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1. Introduction

The paper is devoted to the problem of existence of almost everywhere solution and
correctness of the formulation to the following multidimensional mixed problem for the
third order nonlinear equation:

2u(t,z
aa(;) - %L(U(ta x)) =F(u(t,z)) (t€[0,T],z € ), (1)
u(0,z) = p(x) (x€Q), w(0,2)=v(x) (x €Q), 2)

u(t, z)|p =0, (3)

where 0 < T < +o0; ¢ = (21, ...,%,), Q is a bounded n dimensional domain with an
enough smooth boundary S; ' = [0,7] x S;

Huttea) = 3 o () 5 ) = atapute. o), @)

1,j=1
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functions a;j(x) (i,j = 1,n) and a(x) are measurable, and bounded in  and satisfy in Q
the following conditions:

n

aij(r) = aji(z), a(z) >0, Z aij(x)&& > a- znzﬁf (o = const > 0)

i,j=1 i=1

where & (i = 1,2,...,n) are arbitrary real numbers; ¢, 1 are the given functions; F is
some, generally speaking, nonlinear operator, and u(t, z) is a sought function.

Note that the results of this work improve the results of our article [1]. There have
been many works devoted to the study of mixed problems for nonlinear third order equa-
tions (see [2, 3, 5, 8, 10, 12] and references therein), where the problem of existence and
uniqueness in appropriate spaces, the problem of blow up of solutions and the problems
of asymptotic behavior of solutions are studied.

As well as we know the equations considered in previous publications do not cover the
class of equations we study.

Considered by us equations appear in modeling dynamical processes, in elasticity the-
ory and in modeling dynamics of shallow water waves (see [7,11]).

2. Auxiliaries

In what follows we are using the following notations and facts.

1. We denote by D(Q) the class of all continuously differentiable functions on € which
vanished near the boundary of Q. The closure of D() with respect to the norm of W ()
we denote by B(Q) Hence B(Q) C WHQ).

Denote D1(Qr) (Qr = [0,T] x ) the class of all continuously differentiable functions
on the cylinder Q7 are equal to zero in the § neighborhood of the lateral surface on the
cylinder Qr, having the form: Q75 = [0,T] x Qs where Q5 is a § neighborhood of the
boundary of Q. The closure of D;(Qr) with respect to the norm of Wi (Qr) we denote

by D1(Q7). Hence D1(Qr) C W3 (Qr).

Definition. The function u(t,z) € Bl(QT) belonging to the space La(Qr) together
with all its derivatives u(t,),ue, (t,2) (i = 1,n), u,(t,2) (i = 1,n), Uga,(t, ) (1,5 =
L,n), uw(t, ), Utz,a;(t, ) (i, = 1,n) satisfying equation (1) almost everywhere in Qr
and taking initial values (2) almost everywhere in {2 is called an almost everywhere solution
of the problem (1)-(3).

2. For investigation of the problem (1)-(3) we recall one property of the operator
L, generating by the differential expression (4) and boundary condition (3): there are
denumerable number of negative eigenvalues

0>-A>-X>..>-2>., (0<)— +00 as s — 00)

with the corresponding generalized eigenfunctions vs(x) which are complete and orthonor-

mal in Ly(92). We call function vs(z) € lo)(Q) a generalized eigenfunction of the operator
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L, if it is not identically zero and

Z aij(x)aqgag?:) . 8;;(13) + a(z)vs(z)P(x) p dox = )\2 /vs(aj)@(az)dm
o \(wi=l ’ ! Q

for any function ®(z) € 10)(9)

As the system {vs(2)}52, is complete orthonormal in Lg(2), then it is evident that
every almost everywhere solution of problem (1)-(3) has the following form:

where

us(t) = /u(t, x)vs(z)dr (s=1,2,...).
Q

Then, after applying the Fourier method, finding the unknown Fourier coefficients
us(t) (s = 1,2,...) for the almost everywhere solution wu(t,z) of the problem (1)-(3) is
reduced to the solution of the following countable system of nonlinear integro-differential
equations:

1 2
us() = s + 35 (1 =7y

S

+

>
wro|

/t/F(u(T,x)) . [1 — e*)‘g(t”)] vs(z)dzdr (s =1,2,..;t €[0,T)), (5)
0 Q
where

D5 —/ga(x)vs(a:)dx, e = /w(w)vs(x)dx (s=1,2,..).
Q Q

Proceeding from the definition of almost every where solution of problem (1)-(3), it is
easy to prove (see [1]) the following
o0
Lemma. If u(t,z) = > us(t)vs(z) is any almost everywhere solution of problem
s=1
(1)-(3) and the generalized derivatives %azj () (i,j,k=1,2,...,n) are bounded on €2,
then functions us(t) (s =1,2,...) satisfy system (5).
3. We denote by Bj’"3! /. a totality of all the functions of the from
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considered in Qr = [0, 7] x Q, where us(t) € CV([0,T]) for all s and

! o0 Bi B%
= @ (%)
Np(u) = Z {Z <)\8 Oréltas)%’us (t)D } < +o0,
=0 s=1
witha; >0, 1<6;,<2 (i=0,1,...,n). We define the norm in this set as ||u|| = Np(u).
It is evident that all these spaces are Banach spaces ([6, p.50]).
4. Let G be class all functions u(t, z) which have the properties

u(t, ), ur(t, ), ug, (t,x) (i =1,n), U, (t,x) (i M), Uge; (8) (4,5 = 1,m), u(t, ),

Ut (t, .CC) (Z,j = 17”) € LQ(QT)

3. On the existence of almost everywhere solution

In this section, using non-zero rotation principle, the following existence theorem for
the almost everywhere solution of problem (1)-(3) is proved for n:
Theorem 1. Let

(i) aij(z) € CA(Q) (i,j = T,n); alz) € CV(Q); S € C®); the eigenfunctions v ()
of the operator L under boundary condition vs(x)|s = 0 be three times continuously

differentiable on Q; p(z) € WH(Q): o(z), Lo(x) € D(Q); ¥(z) € W2(Q) N D(Q).

2. F =F1 +Fy +F3, where
a) the operator F; acts from the B%T into the space ngQ(QT) continuously and for

alluEBQT,tE 0,77 :

IFs(ut, 2wy < ar(0) + aal0) - fully , +as(t) - Jullpg, (6)

where a;(t) € L2(0,T) (i =1,2,3) and 0 <y < 1;
b) the operator F acts from the closed ball K* (HuHBg o< %a) into the space Wt?iz(QT)

continuously, where

a > ap = max{y : y? < (A1 + Ay |y\27) <Az}, (7)
A= 2wlta)Zs + 6T +1)-CF - s, 0 ®

1
Ay =6(2T +1) - Cg . W : Ha2<t)H%2(0,T) ) (9)
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1
As zexp{6(2T+1).c§ 5 Hag(t)HiQ(OyT)}, (10)
w(t, ) :Z{%Jr; [1—6431 ¢5} vy(2), (11)
s=1 S
Co = max {n ,mali{\laz‘j(w)\\c@)h Ha(w)Hc(Q)} ; (12)
,)J=1n
c)
inf {u=Quw)lgz, — Q)2 } >0, (13

where M the boundary of the ball K(HuHngT < a), Qi(u) = w+ PFi(u)),
Q2(u) = P(Fa(u)) and

~ ¢
) = Z}\lz//u 7,&)vs(€) - |1 — e N7 dedr - vs(x); (14)
*0 @

s=1

d) the operator I3 acts from the closed ball K ,(|ul|zs.2 ; < p) into the space Wt05012(QT)
2,2, sy
and for all u,v € K, :

IFa(w) = Fs(0)llywor gy < a-lle—vllpsz (15)
where
p>a, p>po= 22}13{\\@1(”) +Qa(w)ll g3z},
@@+1>-%qz%<1—m,%<n (16)
V2 - p
e)
Jnf {llu = Qu(w) = @)l pgz  — Qs(w)llgs2 } >0, Qs(u) = P(F3(w)); (17)
f) F3(0) = 0.

3. a) For any u € B22T for almost all ¢ € [0,T], Fi(u(t,x)) € lo)( 0);

x
b) For any u € K for almost all t € [0,T], Fa(u(t,x)) € lO)(Q)

c) For any u € K, for almost all ¢t € [0, 7], Fa(u(t,z)) € D(Q2).
Then problem (1)-(3) has an almost everywhere solution.
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Proof. Using condition 3 of this theorem, we have

|:ZZ az](é)aa&Fﬂu(T’g)) . aagj <Us)\(f))

s=1 Q ,j=1
ral©F(ulr ) 5| [1- e dear o) e B 09

Qa(ut,z)) = i;/t/ {Z az-j(@;;Fg(u(T,g)) . ;{j (“A@)
0 Q

s=1 ij=1
a(&)Fa(u(r,€)) - Uf)] - [1 - e—Xé’(t—ﬂ} dedr -vy(z) Vue K, (19)
=3 [ | {Z (€5 Fa(uln ) e (52)
5= 0 Q L=
+a(&)Fs(u(r,£)) - vs)\(f)} . [1 — e_/\z(t_T)} dédr -vs(x) Vu € K. (20)

It is easy to obtain that, for any u,v € BS”%T

1Q1(w) = @)l 532 < <ﬁ+\2) {/T/ {
0 Q

.9
¢;

§<ﬁ+

= 0
Z az’j(f)af&(Fl(U(va))

ij=1

1
2

—F1(v(7,€))) (Fi(u(r,€)) = Fi(v(7,€))) + a(€)(F1(u(r,§)) = Fi(v(7, 5)))2] dﬁdT}

1
5) - Co IP1ult,2) = Frlott, oD by, - (21)
From (21) by virtue of the condition 2a this theorem it follows that the operator Q;

acts continuously from the BST into BS’%T. Since, the space Bg’gT imbedded into the

space B%T compactly ([6, Theorem 1.1, p.51]), then the operator Q1 acts in the B;”ST

compactly.
We consider in Bg; o the equations

u=pQi(u) pe [O> 1]’ (22)

and a priori estimate their all the possible solutions wu,(t,2). Then, using inequality (6)
Vu € [0,1] and t € [0, 7] we have
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2 2 2 _ 2
HuuHng!t = Hqu(uu)HBg;g,t < HQl(Uu)HBg:;t = [lw + P(F1(uu(t, z)))| 5.2

2,2t

t
<2wlZan +2(2T+1)-CF- / 1P (7. 2)) [
0

1 2
<2 ||wH?g§§T +6(2T +1)- Cf - {||a1(t)||i2(o,T) + ||a2(t)”%2(0,7’) v ||“u||Bé,§T}
1<y 1 1<y

t
1
2 2 2
+0T +1)- G- 5, / B0 ualldsz dr, (23)
0
where Cj is defined by (12).

From (23), on applying Bellman’s inequality [4, pp. 188,189] and using notations
(8)-(10), we obtain that Vu € [0,1] :

2 2y
HUNHBg’ﬁ,T < (Al + As - HUMHBS:;T) - As.
From here, using notation (7), we have
lun(t,@)l[3e2 < a0 Ve [0,1], (24)
2,2,T

that is, all the possible solutions u, of equations (22) are a priori bounded in Bg; o and
belong to the ball Ko(||u gs2 < ao).
2,2, T

From (22) and (24) we obtain that Vu € [0,1] completely continuous vector field
T, = J — pQ1 has no zeros on the boundary M of the ball K(||ul[zs2 < a), where
2,2, T

J is a unit vector field and a is a number appearing in the condition 2b this theorem.
Consequently, completely continuous vector fields Ty = J and 17 = J — 1 are homotopic
on the sphere M. Then their rotation 6 on M are the same, namely:

S —Qi; M) =46(J; M) =1.

Now, we consider the operator ()9 in the closed ball K. Just as the completely conti-

nuity of the operator )1 in BSS 1, was shown it is easy to show that the operator Q2 acts

compactly from K into BS”%T. Further, on the boundary M of the ball K we consider

completely continuous vector fields F\ = J — Q1 — AQ2, A € [0, 1]. Due to of the condition
2b this theorem VA € [0,1] and u € M we have

e Qu(w) = A@a(w)[ oz > llu—Qu(w)ll oz — [@a(w)ll sz > 0.
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Hence, in particular, it follows that completely continuous vector fields Fy = J — Q1
and F1 = J— @1 — Q2 are homotopic on the sphere M. Consequently, on M their rotations
are equal to:

0(J = Q1= Qo M) = 6(J — Qu; M) = 6(J; M) = 1. (25)
And now in the ball K,(|[ul| gs.2 < p) we consider the operator Q3. Similar to (21),
2,2,T

Vu,v € K, we have

1Qa() - @alagz, < (VT + =) -Co- IFalw) = Falyoy,

1

V2
1

< ). Ch0-llu— —an - llu — )

< (VT4 J5) o lu=Vilgga, = lu= Vi,

For each fixed V) € KPO<”“”B§’§T < po) (where the number py is defined by (16)) and

e € [0,1] in the ball K, we consider the following equation

w=c-Qslu) + V. (26)
Taking advantage fact that

Q3(0) = P(F3(0)) = P(0) =0,

for any u,uq,us € K, we have

. : < : :
le- @s(u) + Vol gz < [1Qs(llgz2  +1Vollgz2

1
Qs (u) Q3(0)HB§:§$ + IIV()IIBS:;,T < (VT+ \/§> Co-q HUHBg:;T + HVoHBg:;T
= qo - < qo- <
0 H“”B;’;;T + HVoHBg;gj <qo-p+po<p,
e - Q3(u1) + Vo — [e - Q3(u2) + VO]HBS’@T

< |Q3(u1) — Q3(U2)HB§§T <qo|lur — qungT .

As go < 1, then by virtue of the contracted mappings principle, the operator A(u) =
- Q3(u) + Vp has a unique fixed point ug in K,. Comparing to each Vy € K, the unique
in K, solution ug € K, of equation (26), we generate some operator R., acting from K,
into K,. Next, for any € € [0,1] and V' € K, using notation

R.(V)=¢e-Q3(R:(V)) +V,
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it is easy to get for any V1, Vs € K,

1

[ Re(V1) — Re(V2)||B§»§T < a0 |

Vi—Vallgsz - (27)

Due to notation (16) we have (Q1 + Q2)K C K,,. Consequently, for each ¢ € [0, 1]
the operator R. is defined, in particular, and on (Q1 + Q2)K. Due to (27) the operator
R, satisfies a Lipschitz condition (and therefore continuous) on (Q; + Q2)K. And as, the
operators (1 and Q2 are completely continuous on K, then for each € € [0, 1] the operator
R.(Q1 + Q2) compactly on K. Further, due to (17), for any v € M and € € [0, 1] we have

lu = Q1(u) — Qa2(u) — - Qs(u)l| g2

2,2,T

2 |l = Qi(u) = Q2(u)ll gz~ 1Qs(w)l gz > 0.

Consequently, the completely continuous vector field J—Q1—Q2—e-Q3 for any € € [0, 1]
does not have zeros on M. Then does not have zeros on M same way the completely
continuous vector field J — R.(Q1 + Q2), because each zero on M field J — R.(Q1 + Q2)
is zero field J — Q1 — Q2 — ¢ - Q3.

Thus, the completely continuous vector fields J — Ro(Q1 + Q2) = J — Q1 — Q2 and
J — R1(Q1 + Q2) are homotopic on M. Consequently, due to (25) we have

0(J —Ri(Q1+Q2); M) =0(J —Q1—Q2; M) =1.

Hence, by virtue of the non-zero rotation principle [9, p. 207], the completely contin-
uous vector field J — R;(Q1 + Q2) has at least one zero inside the ball of K. Since each
such zero is a zero of the field J — Q1 — Q2 — @3, it is thus proved that there exists in K
at least one fixed point u(t,x) an operator Q1 + Q2 + Q3 = Q. Further, it easy to verify
(in absolutely the same way as in the proof of Theorem of [2]), that the function u(t, z) is
an almost everywhere solution of problem (1)-(3). The theorem is proved.

4. Correct formulation of the problem

In this section, using Bellman’s inequality ([4, p. 188-189]), the following theorem on
continuous dependence (in a certain sense) on initial functions ¢(z), ¥(z), and nonlinear
operator F for the almost everywhere solution of problem (1)-(3). Problem (1)-(3) with
the data ¢, ¥, F we let’s name problem A.

Theorem 2. Let:

(i) Condition 1 of Theorem 1 be satisfied.

o ~

(i) @) € WH(Q); @(x), Le(x) € D(Q): d(x) € W) D(L).

(iii) For each u € B;gTU(GﬂBS%T) for almost all ¢ € [0,T7], F(u(t,z)) € B(Q)
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(iv) For each u € BS;T for almost all ¢ € [0, T], F(u(t,z)) € B(Q)
(v) The operators F and F acts from ngT UaGn BS%T) into ngQ(QT) so that, for

all u,v € By and t € [0, 7]

IF(u(t, 2) i < al) +5(0) - full gz, alt), b(t) € L2(0,T),
IF(u(t, 7)) = F(t, o) lwya) < o(t) - fu—vllgz  clt) € L(0,7),

Flu(t, z)) = F(o(t, ))

H HW%(Q) <elt) - Ju—vllgsz . &t) € Lo(0,7),

sup {HF(u(t,x)) — F(u(t, av))HWg1 (QT)} =e < 400,

ue Ky z,2

where

K= Ki(([lullgs2 < a1),

1
a1 = {2 w(t,2)| ez +42T+1) CF - la(t) | 1,0 - expl42T +1) - CF - [I()IIL, 07} 2
the function w(t, z) is defined by (11) and the number Cj is defined by (12).

Then for the unique almost everywhere solutions u(t, x) and (¢, ) of problems (1)-(3)
and A, respectively, we have

lu(t, 2) = at, 2)| gz < {V3-Co- [IL(¢(x) = &(2))llwy oy

-Gy o) — b, )+ VB | L) — d(@)

w5 (2 L2(92)

+y/6(2T +1) - Co - e} - exp{3(2T +1) - CF - &(t)I|7, (0.1} (28)

where the operator L is defined by (4) and the number Cj is defined by (12).
Proof: By Theorem 2 from work [1] each of the problems (1)-(3) and A has a unique
almost everywhere solution

u(t,z) = us(t)vs(r) and ) =Y i(t)vs(z),
s=1 s=1

respectively, so that u € K1 C BS’ST, U € B;’QQT. Then, by virtue of the lemma in section

2, the functions us(t) (s =1,2,...) and u4(t) (s =1,2,...) satisfy system (5), so that for
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is(t) (s=1,2,...) in the system (5) instead of ps, 95 and F(u) need to take @5, s and
F(u), respectively.
Using this fact, from system (5) it is easy to obtain that V¢ € [0, T:

"U—ﬂ|’%§,§t§3 Z(‘PS_SES)US(m) +3 Z%(l_ei)\gt)(ws_@s)vs(x)
= s=1 By, s=1"7% By,
3> 35 [ [Fre) - R )] 11— e @deir v,
=T @ B33,
<3 s = B+ 6D [Ns(ths — )P +6 Y [N (0hs — )]
s=1 s=1 s=1
f 2
1327 + 1)CE - 0/ [Pt —Famap, o
<3 N(ps — P+ 6> Na(ths — Da)]P + 6D [AZ(ths — )]
s=1 s=1 s=1
t 2
1627 + 1) - C2 /HF(U(T,x))—F(u(T,x))‘Wzl(Q)dT
0
f 2
¥ 0/ Flu(ra)) = B, o, dr
<8} L(p(x) — B(a) Py + 6 CF - [0@) — d()||
pS 0 Wi(Q) 0 wi(9)
~ 2 9 ~ 2
+6- || L((2) - () Ly TOET 1) G- |P(u(r,2)) - Fu(r,2))| w02 o
t
4627+ 1)-GF - [ @) Ju e dr <3-CF-IL(e(0) - $@)lhgia
0
16-C3 - @) b, 46w - i) veeriy g2
" Wi @) L2(9) ’
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t
+6(2T—&-1)-Cg-/&2(7)-Hu—ﬁ]éag dr.
2,2,7
0

From here, on applying Bellman’s inequality ([4, p.188, 189]), we obtain the estimate
(28).
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