d(a",yi) + knd(p, y")
implies
lin;inf d(z",p) < lilginf(d(a:”, Y1) + knd(p,y™)).
Using (5) and (9), we get
c< lin_l)inf d(y",p).

Then (7) and (10) imply
lim d(y",p) = c.

n—o0

354

(10)

(11)
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That is,

c¢= lim d(y",p) = lim d(Bz" @& (1 — B)x]).
From Theorem 1, (5), (6) and (12), we get,

d(z",z}) = 0.

Also,
< d(a", i) + d(yp, 7))
< d(x™, Y1) + knd(z",y")
< d(z",y") + k(1 — a)d(z", z1).

Hence, (9) and (13) give

: n o) —
nh_}ngo d(z",z7) = 0.

Now using Lemma 1, (13) and (14), we get our desired results.

We now give some convergence results.

355

(12)

Theorem 3. Let D be a compact and conver subset of a uniformly convexr hyperbolic
space. Let Ty, Ty and x™ be as in Theorem 2. If F' # @ with Tip = Top = {p} forp € F
then there is a subsequence of {x"} which converges to a common fized point of T1 and Tb.

Proof. Since D is compact so there exists a subsequence {"*} of {z"} such that {z"*}

converges to some z € D. From Theorem 2 we know that

3 n ny __ s n o amn\ __
n%gnood(x ,x7) =0, and Jg]god(x , 7)) = 0.

Applying H-continuity of T} and T, we have

lim d(Tz, ") = lim d(leaﬂUiLk) =0

n—oo n—oo
where 2" € Tyz™ and 2 € Tya™. Thus
d(z,Tyz) < d(le,xi”“) +d(z,2"™) + d(x’f’“, "),

Therefore, as n — oo
d(z,Tyz) = 0.

Similarly,
d(z,Toz) < d(Thz,x1*) + d(z, ™) + d(z]*, 2™).

Thus, as n — oo,
d(Z, TQZ) =0.

Hence, z is a common fixed point of 17 and T5.
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Theorem 4. Let D be a nonempty, closed, convexr and bounded subset of a complete
uniformly convex hyperbolic space (X,d). Let Ty, Ty and x™ be as in Theorem 2. If F # &
with Tip = Top = {p} for p € F, then {z"} converges to a common fized point of Ty and
Ts if and only if liminf,, . d(z", F') = 0 where d(z", F') = inf{d(z",p) : p € F'}.

Proof. The necessity of the conditions is obvious. Conversely, suppose that lim inf,,_,~ d(z", F) =
0. Since,

d(z"*,p) < Vad(a", p)

= d(z"T, F) < V,d(a", F).

Thus, lim,,_, (2", F) exists.
Since liminf,, o d(z™, F) = 0, lim, o (2", F) = 0. Next, from 1 4+ 2 < e* for all
x > 0, we obtain
d($n+k7p) < Vn+(k—l)d($n+(k_l)>p)

(14 (Vo g1y — 1))d(@" 5D p)
€Vn+(k—l)_1d(xn+(k_1) p)

IN

evn+(k—1)_leVn+(k72)_1d(l»n+(k_2) D)

IAIA A

nt(k—1)

< eXimn (Vrl)d(xn’p)‘
We know that ) (V;, — 1) < 0o,s0 there exists some W such that,
d(z"**,p) < Wd(a", p)
for all p € F and n € N. Since lim,,_,oo d(z", F') = 0, 3 ng such that

d(z"™, F) <

Thus there must exist p* such that

Hence
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This shows that {z"} is Cauchy in D. Since D is closed, =™ converges to some z in D.
Next, we show that z € F. Let d(z,2") < ;77 and let z, € F. Then d(z", z,) < 0

and d(z.,Tz) < 30Ty SO that

n n ¢
d(z20) < d(z,a") +d(a" 20) < gy

Finally,

d(z,T1z)

VARVAY

d(z,z") + d(z", z) + d(z«, T12)
d

(z,2") + d(x", z4) + k1d(24, 2)
€ € €

+ +
(k1 +1)  4(kr +1)  2(k1 +1)
<€

AN

Therefore z € Ty z. Similarly z € T5z.
Hence 17 and T5 have a common fixed point.
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