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Inequalities for the Taylor coefficients of spiralike
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Abstract. Making use of g-analogue of the well-known differential operator, we provide a formal
extension of a bi-univalent spiralike and bi-univalent strongly spiralike functions. We obtain the in-
equalities for the Maclaurin-Taylor coefficients of the functions belonging to the defined subclasses.
Further we have provided some applications of our main results.
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1. Introduction of Quantum Calculus in dual with Univalent Functions

Quantum calculus popularly called as g-calculus is based on the idea of finite difference
rescaling. The difference of quantum differentials from the ordinary ones is that notion of
limit is removed in g¢-calculus, that is g-derivative is merely a ratio which is given by

flaz) — f(z)
(¢—1)z
Notice that as limit ¢ — 17, Dyf(z) = f'(2). g-calculus has numerous applications
in variety of disciplines such as theory of special functions, operator theory, quantum-
mechanics, relativity etc. Notations and symbols play an very important role in the study
of g-calculus. Throughout this paper, we let

qu(z) =

mly =3 "% [0, =0, (q€C)
k=1
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and the g¢-shifted factorial by

(a:q) _{1, n=>0
Hn = (1—a)(1—aq)...(1—aq"‘1), n=12....

The g-hypergeometric series was developed by Heine as a generalization of the hyper-
geometric series

oo
oF]a,b; c|q, 2] VA tAL ALY A (1)
=3 G
Generalizing the Heine’s series, we define ¢ the basic hypergeometric series by
r@s (a1, az, ..., ar; by, b, ---,bs;qy z)
_ Z al, n 2;q ) . (CLT; q)n [(_1)nq(g):| 1+s—r Z” (2)
=0 q;9q n bla "-(bSSQ)n

with (3) = ”("2_1), where ¢ # 0 when 7 > s+ 1. In (1) and (2), it is assumed that the
parameters by, bo, ..., bs are such that the denominator factors in the terms of the series
are never zero.

Let A denote the class of all functions having a Taylor series expansion of the form

[o.¢]
z) :z—i—anz", (z el). (3)
n=2
For complex parameters ai, ..., a, and by, ..., by (8j € C\Zy; Zy =0,—-1, =2, ...; j =
1, ..., s), we define the generalized ¢-hypergeometric function ,¥s(a1, ..., ag; b1, ..., bs; ¢, 2)
by

Do) — ~ (a139)n(a2i @n - - - (@r; D
bt ) B ,;) (‘E Q)n(bHQ)n s (bs§Q)n (4)

(r=s4+1;r s€ Ng=NU{0}; z €U),

rVs(al, ag, ..., ag; by, ba, ...

where N denotes the set of positive integers. By using the ratio test, we should note
that, if || < 1, the series (4) converges absolutely for |z|] < 1 and r = s + 1. For more
mathematical background of these functions, one may refer to [2].

Corresponding to a function G, (a;, b;; q, z) (a;, bj arereal; i =1,2, ..., r;j=1,2, ..., s)
defined by

Gr.s(as, bj; q, 2) == 24Vs(a1, az, ..., ar; b1, ba, ..., bs; q, 2). (5)
We now define the following operator J,"(a1,b1; ¢, 2)f : U — U by
TN (av,bis ¢, 2)f(2) = £(2) * Gr,s(ai, bji q. 2)
Tx(a1,b15 g, 2) f(2) = (L=N)(f(2) %Gy, s(ai, bj; ¢, 2)) + A 2Dyg(f(2)¥Gr s(ai, bj; g, 2)) (6)
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T3 ar,bis g, 2)f(2) = TN(T Haw, b g, 2) f(2)). (7)
If f € A, then from (6) and (7) we may easily deduce that

I\ (ar,b1; q, 2)f =z + Z 1= X+ [n]gA]™ Thknp2", (8)
n=2

(m e No=NU{0} and XA > 0),
where
T — (al; Q)nfl(a% Q)nfl cee (ar; Q)nfl
(@ @n-1(01;@)n—1- - - (bs; @)n—1
Remark 1. We note that the linear operator (8) is q-analogue of the operator defined by
Selvaraj and Karthikeyan [5]. Here we list some special cases of the operator J\"(a1,b1; q, 2) f.

(gl <1).

1. For a choice of the parameter m = 0, the operator j/?(al, B1)f(z) reduces to the
q-analogue of Dziok- Srivastava operator [1].

2. Fora; =q%, b; =¢%, o, B;jeC,B;#0,,(i=1,...,r,j=1,...,5) and g — 17,
we get the operator defined by Selvaraj and Karthikeyan [5].

3. Forr =2 s=1;a1 = b;,a =q, and A = 1, we get the q- analogue of the well
known Salagean operator (see [4]).

Also many (well known and new) integral and differential operators can be obtained by
specializing the parameters.

We let §*, C and K to denote the well known classes of starlike,convex and close to
convex function respectively. We refer Goodman[3] which provides the study of vari-
ous subclasses of univalent functions in slow motion. Another very important class in the
study of various subclasses of univalent functions is the class of functions with positive real
part. We denote by P(p) the class of functions with p(0) = 1 which satisfies R {p(z)} > p.
It is well known that p(z) = 14+c12+co2%+- -+ € P(p) implies | p,, |[< 2(1—p) for alln > 1.

The coefficients for the inverse of a function f(z) of the form (3) is given by
g(w) = f71(2) = w — kaw® + (2k3 — ks)w® — (k3 — Skoks + ky)w* +---, (9

for details on the coefficients of the inverse of a function, we refer to chapter 5 in [3].

The area of a closed disc of radius r of a function f € S, provided us with an inequality
which in turn was used to prove several central theorems in the field of univalent func-
tions. In the class S, the upper bound on as was very useful in establishing the growth,
distortion and radius problems of univalent functions. So finding the initial coefficients
of various subclasses of analytic functions has always been a very attractive topic in the
study of univalent function theory. The main purpose of this paper is to obtain the ini-
tial coefficients of the two classes of spiralike functions namely o — SP*(3, a, b; q, z) and

Q= 8P(p,a7 b7 q, Z)
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Now we begin with the following definitions.

Definition 1. The function f(z), given by (3), is said to be a member of a—SP*(B,a,b; q, z),
if each of the following conditions are satisfied.

arg <€iaz [Dq(J;n(alaqu, Z)f)]

s
(J{"(a1,b1;9,2)f) >‘ <B§’ (zel;la|s7/2,0<B<1)

and

r iaw[Dq(J;\n(ahbl;CIaw)f)]
e ( (7 (a1, b1; 0, w) )

Definition 2. The function f(z) given by (3), is said to be a member of a—SP(p,a,b;q, z),
if each of the following conditions are satisfied.

)\w; (welk |al<r/2,0<8<1).

R (oD o b))

> pcos(a), (zel;|la|<n/2,0<p<1
Sevbheasin ) > o) (ethlalsn/zos e

and

iaW [Dg(JY (a1, b1;q,w) f)]
R <e (JP(a1,b1:q,w)f)

The classes of « —SP*(8, a, b; q, z) and a—SP(p, a, b; q, z) were motivated by [6]. If we
let m =0,7 =2, s =1; a; = by, ag = ¢ and by taking limit ¢ — 1~ in a —SP*(5, a, b; ¢, 2)
and a — SP(p,a,b;q, z), we get the classes introduced by M. M. Soren and A. K. Misra

[6].

>>pcos(a), (weld;|al<nm/2,0<p<1).

2. Main Results

Theorem 1. Let f(z) given by (3), be in the class a« —SP(p,a,b;q,2), (|a |< 5,0<p<
1). Then

2cosa(l —p)

| ko |<
Vall = A+ (1 QAP 23 + [1 = A+ 84 (18l — Vs

2
| k3 |§ (1 - p) cosa (q [1 S (1 + q))\]2m 722 + [1 — A+ [3]q)\]m ([3]61 - 1)73>
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and
2(1 — p)cosa
| ka |< o +
[1-A+ [4]q)‘] ([4]q — D
10v/2[(1 — p) cos a]% n
m m 3
(1= A+ 1+ N (@73 + [T = A+ BlA™ (Bl — D)2
2v/2[(1 — p) cos a]%
m m 3
[1= A+ 1+ QN> ()73 + [1 = A+ [3]A]™ (8] — 1))
[2 1=A+ T+ QA" [1 =X+ [3]gA]" v2v3(1 + g+ [3]g) +5
[1-A+ [4]q)‘]m ([4 q 1)va
Proof.
Let f € a — SP(p,a,b;q,z). Then the inequalities in Definition 2 can be equivalently
rewritten as,
o ? [Dq(J}" (a1, b1; Z)f)]) o
e GCA D D = Pi(z)cosa +isina 10
( (JP(a1,b1:q,2)f) 1(2) (10)
. [Du(I3 a1,y g, 10))
iozw q ;\n ai,01,4q,w ..
e = w) cos & + i sin o 11
( (J3* (a1, b1; ¢, w) f) ) Alw) 4D
respectively, where R(P;(z)) > p and R(Q1(z)) > p,
Pl(z)zl—i-clz—i-csz—i---' (zelU)
and
Qi(w) =1+hw+lLw’+---  (weU).
By comparing the coefficients in (10), we have
€l =X+ (14 Q)N ¢yoks = ¢ cosa (12)

e [[1= A+ (1 QA" (012385 + [1 = A+ Bl (Bly — 1) ks ] = cocosa (13)

e’ [ (1= A+ MM ([4lg = Dyaka = (14 g+ Blg) [T = A+ (1 + @A™ [1 = A+ BlgA]™ v2yskaks +

I+ [l—-A+(1+ q)A]zm ’)/22143%] = 3OS .
(14)
Similarly by equating the coefficients in (11), we get
—e" [L =X+ 1+ A" (q) y2k2 = l1 cos (15)

L= A+ L+ QN (Q2k2+ 1 — A+ [B1,A™ ([3]4 — 1) 73 (2k3 — kg)} = [y cosa.
(16)
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| [1 =X+ [4A™ ([4)g — V)va(5koks — 5k3 — ka) —
(T+q+ Bl [L=A+ 1+ A" [1 = A+ 8]\ v2v3k2ks+

I4+q)1—=A+(1+ Q))\]Qm Vak3| = I3cosa.

(17)
From (12) and (15), we get l; = —c;. Before computing | ag | and | as |, we will obtain
a refined estimate of | ¢; |. For this purpose, we first add (13) and (16)

COS «x

2 _ (. ’
2ky = (2 + l2)eia[[1 — A+ (14 QA (93 + [1 = A+ [B]N™ (1 = [3]g)73]

Using (12) in the above equation in conjunction with the known result that
‘Cn‘ < 2(1 - ,0) and ’ln‘ < 2(1 - p)a we have

e [1 = A+ (1+ QA" (9)*+3
2cos o[1 — A+ (1+ AP (@) + [1 = A+ [3]gA]™ (1 — [3]4) 73]
_ lea + o] 1= A+ (1+ 9N (9)*43
T2 cosalll= A+ 14+ (@73 + (1= A+ [3]pA™ ([8lg — 1)7s]
2(1—p) [1 = X+ (1 + @A™ (0)*3
cos o[l = A+ (1 + @)A*™ (9)73 + [1 = A+ [3]gA]™ ([3]g — 1)7s]

|| =|(ca+12)

IN

2(L=p) 1= A+ 1+ QN"™ ()2

| [< (18)
cosaf[1 = A+ (1+ @A™ ()73 + [1 = A+ [3],A™ ([3]g — 1))
and
o | < | c1 | corsna
[LT=A+ 1+ A" ([2lg — D2

2(1 — p)cos
VIL =24+ L+ @A™ (@93 + (1= A+ B\ (3], — Dl

which proves the assertion.
We next find the upper bound on a3. For this we subtract (13) and (16) and using ¢; = —1y,
we get

B (c2 —lz)cosa

20 (1= A+ [3]gA" ([8lg — )3

k3 + k3. (19)

On simplification, we get
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by — (co — l2) cos N c2cos? a
2 [1 = A+ [B]A]™ ([B]g = 1)y3 e [1 — X+ (1 + q)A*™ (¢)2
_ (co — l2) cos n
2¢' [1 = A+ [BJ A" (Bl — s
(ca + 12) cos a
2ei[[L = A+ (L + QA" (@73 + [1 = A+ BN (1Bg — 1))
cos a 2

+

~ 2¢ie {[1 — A+ [BlgA]™ ([8]g — 1)vs
)

LAt (Lt N (@2t LAt BN (Bl — s |

CoS (v 2
2¢ic [[1 A+ (L QA (@72 + [1 = A+ Bl A (8l — L

lo ]
(1= A+ BlgA™ (1= Blg)s]

On taking the modulus, we have

2
[ = A+ L+ QN (@75 +[1 = A+ [B]eA]™ (18] — 1)73] '

Hence the upper bound of k3. Now we shall we move onto find the estimate on | k4 |.
By subtracting the equations (14) and (17), we get

| ks |< (1 — p)cosa [ (20)

oy — e cosa(cz —I3) 5c1 cos aks B
L= A+ [4 A" (4l — Dy e[l =X+ 1+ 9N™ ()72
3 cos® a [2 =X+ 1T+ A1 =X+ BlgA" 2v3((1 +¢q) + [3]4) N 5}
edio [1— A+ (1+ @A™ (¢)33 [ =X+ 4] A" ([4lg — D '
kg |< 2(1 — p)cosa n

(1= A+ [4]gA]™ ([4]g — D
10v/2[(1 — p) cos a]%

L= A+ L+ AP (@nd + [1— A+ Bl (Bly — Dol
2v/2[(1 — p) cos a]%
1=+ 1+ @A™ (973 + 1= A+ [3],0™ (3 ] 1)73]?
21— A+ (14 @A™ [1 = A+ [3]gA]" Y273(1 +q+[3])+5 ‘
[1— A+ [4]gA]™ ([4]q — )

This completes the proof of the Theorem 1.
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Theorem 2. Let f(z), given by (8), be in the class o — SP*(B,a,b;q,2) (| a |< 5,0 <
B <1). Then

B2 cos(3)

| ko |<
gl=A+ 1+ N |12 \/[1 = A+ [BJgA]" (8] — D)vs cos()9

and

| kg |<

2B cos(3) 3 .
L= A+ BIA™ (Blg =D | 21— A+ (1 4+ )A* ™20

where

_ : 1+ 5t 2)]
T A+ AN 2 = A BN (Blg— s

Proof. From Definition 1, we have

J)T\n(ah bl; q, Z)
z

Dy(J3 (a1, bii g, 2)f) = L mian(z) (21)

where h(z) is analytic in ¢/ and satisfies
h(0) =€ and |argh(z) |< Bn/2 (2 €U).

It can be checked that the function ¢(z) defined by

h(2)? = cos (g) q(z2) + isin (g) (z €U)

is a member of the class P. Suppose that
q2)=1+ciz+e?+.... (z€U).

By comparing coefficients in (21), we have

ko = 22
TG (L N 22
and . .

Bege™ (?)COS(Q)—i—gc%e 21(5)(:052(%) 1+%<Q+2)}
ks = _ 23
’ =2+ Bl (Bl — D %)

Similarly, we take
SV ar,bisq,w)f

D, (3 (an, by g ) ) = BALEE O] s (21)

w
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where h(w) is analytic in & and satisfies
H(0) =€ and |argh(w) |< Br/2 (w €U).

It can be checked that the function p(w) defined by:

h(w)? = cos <g> p(w) + isin <g> (w € U)

is a member of the class P. If
p(w) =1+ hLhw+lbw?+... (wel),

then again by comparing the coefficients in (24), we have the following

Bl e (%) cos(2
—ko = : (/B)m (25)
q[1=A+ 1+ g)A" 7
and o o
PR b 1] L R R
— k3 = - .
? (1= A+ [3gA™ ([8]g = )3
It is obvious from (22) and (25) that I; = —¢;. From (23) and (26), we get
A= m(02 +l2) ) (27)
21— A+ B (18]; — Dse @ cos(3)3
where
—1
5 3 - [1 + 55 g +2)
EH -+ (1 + a3 a3+ Bl (Bl — s
By applying the familiar inequalities | ¢o |< 2and |3 |[< 2, we get
2
lc1 < m\f (28)
VI= A Bl (18lg = 13 cos(§)0
and
B e | cos(F)
ko | = e (29)
=2+ @+ A" [ 72|
V2 cos(2
< ®) (30)

Tl At (1 QA" [ | A BT (Bl - Doscos(3)6
We next find a upper bound on | a3 |. For this we subtract (26) from (23) and get

Blye UH) cos() + 51%6721‘(%) cos2(%) 1+ %(q + 2)}

=2+ Bl (Blg — 1) *

k3 = 2k3 —
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5626_i(%) cos(%) + 56%6—21'(%) C082(%> 1+ %(q +2)

Now putting that ¢ = [ and ks values in above equation, we obtain

2%y =

Be~i(5) cos(§) [ Blea + 12)

L=+ Bl (Bl —Drs | 21— A+ (1 +gA"30 o l2)] -

By applying the familiar inequalities | c3 |< 2 and | l2 |< 2 we get

2B cos(3) [ B

| k3 |< L= A+ Bl (Blg— D3 | 21— A+ L+ N 26 1] '

(32)

The proof of Theorem 2 is thus completed.

3. Concluding Remarks

Remark 2. For the choice of the parameters, m = 0,7 =2, s = 1; a1 = by, a2 = q, and
by taking limit ¢ — 1~ in Theorem 1 and Theorem 2, we get the results obtained in [6].

Remark 3. For appropriate choice of the parameter in Theorem 1, we get the following
inequalities for a class of functions bi-starlike of order p (0 < p < 1).

kol < V20 —p)  and  [kal <201 p).

Remark 4. Similarly for the appropriate choice of the parameter in Theorem 1, we get the
following inequalities for a class of functions which are bi-convex of order p (0 < p < 1).

kol < V(1 —p) and |k < (1—p).
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