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Abstract. Let G = (V(G), E(G)) be any simple undirected graph. The open hop neighborhood
of v € V(G) is the set N&(v) = {u € V(G) : dg(u,v) = 2}. Then G induces a topology 7¢ on V(G)
with base consisting of sets of the form FA[A] = V(G)\NZ[A], where
NE[A] = AUu{v € V(G) : Ni(v)N A # 0} and A ranges over all subsets of V(G). In this
paper, we describe the topologies induced by the complement of a graph, the join, the corona, the
composition and the Cartesian product of graphs.
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1. Introduction

Let G = (V(G),V(H)) be any simple undirected graph. The distance d(u,v) be-
tween two vertices u and v in G is the length of a shortest path joining v and v. Let
v € V(G). The neighborhood of v is the set N(v) consisting of all u € V(G) which are
adjacent with v and the closed neighborhood is N[v] = N(v) U {v}. For any A C V(G),
N(A) = {x : za € E(G) for some a € A} is called the neighborhood of A and
N[A] = N(A) U A is called the closed neighborhood of A. Moreover, for each v € V(G),
the open hop meighborhood of v is the set NZ(v) = {u € V(G) : dg(u,v) = 2} and the
closed hop neighborhood ofv is the set NA[v] = {v} U NZ(v). Also, for any A C V(G),
NE(A) = {v € V(G) : N&(v) N A # 0} is called the open hop neighborhood of A and the
set NZ[A] = AU NZ(A) is the called closed hop neighborhood of A. Denote by FA[A] the
complement of NZ[A], i.e., FA[A] = V(G)\N&[A].

In 1983, Diesto and Gervamo in [5] proved that given a simple graph G = (V(G), E(G)),
G induces a topology on V(G), denoted by 7, with base consisting of sets of the form
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Fo(A) = V(G)\Ng(A), where Ng(A) = AU{z : za € E for some a € A} and A ranges
over all subsets of V(G). Their construction was further investigated in [2], [3] and [6]. In
particular, Canoy and Lemence in [2] described the topologies induced by the complement
of a graph, the join of graphs, composition and Cartesian product of graphs.

In [1], Canoy and Gimeno presented another way of constructing a topology 7¢ from
a connected graph G by considering the family Q(G) = {FZ[A] : A C V(G)} where
FZ[Al={z € V(G) : x ¢ A and dg(x,a) # 2 for all a € A}. They showed that this family
is a base for some topology 7¢ on V(G). This construction is also studied by Nianga et
al, in [4] for any graph G. It is also shown that the family Bg = {FZ[A] : A C V(G)}
and S¢ = {F&[v] : v € V(G)} are, respectively, base and subbase for the topology ¢ on
V(G).

Concepts on Graph Theory and Topology are taken from [7] and [8], respectively.

2. Results

Definition 1. The complement of graph G, denoted by G is the graph with V(G) = V(G)

and uwv € E(G) if and only if uv ¢ E(G), where u,v € V(G) = V(QG).
Theorem 1. Let G be any graph and G its complement. Then for each v € V(G),

Fg[’l)] _ FG[U] U m NG(U) ’ Zf FG[U] 7é @ (1)
G u€Fgv]
Ng(v), if Fglv] = 0.

Proof. Let G be any graph and G its complement. Let v € V(G) and set
A = Nyergv)Na(u). Suppose Fglv] = 0. Then Ng(v) = V(G)\{v}. Hence, v is an isolated
vertex in G. Thus, F%[U] = Ng(v). Suppose Fg[v] # 0. Let u € Fg[v]. Then u # v and
u ¢ Ng(v). Hence, u # v and u € Ng(v). Thus, u € F%[v] Next, let w € A. Then
w € Ng(u) for all u € Fgv]. Since u ¢ Ng(v), it follows that w # v. Also, w ¢ Ng(u)
for all u € Ng(v). It implies that dg(w,v) # 2. Hence, w € Fé[v] Consequently,
Falv] U [Nyergo)Na(u)] C F%[v] Next, let = € Fé[v] Then z # v and x ¢ N%(v).
If x € Fgv], then we are done. Suppose z ¢ Fg[v]. Then z € Ng(v). Suppose
further that there exists u € Fg[v] such that © ¢ Ng(u). Thus, u € Ng(v) and
x € Ng(u). Also, since x € Ng(v), © ¢ Ng(v). Thus, de(z,v) = 2, that is, z € ]\%(v), a
contradiction. Therefore, z € Ng(u) for all u € Fglv]. This shows that z € A.
Accordingly, F%[v] C Fa[v] U [NyergpNa(w)]. This establishes the desired equality. [

Theorem 2. Let G be any graph and G its complement. If v is an isolated vertex of G
(or of G), then {v} € ¢ N 7g.

Proof. Suppose v is an isolated vertex of G (or of G). Then
{v} = FA[V(G)\{v}] = FZ[V(G)\{v}] and so, {v} € B¢ and {v} € Bg. Thus, {v} € 7¢
and {v} € 7. Therefore, {v} € 7¢ N 74 O
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Remark 1. The converse of theorem 17 is not true.

Consider G = P5 = [a,b,c,d,e]. Then {e} = FZ[a,b] and {e} = Fgla,c]. However, e
is not an isolated vertex of G nor of G.

Definition 2. The join Gi + G2 of graphs Gi1 and Gy is the graph G with
V(G) =V(G1)UV(Gsy) and

E(G)=E(G))UE(G2)U{uv:u e V(Gy) and v € V(Ga)}.

Theorem 3. Let G = (V(G),E(G)) and H = (V(H),E(H)) be graphs and let
0 #ACV(G) and 0 # B CV(H). Then

(i) F&, plAl=V(H)U[NaeaNa(a)] ;
(i1) F&,yB]=V(G)U[MepNu(b)] and
(i4i) FE0] =V(G)UV(H).
Proof. Let G = (V(G), E(G)) and H = (V(H), E(H)) be graphs. Let 0 # A C V(G)
and ) # B C V(H).
(i) Note that
Ne, ylAl=Au{v e V(G + H) :dgyu(v,a) =2 for some a € A}.
Since V(H) C Ng+u(A),

NéurH[A] = AU{veV(G):dg+u(v,a) =2 for some a € A}
= AU{v e V(GQ) :dg(v,a) # 1 for some a € A}.

Hence,
FéyplAl = V(H) U [NeeaNg(a)].-

(74) Similarly,
Fég[B] = V(G) U[MepNp (b))

(#1i) Clearly, FZ, 4[0] = V(G) UV (H). O
Remark 2. Let G be any graph and let A1, A2 C V(G). Then
Né[Al ] AQ] = Né[Aﬂ U Né[Ag]

Theorem 4. Let G = (V(G),E(G)) and H = (V(H),E(H)) be graphs. Then for any
ACV(G+ H) such that ANV (G) =Ag #0 and ANV (H) = Ay # 0,

F621+H[A} = F(2;+H[AG] N Fc2-:+H[AH]-
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Proof. Let A C V(G + H). Suppose ANV (G) = Ag #0 and ANV (H) = Ay # 0.
Then x € FZ, y[A] if and only if # ¢ N&, ;;[A]l. By Remark 2, z € FZ, ;[A] if and only
ifl’EFé+H[Ag]ﬂFé+H[AH]. ]

The next theorem follows from Theorem 3 (i) and (i7).

Corollary 1. Let G = (V(G),E(G)) and H = (V(H),E(H)) be graphs. Then for any
veV(G)UV(H),

V(H)UNg(v), ifveV(G)
Féynlo] = { V(G)U N(G;(v), if ve V(H). (2)

Definition 3. The corona G o H of graphs G and H is the graph obtained by taking one
copy of G and |V (G)| copies H and then forming the sum (v) + H' = v + H" for each
v € V(G), where H" is a copy of H corresponding to the vertex v.

Theorem 5. Let G = (V(G),E(G)) and H = (V(H),E(H)) be graphs. Then for any
acV(GoH),

F2la]U U va@Ey, ifacV(G)
Fgopla] = vEVIENe ) (3)
Npw(a) U [V(G)\Ng(w)] U { U vEy|, ifacv(HY)
VeV (G)\{w}

Proof. Let x € F2,ylal. Then x # a and x ¢ N2, (a). Consider the following cases:

Case 1. Suppose a € V(G). If z € V(G), then = ¢ NZ(a) since z ¢ N2, (a). Hence,
x € FZla]. Suppose z ¢ V(G). Let uw € V(G) such that z € V(H"). If u = a, then
z € V(H") and u € V(G)\Ng(a). Suppose u # a. Since z ¢ N&(a) and dgom(a,y) = 2
for all y € V(H?) with z € Ng(a), it follows that u € V(G)\Ng(a). Thus,

Féopla] € F&lal U [Upev @) nNa@)V (HY)] = X.

Now, let w € X. If w € F2[a], then w ¢ NZ[a]. Hence, w ¢ N2 p[a]. This implies that
w € FZ yla]. Suppose w € Upey(a)\Ng(a)V (H). Then there exists v € V(G)\Ng(a)
such that w € V(HY). It follows that w # a and dgop(w,a) # 2. Thus, w € FZ,ylal.
Therefore,

F&la) U [Uyev@pne@V (HY)] € Féoglal.

Case 2. Suppose a € V(HY) for some w € V(G). If v = w, then z € V(G)\Ng(w).
Suppose x # w. If z € V(G), then dg(z,w) # 1 because dgom(z,a) # 2. Hence,
x € V(G)\Ng(w). Suppose z € V(HY) for some ¢q € V(G). If ¢ = w, then z € V(H"Y).
Since z # a and a € V(H"), x € Nyw(a) (otherwise, dgom(a,x) = 2). Suppose ¢ # w.
Then z € V(HY) and q € V(G)\{w}. Thus,

2 € Nira(@) U [V(G)\Na(w)] U [Usev (o V (HY)] = V.
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Suppose now that p € Y. If p € Nyw(a), then dgop(p,a) = dyw(p,a) = 1. Hence,
p € Fi ylal. If p € V(G)\Ng(w), then dgop(p,w) = dg(p,w) # 1. Hence, p # a and
dgor(a,p) # 2. This implies that p € F2_ y[a]. Finally, if p € Uvev (e)\{w}V (H"), then
there exists r € V(G)\{w} such that p € V(H"). Since

dgor(a,p) = daon(a,w) + dgor (1, w) + dgor (1,p) = 2 + dgon (r,w) = 3,

it follows that p € F2_,[a]. Therefore,

Niu(a) U [V(G)\Ng(w)] U [Uev (@ fu}V (HY)] € Féoplal.
Accordingly, the desired equality follows. O
Definition 4. The lexicographic product (composition) of graphs G and H, denoted by

G[H], is the graph with V(G[H]) = V(G) x V(H) and (u,v)(u',v") € E(G[H]) if and only
if either uv’ € E(G) or u=1v' and vv' € E(H).

Theorem 6. Let G = (V(G),E(G)) and H = (V(H),E(H)) be any two graphs and let
(v,a) € V(G[H]). Then
Funl(,0)] = (F3[v] x V(H)) U ({v} x F3[a])

Proof.  Note that (z,q) € Fé[H}[(v,a)] if and only if (z,q) # (v,a) and
daia) (%, q), (v,a)) # 2. Consider the following cases:
Case 1. Suppose x = v. Then ¢ # a. Since

dG[H}((’U’ Q)7 (Ua CL)) = dH(aa Q) #2,q€ FIZJ[GL
q € F#[a]. Hence, (z,q) € {v} x F#[al.
Case 2. Suppose = # v. Then
dG(CL‘,’U) = dG[H}((xv Q)v (’U, CL)) 7& 2.
Hence, z € FA[v] and (z,q) € FA[v] x V(H). Therefore,

F((v,0)] € (Fg[v] x V(H)) U ({v} x Fgla]) .

Next, let (w,p) € FA[v] x V(H). Then w € FA[v], that is, w # v and dg(w,v) # 2. It
follows that (w,p) # (v,a) and

dG[H]((va)v (rU, a)) = dG(w7U) # 2.
This shows that (w,p) € Fé[m[(v,a)]. Hence, Fg[v] x V(H) C Fgyjl(v,a)]. Finally,
let (z,t) € {v} x F#[a]. Then z = v and ¢t € F#[a]. Hence, t # a and dg(a,t) # 2.
Consequently, (z,t) # (v,a) and

dG[H]((th)v (U,CL)) = dH(avt) #2,

showing that (z,t) € Fé[H] [a]. Thus, {v} x F&[a] C Fé[m[(v,a)]. This establishes the
desired equality. O
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Definition 5. The Cartesian Product of two graphs G1 and Go denoted by G1JG2 is a
graph with V(G10G2) = V(G1) x V(G2) and two vertices a = (u1,us) and b = (v1,v2)
are adjacent in G10G2 if and only if either uy = v and ugve € E(G2) or ug = va and
v € E(Gl).

Theorem 7. Let K = GOH = (V(K),E(K)), where G = (V(G),E(G)) and
H = (V(H),E(H)). Then for each (v,a) € V(K),

Figl(v,a)] = [F&[v] x {a}] U [{v} x Fizla]] U [Fglv] x V(H)\{a}] U [Ne(v) x Fgla]].

Proof. Let (v,a) € V(K) =V (GOH) and (z,q) € F#[(v,a)]. Then (v,a) # (z,q) and
dr((v,a),(x,q)) # 2. Now, consider the following cases:

Case 1. Assume that x = v. Then ¢ # a and dg(q,a) = dx((x,q), (x,a)) # 2 and so,
q € F%[a]. Hence, (z,q) € {v} x F&[al.

Case 2. Assume that = # v.

Subcase 1. Let ¢ = a. Then dg(z,v) = dx((x,q), (v,q)) # 2 and thus, x € FA[v]. It
follows that (z,q) € F[v] x {a}.

Subcase 2. Let ¢ # a. Suppose that x € Ng(v). If ¢ € Ng(a), then

dK((.CC,q), (v,a)) = dg(a?,’l)) + dH(Qaa) =2,

a contradiction. Thus, ¢ € V(H)\Ngla]. Hence, (x,q) € Ng(v) x Fgla]. Suppose
x ¢ Ng(v). Then = € Fg[v]. Hence, (z,q) € Fg[v] x V(H)\{a}. Therefore,

Fi[(v,a)] C [F&[v] x {a}] U [{v} x Fila]] U [Fglv] x V(H)\{a}] U [Na(v) x Fgla]].
Next, let (v,p) € {v} x F%[a]. Then p # a and dg(a,p) # 2. Hence, (v,p) # (v,a) and
di ((v,p), (v,a)) = dg(a,p) # 2, that is, (v,p) € Fe[(v,a)]. If (z,a) € FA[v] x {a}, then
x # v and dg(z,v) # 2. Hence, (z,a) # (v,a) and dg((v,a), (z,a)) = dg(x,v) # 2, that

is, (z,a) € FZ[(v,a)]. Now, (y,b) € Ng(v) x Fgla] implies dg(y,v) = 1 and dy (b, a) > 2.
It follows that (y,b) # (v,a) and

dK((y7 b)a (’U, a)) = dG(%’U) + dH(ba a) > 3.

Hence, (y,b) € Fz[(v,a)]. Finally, (2,t) € [Fg[v] x V(H)\{a}] implies dg(z,v) > 2 and
dp(t,a) > 1. This means that (z,t) # (v,a) and

di((z,t), (v,a)) =dg(z,v) + dg(t,a) > 3.
Thus, (z,t) € F&[(v,a)]. Therefore,
[F&[v] x {a}] U [{v} x Fila]] U [Fglv] x V(H)\{a}] U [Na(v) x Fala]] € Fi|(v,a)].

This establishes the desired equality. O
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