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Abstract. This paper contributes to the field of inequalities, specifically, the relationships among
the norms of products of elements or vectors or functions and their quotients. Thus, we established
that the norm of product of two vectors or functions is less than or equal to the norm of its quotient
if the norm of the denominator is less than or equal to one. On the other hand, we prove that the
norm of the quotient of two vectors or functions is less than or equal to the norm of their product.
In addition, we introduce the proofs of inequalities including the norm of index power of products
and their quotients, and then applied these inequalities to estabish properties of some functional
spaces, as well as, extention of some of the results in these functional spaces.
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1. Introduction

Inequalities play a central role in mathematical analysis with numerous applications
in solving ill-posed differential equations, approximation theory, optimization theory, nu-
merical analysis, probability theory and statistics. The authors in [1] obtained estimates
relating martingale difference sequences in the complex uniformly convex spaces. In [2],
they obtained some estimates for geometric inequalities and compared these inequalities.
The authors in [3] provided an alternative way of proving the quasi-normed linear space
through binomial inequalities.

In this paper, the new inequalities; first and second quotient inequalities, for the con-
tinuous mappings or operators on a real Hilbert space, complex Hilbert space, Banach
space and Holder’s spaces and Sobolev spaces are provided. These quotient inequalities
are used in obtaining various new inequalities for continuous functions of both selfadjoint
and adjoint operators.

The section one of this paper contains the general overview of the inequalities with
emphasizes on the quotient inequalities. In section 2, the preliminary results including
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definitions and theorem which are necessary in establishing the quotient inequalities are
provided. The quotient inequalities; the first and second quotient inequalities, are intro-
duced in section 3 of this paper. These inequalities are used to establish the relationships
among the norms of product of functions and their quotient counterparts in LP spaces,
Hilbert space, Sobolev spaces, Holder’s space, Banach space and unitary space.

2. Some Preliminary Results

In this section, the definitions regarding the quotient inequalities and index power
inequalities are provided.

Definition 1 (First and Second Product Inequalities). Let a; and az be any two positive
real numbers, then

laxll + llazll,  Vai,a2 € [0,2].

laxllllaz]l, Va1, az € [2,00).

() [[aalf|az]l
(#0)[|ar || + llaz|

VANVAN

See [4].

Definition 2 (Product-normed Linear Space). Let U be a linear space over [0,2] CR. A
vector space with a product-norm u — ||U|| satisfying real-valued function || - ||,

H ’ ||pn U — [0’00)7
such that for arbitrary u,v € U, « € [0,2], the following conditions are satisfied:

Pl.Jjul| > 0, and ||ul| =0, if andonly if u=10
P2. ||aul| laf||lull, «€]l0,2],andue U
P3.Ju+v|[pn [tllpn + [[0llpn, Yu,v €U

A

We call || - ||pn @ product norm, if in addition to P1 — P3, the u and v satisfy

Pa(a). [lullpnllyllpn
PAD).[[u]| + [l

< lullpn + lvllpn - Vu,v € [0,2] (first product inequality)
< lullloll,  Vu,v € [2,00) (second product inequality).

See [5].

Definition 3 (Young’s Inequality). For 1 < p < 0o, g the conjugate of p, and any two
positive numbers a and b, then
1 1
ab < —a? 4+ —a¥, p,q <1.
p q

See [6].
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Definition 4 (Contractive Mapping). Let T : X — X be a mapping from a complete
normed linear space X into itself. The Lipschitz continuity on T is said to be a contraction

if
|T(u) =T < AMlu—2v|, Yu,veX, and0< A <1
See [7].

Definition 5. Let v € (0,1]. We say a function T : X — Y is Holder continuous of
exponent v at x, € X, if

lu(z) = u(z,)|| < Lijz — |7,
where L is boundedness constant may depend on X, z,, v and T. See [8].

Theorem 1 (Gagliardo-Nirenberg-Sobolev inequality). Let 1 < p < n. Then there ezists
a constant C > 0 (depending on p and n) such that

Jullpee < ClIVulprs, € W (R),
In particular, we have the continuous imbedding
WIP(R™) «— LP*(R™).
For example, see authors in [9].

Definition 6. Let A and B be selfadjoint operators with Sp(A), Sp(B) C [m, M] for some
real numbers m < M. If f: [m,M] — R is of r — L—Holder type. Thus, for a given
r € (0,1] and L > 0, we have

T

‘f(s) —f(t)) < L‘s—t Y st € [m, M],

then we have the Ostrowski type inequality for selfadjoint operators:

_m+M

(f(s) - <f(A):c,x>\ < [%(M —m)+|s \]T, Y s € [m,M]and x € H with ||z| = 1.

Moreover, we have

By~ FWeo)| < ([£B) ~ (F(A)ra) - 1] ).
< [y -m)+ (B - "2 )]

v a,y € H with |z = |yl = L.

See [10].
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3. Main Result

In this section, we derive both the first and second quotient inequalities in a suitable
functional space.

Theorem 2 (First Quotient Inequality). Suppose that x and y are two real numbers or
two real-valued vectors, then

]

[z lllyll < Tl V 0<||z|| <oo and 0 < |y <1,
where the equality occurs at either ||z|| =0 or ||y|| = 1.
Proof: Setting f(z,y) = —va? — 2vz?y?, the function attains its maximum value at

zero, for all (z,y) € R? and v € [0,1]. We can see that:

flzy) = —(vx2 + 21/902y2> <0
flx,y) = —(y:c2 + x2(2yy2)> <0
fla,y) = - (WQ + w2(2l/y2)) < - (x2” + x2y4”> <0

By transitivity law, we obtain

_<$2u+$2y4u> < 0
:>_x2y4u < .%'2'/
2v
2u, 2v _ €z
= [ -2y = Hm”
2>
= el l® < e (1)
[z ][22 |y||>

Setting v = 1 in inequality (1) yields

]
lzlllyll < - (2)
[yl

We search for the regions for which [|z[| and |y|| hold. Setting v = 1 in inequality (1), we
obtain

ol < —— (3)

~ >

Again, plugging v = % into inequality (1) yields

1
]| < 7= (4)
lyl]?
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From the inequalities (3) and (4), we consider three situations for which inequality (2)
holds. We observe that
lz* <l
=z(?-1) < 0
=0 < |z <L (5)
Also, we can see that the two inequalities in (3) and (4) are equal if,
lz* =l
=z@*-1) = 0
= [zl = 0, or |z =1. (6)
Lastly, the norms on the left hand sides of inequalities (3) and (4) can be written as:
lz® > .
=z(*-1) > 0

= |lz|| > 0, or || > 1. (7)

The region for which ||y|| holds is as follows.

1
Iyl <
]
=yl < 1, Vil =1
=0<|yll < L (8)

Combining the inequalities (5), (7) and (8), and equation (6) together with inequality (2),
we obtain
]

llz|| |yl < m, V O<||lz|| < oo and 0 < |y|| <1.

Theorem 3 (Second Quotient Inequality ). Suppose that x and y are any two real numbers
or any two real-valued vectors, then

&l
Il S lzllllyll, ¥ [lz][ =1 and [jy|| =1,
where the equality occurs at either ||z|| = ||ly|| =1 or ||y|| = 1.

Proof: We can see that f(z,y) = va?+ 2vz?y? attains its minimum value at zero, for
all (z,y) € R? and v € [0, 1].

flz,y) = va?+2wa%?>0
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flzy) = va®+2%(2wy®) >0
flx,y) = va? —I—x2(2yy2) > T2V _,_xz 4v >0

By transitivity law, we obtain
.73 + x2y4u > 0
= —$2V < w2y41/

$2V 9, o
sl = B Tl

||$||2V < 2v 2v 9
= <l llyl™. 9)

120 |y |2
Setting v = 1 in inequality (9) yields

=l
ol S < llz[[llyll

The regions in which the above inequality holds are as follows. Setting ¥ = 0 in inequality
(9) yields

x> > 1
= |zf] > 1.
In order to obtain the region for ||y||, we set
flzyy) = va? + (2w;2)y2 > 22 + 2%y >0
= —(IZ2V < 4l/y2
-1 o v 2v
= Hym—u) ‘ - H‘”” Y
1 2
< v 21/' 1
Setting v = 0 in inequality (10) yields
lyl> > 1
=yl > 1

We observed that the equality occurs at either ||z|| = ||y|| =1 or |ly|| = 1.

3.1. Illustration of the First Quotient Inequality to the Real Line

In this subsection, the illustration of the first quotient inequality is provided.

Example 1. . Setting a = % and b = é then

H3HH5H i

I
?
-

cmu; w\w

:>7
15 <
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3.2. The Applications of the First Quotient Inequality to L Spaces

Theorem 4. Suppose that f(x) and g(z) are measurable functions over the domain 2
such that

/ |f(z)|dx < +o0.
Q

and
/ l9(@)ldz < 1,
[9]
then
£l
I fllpllglly < .
PR gl

Proof: We observe that:
| [ t@g@yis| < [ 17 lgta)lde
@ Q

Applying the first quotient inequality to the term on the right hand side of the above
inequality, we obtain

£(x)

[ @] < [ jr@lla@as < [ L
= [ @l < [ L
- [@las < 20

3=

: b (Jal@par)
= |f(z)[Pdx g(x)|Pdz)” =
(/Q ) (/Q 9 > (fQ |g($)‘pdl‘>

171l
Il

3=

= [ fllplgll»

3.3. The Applications of the Second Quotient Inequality to L” Spaces

In this subsection, the second quotient inequality is used to estimate the integrals in
LP spaces.

Theorem 5. Suppose that f(x) and g(xz) are measurable functions over the domain
such that

/ f(@)ldz > 1
Q
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/ 9(@)]dz > 1,
9]

1/ 1lp

g1l

and

then

< I £1lpllgllp-

Proof: We can see that:

/() (@)
I I A i
‘ o)) < Jalfolts
@™ = i@l

Applying the second quotient inequality to the term on the right hand side of the above
inequality yields

[ 25l < MWW /Q!f( Ylg()ld

- pfe < [

:(fmﬂxnpdx) o /Q ’f(x”pdx% /‘g \pdﬁ

(/o l9@)pda)

_ Il
ol

8
IN

3=

D =

IN

£ 1Ipllgllp-

Corollary 1. Suppose that f(z) and g(x) are any two measurable functions defined on R
with || f(z)|| <1 and ||g(x)| <1, then

b T b
I @l g, / 17 @) lg() ] de.

o llg(@)ll

Proof: We observe that:

> f(x) )
@dx‘ B / g:v)‘dx
b
ol - / oo dﬂf</ 1 @)l lg() |z
b
a |||!£ég||||df” = / F@)llg(x)l|dz.
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Corollary 2 (Isotonic linear functional). Let F(T') be an algebra of real functions defined
on T and L a subclass of F(T) satisfying the axioms:

(i) f,ge L= f+geL;

(ii) fe€ L, a € R=af € L. A functional A defined on L is an isotonic linear functional
on L provided that:

(a)A(af +Bg) = aA(f)+BA(g), V o, BeERand f,ge L
(b))  ft) = gt)=A(f) = Alg), teT.

Proof: To prove the result in corollary 2(a), see for example, author in [11].
We prove the finding in corollary 2(b) by setting || f(¢)g(t)|| > 1, then

1
lg®)1I

Applying the second quotient inequality to the right hand side of the above inequality
yields

LFl =

LA @]
= lfOI = llg@®ll-

Y

This completes the proof.

3.4. Using the quotient Inequalities to obtain the estimate of Hahn-
Banach contraction mapping theorem

In this section, the first product inequality is used to obtain an alternative way for
proving Hahn Banach contraction mapping theorem.

Proposition 1. A contraction mapping T, defined on a complete normed linear space,
has unique fixed point.

Proof: Setting a mapping T : X — X, and let x, € X such that
Trp 1=z, Vn=12....
For any positive integer n, then

|Tm+1 — 2wl = [|Tom — Tem-|| < allvm — Tm-1|

[Tmi1 = zmll < a™[lz1 — 20|

[Zmit — Tm|| < (a"+k_1 panthz oy a”) 1 — 2o]).

A
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where, «, is the boundedness constant. Using the first quotient inequality on the right
hand side of the above inequality yields

1
[mir — zml| < |21 — o
(an-i—k—l +aqntk—2 4 4+ an)
(1-a)
|zme1 = zmll = =21 = 2.
We can see that (1;7”(1) — 0 as n — oo for all & > 1. The sequence {X,,}7°, is convergent.

The normed space X is complete since {X,,}°° ; has a limit point in X.
Let = be the element of X such that

lim X, = x.

n—oo
Thus,
Tr = T(lim X,)
n—oo
Tr = lim TX,.
n—oo

By the continuity of T'. We can see that:

lim Ty, = lim Ty,+1 =y.
n—oo n—oo

Suppose further that T'y; = y; and Ty = y2. Then

lyr —w2ll = [Ty1 — Tyal|
lyr —v2ll < llyr — w2l
lyr —w2ll < llyr — w2ll;

which is a contradiction. Thus, the fixed point theorem is unique.

3.5. Using the Product and quotient Inequalities to obtain sharp In-
equalities in Sobolev spaces

Lemma 1. For any 1 < p <n, W'P(R") — L"(R") is continuously imbedded, ¥V o €
(0,1] and |Ju| > 2.

Proof:Setting a € (0,1] and u € WHP(R"), we see that u € LP*(R™). Then
Jull, < a/‘UMT+WVW$
R”

lul; = of / e + / juf"d)
R” R»

hllr < a( /R P+ ( /R uprao) )

A
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lle < a(llully + Jullp.)-

Using the second product inequality, we obtain

< a(lulpliull.)
a(clull | Vaull.)

= |lull, < aclullf .

=
=
A

4
=
3
IA

This completes the proof.

4. The Applications of the First Quotient Inequality to Unitary Space

In this section, the estimates involving the quotients of norms in the unitary space are
obtained by using both the first and second product inequalities.

Definition 7. Setting
1 27 ) 1

Hf(e) = inf{sup (2/ |z + e’eprcw)p -1yl =1, ||z|| = e}, 0<p<oo, and €> 1.
T Jo

Theorem 6. Suppose that (X, |- ||p) is a continuously quasi-normed space. Then for any
x € X, there exists 6 > 0 such that

L G L ]
— Pylldo < — ——df.
e Vel < o [ o
Proof: Setting 0 < r < 1, we have
(o [T+ reyiran)” < (5 [l + breylhpan)”
- re - X re
2T 0 v 4 - 27 0 y
L s rtpan)t < (L[ b_L [Tlelr
= Tylyas)” < (5o P rlr)de)” < (5= a0)
(g2 [ Gareyiran)” < (5o [ (el < 1rian)” < (52 [0
1 ™ 1 1 ™ p 1
= (/ ||:c||pd9)p (/ [ed d@)”
27 Jy o Jo TP

= [l

Hence,

1 (7 , 1 (7
/ |z + rey|ds < / HZCGH do.
21 Jo 2 Jo  [lreyll

The converse inequality of theorem (6) is obvious. Thus, define
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Definition 8.
1 27 ) 1

Hf(e) = inf{sup (2/ |z + e’9y||pd9>p —1:|yll =1, ||z|] = e}, 0<p<oo, and € <1,
T Jo

and provide the converse result in corollary 3 below.

Corollary 3. Suppose that (X,| - ||q) is a continuously quasi-normed space. Then there
exists 0 < p < 00, such that whenever x and y are in X with § = 6(x,y) > 0, then

1 2
<
ol < (5= |

Proof: We see that:
:?dee);:: (ZLQ/QW”?W)de);.
retfy 21 Jo  |[retyllp

1 2m
(2 ]
Using the first quotient inequality on the right hand side of the above equation, we
obtain
1 27 T P 1 27 H:EHp 27 1
= [ = (R = ()
2w Jo ey [[r(|P 0

2 1 27 Hpr 1
< ([ rapir) < ([ )
0 HH
o * lelry
= (/ H96Hp>p (/ I ”p
0
HM

= ||zl

1
N
2%“)”, 0<r<s<l.
rey

B =

AV

"d\>—‘

IN

IN

It follows that,

||SU|| < (/27r ||$||p);
PN el
1 2
Jol < (5= |
2

Proposition 2. Suppose that (X, || - ||q) is a continuously quasi-normed space. The fol-
lowing statements are equivalent:
(i) (X, - ||) is locally PL-convex;
(ii) there exists 0 < p < oo, such that whenever x and y are in X with 6 = 6(xz,y) > 0

such that
1 27
<
ol < (5= |

(#i) n ||x|| is a pluri-subharmonic function on X.

Hence,

1
ret

T ||P\ =
—%w>p, 0<r<d<I;
retd
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5. Quotient Inequalities involving Powers

In this section, the inequalities involving the relationships among index product of
numbers and its quotient of numbers as bases are established for given regions of validity.
Thus, we introduce in this paper the index power quotient inequalities; the first and second
index power quotient inequalities. The main result is expressed in theorem (7), which is
the fundamental tool for proving other results in this paper. involving propositions and
corollaries.

Theorem 7 (First index power quotient inequality). Let T : X — Y be a Banach space.
Then

|2[/P? < |27, ¥ 2 € X, 0<p<oo, and0 < q< 1,

where equality occurs at either p =0 or ¢ = 1.
Proof: Setting 0 < p < oo, and 0 < ¢ < 1. We can see that:

flz) = —(pqm+§x)§0
= f(¥) = —(pgr+Lla)=—(aM +27)<0
q
:>_(qu+$§) < 0
= —gP1 < —x%
= |zl < |zf|l7, YazeX.

This completes the proof.
The converse of theorem 7 is stated in theorem 8 below.

Theorem 8 (Second index power quotient inequality). Let T : X — Y be a Banach space.
Then

Ha:”g <|lz|P?, V ze X, 1<p<oo, andl < g < .

Proof: The proof of theorem 8 is similar to theorem 7.

Theorem 9. Let T : X — Y be a Banach space. Then
lalll1bl] < pa®llall? + p*qllb]|?,¥ a,be X p,q < 1.

Proof: Using the Young’s inequality, we have

P q
lab < 2P

pq

P4 phd
lafp] < lao” vl

gl
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Applying the second quotient inequality on the right hand side of the above inequality
yields

lalllel < (llaa” + b ) lpal
lallol < pa®llall” + p*qllbll?, p,g > 1.

A

Theorem 10. Let T : X — Y is a Banach space. Then
pa’|lall? + p?qllb]|? < llal|[[p],V a.b€ X p,q€[0,1).

Proof: We see that:

ga® + pbl
labll < |=——I|
pq
lga? + pb||
= [lallllo]l <
Ipal]

Applying the first quotient inequality on the right hand side of the above inequality yields

(lga” + 61 Ipall < lallo]
= pg’llal” +p*qlpll? < fallllBll, p,q € [0,1).

6. The Applications of the Index Power Quotient Inequalities to Holder
Spaces

In this section, the quotient inequalities involving index are introduced.

Theorem 11. Let 0 < p < 400 and 0 < g < 1 such that |§| < 1. Then a mapping
T: X —Y is Holder-type continuous of exponent g at o, if

IT(@) = T(wo)|| < Lllz = x| 7, ¥ 2, 2, € X,
where L is the %—th Holder coefficient of T'.
Proof: By the Hélder continuity of T of exponent v, we have
1T (z) — T(z,)|| < L|lx — x|, ¥V 2, 2, € X and v € (0,1].
Setting v = |p||q| and applying the power quotient inequality, we obtain

P
IT(@) = T(wo)l| < Llla = wo|* < Lz~ o]
IT(@) =Tl < Lz —oll® ¥ o o€ X, 7] <1
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Theorem 12. Let A and B be selfadjoint operators with Sp(A), Sp(B) C [m, M] for some
real numbers m < M. If f : [m,M] — R is of % — L—Holder type. Thus, for a given
Ipllgl <1 and L > 0, we have:

P

’f(s) —f(t)’ < L(s—t Y st e m,M).

Then the Ostrowski type inequality for selfadjoint operators becomes:

M D
mt \]q, V s € [m,M]and x € H with ||z|| = 1.

[75) = (f(AY,2)] < [0 —m) +1s -

Moreover, we have:

By~ FWao)| < ([£B) ~ (F(A)ra) - 1] ).
< w[yor—my =" gy )

YV z,y € H with ||z|| = |yl =1,
and H denotes Hilbert space.

Proof: We can see that, using the Ostrowski-type inequality for the Riemann-Stieltjes
integral, we have:

50wt [ sauto] < 2300 +1s - 01 \i/(u).

Setting r = |p||q| < 1 and applying the first index power quotient inequality, we obtain

b i a pq b
£ ) ~u@)] - [ foduo)] < L[5o-a+ - 52" Viw
p b
< L[30-a+- 7]V
b - a p b
760 ~u@) - [ | < L[30-a)+ - 250 V), s€ o,

u is a bounded variation on [a,b] and \/Z is the total variation of w on [a,b]. Then the
functional f(t) is of £ — L—Hdélder-type on [a, b].
Also, setting u(A) = gz(\) = (E\g, x), where € H with [|z|| = 1, then

56~ [ )| < L[Sar ) t1s -

m

m+M|]pq\]\?
m
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< Lol M)
i) = [ rd(EBrna))| < L[Eu m>+|s—m+M|5\A?<g<x>>
m 2 m
Again, we see that:
(5B) ~ F(A)2) 1ulyy) < ([500—m)+1B- "8 14]"y)
< <[ (M — m+\B—m;M 1H|]§ ),
Ve H, |z =yl = 1.

This completes the proof.

7. Conclusion

In a nutshell, the first and second quotient inequalities are introduced which extend

some findings in functional spaces such as LP space, Hilbert space, unitary space, Holder
spaces and Sobolev spaces. The relationship between the inequality involving norm of
quotient of the vectors or functions and its product counterpart has not been observed over

the

years and vice versa. These inequalities do not only establish the relationship between

two mathematical structures but also, useful for establishing many functional properties
such as continuity, boundedness, expansive of the operators in functional spaces.
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