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Abstract. In this paper we provide the asymptotic theory of the general of ¢-divergences mea-
sures, which include the most common divergence measures : Rényi and Tsallis families and the
Kullback-Leibler measure. We are interested in divergence measures in the discrete case. One
sided and two-sided statistical tests are derived as well as symmetrized estimators. Almost sure
rates of convergence and asymptotic normality theorem are obtained in the general case, and next
particularized for the Rényi and Tsallis families and for the Kullback-Leibler measure as well. Our
theoretical results are validated by simulations.
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1. Introduction

1.1. Motivations

In this paper, we study the convergence of ¢p—divergence measure estimator for empirical
discrete probability distributions supported on a finite set.

Let throughout the following X = {c1,¢2, -+ , ¢} (r > 2) be a finite countable space. The
probability distributions on X are finite dimensional vectors p in

P(X) = {P:(pc)ceXichO, Vee X and chzl}.

ceX
A divergence measure on P(X) is a function

D: (P(X)? — R
(p,a) +— D(p,q)
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such that D(p,p) = 0 for any p such that (p,p) in the domain of application of D.

The function D is not necessarily a mapping. And if it is, it is not always symmetric
and it does neither have to be a metric. In lack of symmetry, the following more general
notation is more appropriate :

D . Pl(X)XPQ(X) — R (2)
(p,q) —  D(p,q),

where P;(X) and P2(X') are two families of probability distributions on &', not necessarily
the same. To better explain our concern, let us introduce some of the most celebrated
divergence measures.

Let (p,q) € P(X) x P(X) with X = {c1,¢2, -+ ,¢}, and let X and Y two randoms
variables such that

]P)(X:Cj) = pj, and P(Y:Cj) =gqj, J€ {17"' ,7’},

and set p = (pl,--- 7pr)t and q = ((J17 T 7q7’)t'

The four most popular divergence measures are :

(1) The L2-divergence measure :

r

D, (p,q) = Y _(pj — ¢;)°- (3)

j=1

(2) The family of Rényi’s divergence measures indexed by a # 1, @ > 0, known under the
name of Rényi-a :

Dra(p,q) = — log ij“q} “|. (4)

(3) The family of Tsallis divergence measures indexed by « # 1, a > 0, also known under
the name of Tsallis-« :

Dr.o(p, q) Zp?q} “-1]. (5)

(4) The Kullback-Leibler divergence measure

Dk1(p,q) Zp] log(p;/4j). (6)
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The latter, the Kullback-Leibler divergence measure, may be interpreted as a limit case
of both the Rényi’s family and the Tsallis’ one by letting o — 1. As well, for « near 1,
the Tsallis family D7 (p,q) may be seen as derived from Dg o(p,q) based on the first
order expansion of the logarithm function in the neighborhood of the unity. Here for ease
of notation we refer the notation log as the natural logarithm.

From this small sample of divergence measures, we may give the following remarks :

For both the Rényi and the Tsallis families, we may have computation problems. So
without loss of generality, suppose

p; >0 and ¢; >0, VjeD={1,2,---,r} (BD) (7)

If Assumption (7) holds, we do not have to worry about summation problems, especially
for Tsallis, Rényi and Kulback-Leibler measures, in the computations arising in estimation
theories. This explains why Assumption (7) is systematically used in a great number of
works in that topic, for example, in [20], [10], [8], and recently in [1] to cite a few.

It is clear from the very form of these divergence measures that we do not have symmetry,
unless for the special case where a = 1/2. So we define the following symmetric version

of divergence measures

D(p,q) + D(q,p)
5 ,

D¥)(p,q) =

provided that D(p, q) and D(q, p) are finite.

Both families are build on the following summation

Sa(p@) = Y _pfqj ™ with a#1, a>0.
jeb

Although we are focusing on the aforementioned divergence measures in this paper, it is
worth mentioning that there exist quite a few number of them. Let us cite for example the
ones named after : Ali-Silvey or f-divergence (see [6]), Cauchy-Schwarz, Jeffrey divergence
(see [5]), Chernoff (see [5]) , Jensen-Shannon (see [5]). According to [3], there is more than
a dozen of different divergence measures in the literature.

Before coming back to our divergence measures estimation of interest, we want to high-
light some important applications of them. Indeed, divergence has proven to be useful in

applications. Let us cite a few of them :

(a) They heavily intervene in information theory and recently in machine learning.
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(b) They have been used as similarity measures in image registration or multimedia clas-
sification (see [17]).

(c) They are also used as loss functions in evaluating and optimizing the performance of
density estimation methods (see [8]).

(d) Divergence estimates can also be used to determine sample sizes required to achieve
given performance levels in hypothesis testing.

(e) There has been a growing interest in applying divergence to various fields of science
and engineering for the purpose of estimation, classification, etc. (See [2] and [13]).

(f) Divergence also plays a central role in the frame of large deviations results including
the asymptotic rate of decrease of error probability in binary hypothesis testing problems.

(g) The estimation of divergence between the samples drawn from unknown distributions
gauges the distance between those distributions. Divergence estimates can then be used
in clustering and in particular for deciding whether the samples come from the same dis-
tribution by comparing the estimate to a threshold.

(h) Divergence gauges how differently two random variables are distributed and it provides
a useful measure of discrepancy between distributions.

The reader may find more applications and descriptions in the following papers : [11], [7],
18], [9], [17], and [15].

In the next subsection, we describe the frame in which we place the estimation problems
we deal in this paper.

1.2. Statistical Estimations

The divergence measures may be applied to two statistical problems among others.

(A) First, it may be used as a fitting problem as described here. Let Xj, X5, -+ a sample
of replications of X with an unknown probability distribution p and we want to test the
hypothesis that p is equal to a known and fixed probability py. Theoretically, we can
answer this question by estimating a divergence measure D(p, py) by a plug-in estimator
D(p,,, p) where, for each n > 1, p is replaced by an estimator p,, of the probability law,
which is based on sample X1, X, ..., X,,, to be precised.

From there establishing an asymptotic theory of A,, = D(p,,, Pg) — D(p, Py) is thought to
be necessary to conclude.
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(B) Next, it may be used as tool of comparing for two distributions. We may have two
samples and wonder whether they come from the same probability distribution. Here, we
also may two different cases.

(B1) In the first, we have two independent samples X7, Xo, .... and Y7, Y5, .... respectively
from a random variable X and Y according the probability distributions p and q. Here
the estimated divergence D(p,,, q,,), where n and m are the sizes of the available samples,
is the natural estimator of D(p, q) on which depends the statistical test of the hypothesis

(B2) But the data may also be paired (X,Y), (X1, Y1), (X2,Y2),..., that is X; and Y; are
measurements of the same case ¢ = 1,2, ... In such a situation, testing the equality of the
margins py = py should be based on an estimator ﬁg?)y of the joint probability law of

the couple (X,Y) based of the paired observations (X;,Y;), i =1,2,...,n.

We did not encounter the approach (B2) in the literature. In the (B1) approach, almost
all the papers used the same sample size, at the exception of [19], for the double-size
estimation problem. In our view, the study case should rely on the available data so that
using the same sample size may lead to a loss of information. To apply their method,
one should take the minimum of the two sizes and then loose information. We suggest
to come back to a general case and then study the asymptotic theory of D(p,,, q,,) based
on samples X1, Xo,.., X,,. and Y7,Ys,....Y,,. In this paper, we will systematically use
arbitrary samples sizes.

1.3. Previous work

In the context of the situation (B1), there are several papers dealing with the estimation
of the divergence measures. As we are concerned in this paper by the weak laws of the
estimators, our review on that problematic did not return significant things. Instead, the
literature presented us many kinds of results on almost-sure efficiency of the estimation,
with rates of convergences and laws of the iterated logarithm, LP (p = 1,2) convergences,
etc. To be precise, [4] used recent techniques based on functional empirical process to pro-
vide a series of interesting rates of convergence of the estimators in the case of one-sided
approach for the class de Rényi, Tsallis, Kullback-Leibler to cite a few. Unfortunately, the
authors did not address the problem of integrability, taking that the divergence measures
are finite. Although the results should be correct under the boundedness assumption (7)
(BD) we described earlier, a new formulation in that frame would be welcome. In the
context of the situation (B1), we may cite first the works of [20] and [10]. They both used
divergence measures based on probability density functions and concentrated of Rényi-c,
Tsallis-ae and Kullback-Leibler.

Specifically, [10] defined Reyni and Tsallis estimators by correcting the plug-in estimator
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and established that, as long as Dr(p,q) > ¢ and Dro(p,q) > ¢, for some constant
¢ > 0, then

~ o~ _ __3s
E |Dra(Pn.dyn) — Pra(p,q)| < c (n V2 4 n 23“)
and
~ o~ _ _ _3s
E ‘DT,a(pna qn) - DT,a(pa q)| S C (TL 1/2 +n 28+d) .

[19] used a k—nearest-neighbor approach to prove that if | — 1| < k, (a # 1) then

lim E[Dro(Pps ) — Dra(pq)]* =0

n,Mm—00

and

lim E (DR,a(ﬁna am)) = DR,a(pa q)

7,1M—+00

There has been recent interest in deriving convergence rates for divergence estimators (see
[16] and [10]). The rates are typically derived in terms of smoothness s of the densities.

Similarly, [21] showed that when s > d a k-nearest-neighbor style estimator achieves rate
n~=2/? (in absolute error) ignoring logarithmic factors. In a follow up work, the authors
improved this result to O(n_l/ 2) using an ensemble of weak estimators, but they require
s > d orders of smoothness.

[20] provided an estimator for Rényi—a divergences as well as general density functionals
that uses a mirror image kernel density estimator. They obtained exponential inequalities
for the deviation of the estimators from the true value.

[12] studied an e—nearest neighbor estimator for the Lo—divergence that enjoys the same
rate of convergence as the projection-based estimator of [10].

1.4. Main contributions

Our main contribution may be summarized as follows : for data sampled from one or two
unknown random variables, we derive almost sure convergency and central limit theorems
for empirical ¢— divergences. We will focus on divergence measures between discrete prob-
ability distribution. As well, our results applied to the approaches (A) and (B1) defined
above. As a consequence, we estimate divergence measures by their plug-in counterparts,
meaning that we replace the probability mass function (p.m.f.) in the expression of the
divergence measure by a nonparametric estimator of the p.m.f.

We also wish to get first general laws for an arbitrary functional of the form

J(p,a) =Y 6(ps,a), (8)

j€D
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where ¢ : (0,1)2 — R is a twice continously differentiable function. The results on the
functional J(p, q), which is also known under the name of ¢-divergence, will lead to those
on the particular cases of the Tsallis, Rényi, and Kullback-Leibler measures.

1.5. Overview of the paper

The rest of the paper is organized as follows. In SECTION 2, we define estimators of the
p.m.f.’s p; and g; based on two i.i.d. samples according respectively to p and to q. These
ones allow us to define the empirical ¢—divergences. In SECTION 3, we will give our full
results for functional J(p,q) both one sided and two-sided approaches. In Section 4, we
will particularize the results for specific measures we already described. In SECTION 5 we
present some simulations confirming our results. Finally in SECTION 6, we conclude.

2. Empirical ¢— divergence

2.1. Notations and main results

Before we state the main results we need a few definitions. Let X and Y two randoms
variables defined on the probability distributions (X, A,P) with X = {¢1,¢2, -+ , ¢} and
P = (pj)i<j<r and q = (gj)1<j<, two discrete probability distributions on X such that,
for any j € D

pj =P(X =¢;) and ¢; =P(Y =¢;).

We suppose that (7) is satisfied that is Vj € D, p; >0 and ¢; > 0.
Define the empirical probability distribution generated by i.i.d. random variables X1, --- , X,
from the probability distribution p as

. : 1 ¢
pn = (ﬁSL)CGXu Where ﬁlj = E Z 1Cj (X’L) (9)
i=1

1if X;=¢
where 1.,(X;) = {0 i)the;vvisgj for any j € D.

d,, is defined in the same way by Y3, -+ ,Y;, g q that is

. 1
Q= (avcn)CEXa where 6767% = E Z 1Cj (YZ) (10)
i=1

For a given j € D, this empirical estimator p,; of pj is strongly consistent and asymptot-
ically normal. Precisely, when n tends to infinity,

pi —pj =30 (11)
; D
Va(be —pj) = Zp,, (12)
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d
where Z,. ~ N(0,p;(1 — pj)).

5, D o
We denote by =% the almost sure convergence and ~> the convergence in distribution.

The notation <~ denote the equality in distribution.
These asymptotic properties derive from the law of large numbers and central limit theo-
rem.

For sake of simplicity, we introduce the two following notations :
A;iz:]/;?alj_pjv Agin:é\f?%_ij VjED,

an = sup|Ag |, b= sup |AZ |, and ¢ = max(an, by)- (13)

jeD jeD

For any j € D, set

5n(p;) = \/n/piAp, and 6(g;) = \/m/q; A,

We recall that, since for a fixed j € D, np,’ has a binomial distribution with parameters
n and success probability p;, we have

, v (1 — p.

B (5) = p; and V) = 20,

Furthermore, by the strong law of large numbers, we know that
Ay 230, as n— +oo,

for a fixed j € D.

And finally, by the asymptotic Gaussian limit of the multinomial law (see for example
Chapter 1, Section 4 in [14]), we have

<5n(pj), S D> 2 Z(p) EJN(O,ZP), as n — 400, (14)
and <6m(qj), Jje D)) 2 Z(q) £ N(0,2q), as m — +oo, (15)

where Z(p) = (Zp;,j € D)' and Z(q) = (Z,;,j € D)" are two independent centered
Gaussian random vectors of dimension r having respectively the following elements :

(S = (1= )b — pipi(1 — 6), (i,j) € D’ (16)
(EQ)(i,j) = (1= ¢5)dij — vaig;j(1 = 6i5), (i,J) € D?, (17)



Ba A.D., Lo G.S. / Eur. J. Pure Appl. Math, 12 (3) (2019), 790-820 798

1 for i=j

where 0ij = {0 for i# j

For a fixed j € D, we have also

~Cj ~Cj i(1—gqj cj a.s,
E (qn{) =qj, V(gm)= u, and Ag, =0, as m — +oo.
m

2.2. ¢-divergence measure
Definition 1. The ¢-divergence between the two probability distributions p and q is given
by
Q) => b q) (18)
j€D

where ¢ : [0,1]2 — R is a measurable function having continuous second order partial
derivatives.

The results on the functional J(p,q) will lead to those on the particular cases of the
Tsallis, Rényi, and Kullback-Leibler measures.

Based on (9) and (10), we will use the following empirical ¢-divergences :

pnv Z¢pnaQJ pqm Z¢pgan
jeD jeD
and T(Brs ) = >, 0(Pri » G-
JjED
Denote
I g 9%
61 (s,1) = F(s0), 0 (5.0) = So(s,0), 91 (s.0) = S5 (s,0),
2 2
0°¢ 0°¢
and 97 (s.1) = Ta(st) () = 0(s.0) = 5 (s.0)
Set
Arp = Z |¢1 p]an Az g = Z ’(b pj?Q] (19)
jeb jeD
Asg = 16 (z.p), and Asy = |68 (g, p5)]. (20)

jeD jeD
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3. Statements of the main results

3.1. Main results
Here are our main results. The first concerns the almost sure efficiency of the estimators.

Theorem 1. Let p and q two probability distributions and p,, and g, be generated by
1.0.d. samples X1,--- , X, and Y1,---,Y,, according respectively to p and q and given by
(9) and (10), the assumption (7) be satisfied. Then the following asymptotic results hold.

(a) One sample

|J(Pn: @) — (P, 9)|

lim sup <Ay, as., (21)
n——+o0 an

J(p,q,)—J
hmsup\ (P, @y) — J(p. 9| < Aoy, as. (22)
m——+00 bm

(b) Two samples :

(n,m)—(+00,+00) Cn,m

< Al,p + A27q a.s., (23)

where an, by, and cnm are as in (13) and Ay p and As g as in (19).

Proof. In the proof, we will systematically use the mean values theorem. In the mul-
tivariate handling, we prefer to use the Taylor-Lagrange-Cauchy as stated in [22], page 230.

For a fixed j € D, we have

oD q;) = o(pj+ Ap..qj) (24)
= B(pja) + A2 (0 + 01505, q5),

by applying the mean value theorem to the function (.) — ¢((.), g;) and where 6 ; is some
number lying between 0 and 1. In the sequel, any 6; j, i = 1,2, --- satisfies |6; ;| < 1.

By applying again the mean values theorem to the function (.) — qbgl)((.), q;), we have
1 ; 1 (2 ;
D+ 013850 = 6 07,05) + 01,8568 (0 + 02,85, 47)-
We can write (24) as
67, a5) = Spj.a) + Afey (9, a5) + 015 (AF)267) () + 02507, 45).
Now we have, by summation over j € D,

J(Bna) —J(poa) = > A7 (05,45
JjeD
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+ 3 008526 (0 + 02,87, 0), (25)
jeD
hence
B — I )| < and 16 0] + a2 Y 68 (o) + 62,000, 05)]-
jeD jeD
Therefore I®B..q) — J(p.q)
pn7 q) — P,q 2 Cci
a SAI,p"‘“‘ﬂZW&)(pj+92,jAp]mCIj)’;
" jeD
and then I J
limsup’ (pnaq) - (paq) S Al,p7

n—oo an
since Ay, < 00, ap 250, and
2 i 2
S 167 () + 02585, a5)] = Y 16 (0, 4)] <00 as m - oo
jED jeD

This proves (21).

Formula (22) is obtained in a similar way. We only need to adapt the result concerning
the first coordinate to the second.

The proof of (23) comes by splitting Z]ED ((;5(;5?{, am) — 6(p;, qj)), into the following two
terms

> (¢@7,@h) — s a) = D (6B @m) — ¢(p5, )
j€D jE€D

+ > (¢(p), @) — ¢ 4)))
jeD
In,l + In,2~

We already know how to handle I, 2. As to I, 1, we may still use the Taylor-Lagrange-
Cauchy formula since we have, for a fixed j € D,

1B @) = 05, @m)|| o = |B7 = 3), 0|, = an — 0.

By the Taylor-Lagrange-Cauchy (see [22], page 230), we have
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Ing = ) ARO@7 +6;07,,Gm)

jeD
jeD

= an(A1 +o(1)).

From there, the combination of these remarks directs to the result.

The second main result concerns the asymptotic normality of the estimators.

Let

801

Vitp.a) = > pi(L—p) (@ i a))? =2 > pipsol (vi, a0)91" (s, 4)(26)

Jjep (i,§)€D?, i#j
and

Vapa) =Y g1 —a)@ mna))? =2 > a6l (vi,a0) 88 (v, 45)(27)

jep (i.)eD?, i#j

Theorem 2. Under the same assumptions as in Theorem 1, the following central limit

theorems hold.

(a) One sample : as n — +o0,

V(I (B, @) — T(p, @) 2 N (0,Vi(p, q),

Vin(J(p.G,) = T(p.a) % N (0.Va(p. 0)).
(b) Two samples : for (n,m) — (4+00,4+00) and nm/(n+m) — v € (0,1),

nm

(mVl(p, q) +nVa

Proof. Let us prove (28). By going back to (25), we have

V(B ) — J(p.@) = > /Bionp) et (9 q5) + VARin

jeD

where )
Rin =Y 00;(A0)%07 () + 0207,.45)-
jeD

1/2 o N
(P, q)) (J(Pn> @) — J(p, @) ~ N (0,1).

(30)
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Now using Formula (14) above, we get,

D
> Vi8a(0)91 (9 a7) 2 > S (0, 4)/B7 Zpy 85 10— +o00

j€D je€D
which follows a centered normal law of variance Vi (p, q) :

Vi) =Y -0 i a)? =2 Y. ey 0 a)ét (07, )

jeD (i,§)€D2, i#]

since

1
VS oV avmize, | = DV v, 0)VEi Zp,)
Jj€D Jj€ED
+ 2 Z COV( gl)(piaQi)\/ﬁzpmqbgl)(pja(IJ)\/szZPj)
(i.§)€D?, ij
1
= 3 01" (07, 9)*V(Z,)
jeD
+ 2 Z \/pz'pj¢>§1)(pz‘7Qz‘)¢(11)(pjan)COV(Zpuij)
(i.§)€D?, ij
= S i) @ (). 4))?
jeD
-2 > it )8V (), 0p).
(i.§)ED2, i#]

Finally, the proof will be complete if we show that /nR; , converges, in probability, to
zero, as n tends to infinity. We have

ViR < Va2 Y (68 (o) + 02505, 45)]. (31)

jeD

Let show that

Vnai = op(1).

By the Bienaymé-Tchebychev inequality, we have, for any ¢ > 0 and for j € D,

¢ 2 gy Ve pi(1—pj)
P(v/n(pi —pj)*>e€) =P (\pnj —pjl > n1/4) ST an

which implies that y/na? converges in probability to 0 as n — +oo.
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Finally from (31) we have /nR; , % 0 as n — +00 which implies

~ D
\/ﬁ(‘](pna q) - J(paq)) ~ N(O7 Vl(p7q)) , as n — +oo.
This ends the proof of (28).

803

The result (29) is obtained by a symmetry argument by swapping the roles of p and q.

Now, it remains to prove Formula (30) of the theorem. Let us use bi-variate Taylor-

Lagrange-Cauchy formula to get,

J(ﬁnaam) - ZA ¢1 p]7q] +ZA p]7q])
JjeD jeD
= Z( "+ A AT+ (AT 6P
]ED
where

(', vn') = (pj + 08, ¢ +0;7,)-

Thus we get

JPnsGm) —J(Pa) = —=Nu(p) + 7=Nm(q) + Rum,

1
Jm

El

where

D

jeD jeD

Z\/@(s q; ¢2 p]7QJ Z¢ p]:Q] q]7 as m — +009,

j€D jeD

and R, ,, is given by

Z( ) 1 A% A6 + (A >¢2>(n,v2§>

]ED

First, we have that N, (p) and N,,(p) are independents and hence

Na(p) © N (0,Vi(p,q)) and Ny(q) <N (0, Va(p,q)).

Therefore

Cq Cjq
><un%vn%>,

fZ\/ZTy5 P ¢1 (pjaQJ \/—Z\/(E(S q; ¢2 (pj,q]) = _/\/'(0’

j€D je€D
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+ ! + !
O — O — ] .
¥ LD P\ ym

Thus

I~ Iy = N (0 2B B0 o () o () 4R,

Next, we have

1 1 1
Jﬁnnam _‘]paq :Novl + o =
\/Vi(p,q) + Va(p,q) (e ) ( ) .1 v \/ﬁ\/VI(PQ) + Va(p,a)
+ o 1 !
v Vm \/V1(p,Q) + Va(p,9)
1
+ Rym
\/V1(p,Q) + Va(p,q)

That leads to

nm
mVi(p,q) +nVa(p,q

nm
)+ nVa(p,q)

n,m;

(B, 8,) — T(p.a) = N@JHWMD+¢m%@A

since m/(mVi(p,q) + nVa(p,q)) and m/(nVi(p,q) + nVa(p,q)) are bounded, and then

1 1 m
O — = O = op(1 y
"\ Vo \/w(p,q) AT IP<\/mV1(p,q)+nV2(p,q)> p(1)
and
0 ! ! = o <\/ n ) = op(1)
“\vm \/vl(p,q) AT "\ mVi(p,q) + nVa(p,q) e

It remains to prove that = op(1). But we have, by the continuity

nm Rn m
mVi(p,a)+nVa(p,a) "™

assumptions on ¢ and on its partial derivatives and by the uniform converges of A;{L and
Ay, to zero, that

nm
an S
‘\/mVl(p, q) +nVa(p,q) ‘
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1 2 : @ . =
5 \/EG%(]ED ¢1 (p]7QJ> + 0(1)) ( mvl(p7Q) + nVQ(p7q)>
Ut (5 6 (pyo) + 0 -
1 n
+ 3 Vb E ¢ (pj» gj) + o(1)) ( mVi(p,q) +nV2(p,Q)> .

j€D

As previously, we have y/na2 = op(1), /mb?, = op(1) and /nam,b, = op(1).

From there, the conclusion is immediate.

2. Direct extensions

Quite a few number of divergence measures are not symmetric. Among these non-
symmetric measures are some of the most interesting ones. For such measures, estimators
of the form J(p,,q), J(p,q,,) and J(p,,q,,) are not equal to J(q,p,), J(Q,,, p) and
J(4,,, Py,) respectively.

In one-sided tests, we have to decide whether the hypothesis p = q, for q known and fixed,
is true based on data from p. In such a case, we may use one of the statistics J(p,,, q)
or J(q,p,,) to perform the tests. We may have information that allows us to prefer one
of them. If not, it is better to use both of them, upon the finiteness of both J(p,q) and
J(q,p), in a symmetrized form as

T (p.q) = J(p,q) ;r J(a,p)

The same situation applies when we face double-side tests, i.e., testing p = q from data
generated by p et q.

(32)

Asymptotic a.e. efficiency.
Theorem 3. Under the same assumptions as in Theorem 1, the following hold.

(a) One sample :

JE (. q) — JO)(p, 1
lim sup 7@, 0 (p q)‘ —(A1p+ Ay, ae., (33)
n—+o0 (279} 2

JE(p,g,) — JO)(p,
lim sup 7P 4n) (p q)‘ = (Ag ¢+ Asq) a.e., (34)
n——+00 bn 2
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(b) Two samples :

IO B 8) — T (2. 0)] _ 1
-2

lim sup (A1p+ Azg + Az g + Asyp), ae.

(n,m)—(+00,+00) Cn,m

(35)

Proof. The proof is established by considering the following equalities and by using
Theorem 1

JOB,0) =IO 0,a) = 3 (I(Ba)—J(B.a) +5 (@ B,) ~ J(ap)), (36)
TO0,8,) = T (0, @) = 3 (J(.G,) = J(p,@) + 3 (J@,p) — T(@,p)), (37)
TOB,8,) ~ T P.a) = 5 (T Gu) — T(0.) + 5 (T(@rP) — () (39)

Asymptotic Normality.

In addition to Vi(p,q) and Va(p,q) defined in (26) and (27), denote

ipa) = > ai(t—a)@@e)? -2 > aqet” (a.00)e8 (45.p5).(39)

jED (i,j)€D2?, i#j
Vipoa) = Y pi(L—p)(s (gpi)? =2 Y. pipsot (4 pi) ot (a5, p5)(40)
JjeD (1,)€D?, i#j

and finally

Via(p,q) = i(Vl(p,q) +Va(p,q)) and Vas3(p,q) = i(Vz(p,q) + V3(p,q))-

We have
Theorem 4. Under the same assumptions as in Theorem 1, the following hold.

(a) One sample : as n — 400,

\/,E(J(S) P, @) — J®) (p, q)) 2 N(0,V1.4(p, q)), (41)

V(19,2 - 7. ) ) 2 N0 Vsl ). (42)
(b) Two samples : for (n,m) — (+o0,+00) and nm/(n+m) — v € (0,1),

( nm
mV1:4(p7 q) + nV2:3

1/2
) 5y 7(s) D
(p,q)) ('] (Pns @) — 7 (p,q)) N(,1).  (43)
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Proof. The proof follows directly by using equalities (36), (37), and (38) above and

Theorem 2.

Remark : We have just seen that Theorems 3 and 4 are direct consequences of the main
Theorems 1 and 2. The same will be true for the following Corollaries concerning the
particular cases which proofs will be omitted.

4. Particular Cases

4.1. Rényi and Tsallis families

These two families are expressed through the summation

Sa(pra) = > pia ™" a>0, a#l, (44)
jeD

which is of the form of ¢p—divergence measure with

¢($,y) - xay17a7 (l’,y) S {(pj7Qj)a JE D}

A-(a)- The asymptotic behavior of the Tsallis divergence measure.

Denote

(6% oa— a
ATa1 = a—1] Z (pj/aj) ' and AT a2 = Z (pi/a;)" -
JjED jeD

We have

Corollary 1. Under the same assumptions as in Theorem 1, and for any o > 0, a # 1,

the following hold.

(a) One sample :

’DT,(X (ﬁna q) - DT7(X(p7 q)’

lim sup < Aran a.s.,
n—+oo (79

D ,q,)—D ,
lim sup Pro(p. 4,) To(P, 9)| <Ara2 a.s.
n—+00 bn

(b) Two samples :

D1,0(Pys @) — D
lim sup P10 (Pp: ) 7,0(P; )

(n,m)%(+oo,+oo) Cn7m

<Aran +Ara2 a.s.
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Denote

VT,oe,l(pa q) = <

) (ij —pi)(pi/a;)%*

jeD

-2 (pipj)“(qz-qj)“_1>

(i-)ED?, i#]

and Viaa(pa) = Y q(1—q)0i/e)* =2 Y. (rp)*(aq;) "
j€D (i.5)eD?, i#j

We have

Corollary 2. Under the same assumptions as in Theorem 1, and for any o >0, o # 1,
the following hold.

(a) One sample : as n — 400,

Vi (Dr.a(Ps @) — Pra(p, ) 2 N0, Viai(p, @),

Vi (Dr.a(p.8,) = Dra(p. @) 2 N (0. Vraz2(p. ).
(b) Two samples : for (n,m) — (4+00,4+00) and nm/(n+m) — v € (0,1),

nm

<nVT,0¢,2 (pu q) + mVT,a,l

1/2 o R
(p, q)) (Dr.0(Pn @) — Pralp, @) ~ N(0,1).

As to the symmetrized form

Dro(p,a) + Dra(a,p
DY) (p,q) = 2 )2 (D P)

we need the supplementaries notations :

o oa— [e%
Aras = WZ(Qj/pj) Y Araa = (ai/p)",
jeD

jeD

Vras(p,q) = < - > Sl —g)a/p)* =2 > (qig)” “(pip)* !

a—1 . .
JeD (i,9)ED?, i#j

and Vraa(pa) = Y pi(l=p)(a/p)** =2 > (pips)" *(qig))™
jeD (i,))€D?, ij

We have
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Corollary 3. Under the same assumptions as in Theorem 1, and for any o > 0, «a # 1,
the following hold.

(a) One sample :

DY) (B,,9) — DY) (p, g
limsup‘ T,a( n )a T,a( )‘ < (AT,oz,l +AT,CX,4) /2 =: Agf,)a,l a.s,
n—-+4oo mn
. DY) (p,@,) — DY (p, q)| e
im sup by < (Afaz+ Arag) /2= A, 5 @

(b) Two samples :

D), (B @) — DA (P, @)

lim sup SAgf)al—i-Agf)aQ a.s.
(n,m)—(+00,+00) Cn,m Y
Denote
Vra14(P:d) = Viai(p,a) + Vraa(p,q)
and Vra23(P,d) = Viae20p,q)+ Vras(p,q).
We have

Corollary 4. Under the same assumptions as in Theorem 1, and for any o >0, a # 1,
the following hold.

(a) One sample : as n — +0o0,

\/>(D( ) (pn7 q) D;L(pa q)) a N(O, VT,a,1:4(p7 q))7

Vi (D)2.3) - D 3. 0)) 2 VOV

(b) Two samples : for (n,m) — (4+00,400) and nm/(n+m) — v € (0,1),

1/2
nm &) o~ ) -

D ns 9m/) D ) > N 0, 1).

<mVT,a71:4 (p: Q) + nVT,a,2:3(p, q)) < T,a (p q ) T, (p Q)> ( )

A-(b)- The asymptotic behavior of the Rényi-a divergence measure.

The treatment of the asymptotic behavior of the Rényi-a, a > 0, o # 1 is obtained from
Part (A)-(a) by expansions and by the application of the delta method.

We first remark that

Dpra(p,q) = 7108 (Sa(p,a)) -
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Corollary 5. Under the same assumptions as in Theorem 1, and for any o > 0, « # 1,
the following hold.

(a) One sample :
‘DR,a(ﬁna q) - DR,a(pv q)| < AT,a,l

lim sup < = ARa1 @.S.,
n—+o00 Qp Sa(pa (I)

D q.)—D A
hmsup\ Ra(P;4n) — Pra(p, 9)| < Ataz oy
n——+0o00 bn Sa(pv Q)

(b) Two samples :

DRo(Pn> @) — D
lim sup [Pr.a(Pn: @) Ra(P, 9)|

< AR,a,l + AR,a,2 a.s.
(n,m)—(+00,+00) En,m

Denote
Vra1(p,q) Vr,a2(P,q)
VRa1(P,q) = “S2(p.q) and Vg 2(p,d) = “S2(p.q)
We have

Corollary 6. Under the same assumptions as in Theorem 1, and for any o >0, a # 1,
the following hold

(a) One sample : as n — +00,

ﬁ(DR,a@n, 0 — Dralp, q>) 2 N0, Vet (P, 9)).

ﬁ(DR,a<p, ) - Dra(p, q>> 2 N0, Viera(ps 0).

(b) Two samples : for (n,m) — (+o0,+00) and nm/(n+m) — v € (0,1),

1/2
nm A >

D ny dm -D a\V» M"N 0,1 .
<nVR,a,2(p, Q) + MVR a1 (p, q)> < R.o(Pns dm) — Pra(p q)) (0,1)

As to the symmetrized form

S D @ ’ -D ,Q )
DY) (p,q) — 2F: (P,a) — Dr,a(q, P)

e 2 ’
we need the supplementary notations :
ATa 3 ATa 4
AR 3 = — AR, ’4:%
“ Su(p,q) “ Sa(p,a)
VIa3(P,q) VTa,4(P,q)
VRo3(Pq) = 5~ and VeRau(p,d) = —5— ="
: S2(p,q) ¢ S2(p,q)
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Corollary 7. Under the same assumptions as in Theorem 1, and for any o > 0, o # 1,
the following hold.

(a) One sample :

D), (B @) — Dl (P, 9)|

lim sup < (ARa1 +ARa4)/2 = Ag)a o a.s.,
n—-+o0o Qan T

DY) (p,4,) — D} (p, g
lim sup | R,CM( )CL R7a( )’ < (AR,C!,Q + AR,CX,3)/2 it Ag)a 2; @.S.
n—-+oo n sy

(b) Two samples :

D), (B @) — Dl (. q)|

lim sup < Ag)a 1+ Ag)a 9 Q.5
(n,m)—(400,+00) Cn,m Y ’7
Denote
VRa,1:4(P:4) = VRa1(P;q) + VR a(p,q)
and VR,a,2:3(p7 CI) = VR,a,Q (p7 q) + VR,a,3 (p7 q)'
We have

Corollary 8. Under the same assumptions as in Theorem 1, and for any o > 0, « # 1,
the following hold.

(a) One sample : as n — +o0,
S -~ S D
ﬁ(@ggwn, q) — D) (p, q>> B N, Vraa(p, @),
s ~ s D
NG <D;,L<p, 4,) — D) (p, q>> 2 N0, Vra2a(p, a)-

(b) Two samples : as (n,m) — (+00, +00) and nm/(n+m) — v € (0,1),

1/2
nm (8) (o = (s) D
D > m) — DR o (D ~ N(0,1).
(nVR,a,2;3(p, q) + mVR.a1.4(P, q)> ( ko (Pny@m) = PRo(P q)) (0,1)

B - Kulback-Leibler Measure

Here we have

Drr(p.a) =Y 6(pj,4));
jeD
where
o(z,y) = zlog(z/y), (z,y) € {(pj.q;), j € D}.
We have
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Corollary 9. Under the same assumptions as in Theorem 1, the following hold.

(a) One sample :

. D An) -D )
lim sup Px1(Pn: 9) xL(p. 9| < Z 11+ log(pj/q;)| = Akra(p, @), a.s.,

n—+o0o an jeD

. Dri1(p; q,) — Prr(p, q

hmsup| ( ")b (P, 9) < E (pj/a;) = Axr2(p, q), a.s.
n—-+oo n jeD

(b) Two samples :

D p 7Am -D ’
| KL(pn q ) KL(p Q)’ SAKL,I(p7 q>+AKL,2(p> q)> a.s.

lim sup
(n,m)—(400,+00) Cn,m
Denote
Vira(p,a) = Y pi(1—p;) (1+]log(p;/q;))
jeD
=2 > pipy(1+log(pi/ai)(1 + log(p;/a;))
(i,7)ED?, i#j
and Viro(p,a) = > a(1—-ag)pi/g)’ -2 >, pipj
jeD (i,§)ED?, i#j
We have

Corollary 10. Under the same assumptions as in Theorem 1, the following hold.

(a) One sample : as n — +00

V1 (Dkr(Pn: @) — Drr(p, q)) 2 N(0,Vkr.1(p, q)),
v (Dkr(p, @) — Prr(p, @) 2 N(0, Vicro(p, 9)).

(b) Two samples : as (n,m) — (+00, +00) and nm/(n+m) — v € (0,1),

nm 1/2 - N
D An’Am -D ) ~r 0,1 .
<nVKL,2(p, q) + mVir1(p, q)> (PrL(Pn> Gn) — PrL(p: @) (0,1)

As to the symmetrized form

s Dkr(p,aq) + Dkr(q,p
DY) (p,q) = ( )2 ( ),
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we need the supplementary notations :

Agrs(p.a) = > [1+log(g/pj)l, Axra®,a) =Y 4i/p;
jeD jeD

Virs(pa) = Y q(1—q)(1+1log(g;/p;))’
jeD

2 > qigi(1 +1og(gi/pi)) (1 +log(g;/p))),
(i)€D2, i)

and Vira(pa) = Y pi(l—p)g/p)* =2 > ag;
jeb (i,J)ED?, i#j

We have
Corollary 11. Under the same assumptions as in Theorem 1, the following hold.

(a) One sample :

D), (B, @) — DY) (9, @)

1i§48rul) - < (Axri(p, @) + Ak a(p, q)/2 = KL 1(pq), as.,
(s) ~ (S)
. D b mn b)
hgﬁllp' L(p. g )b DP9 < (Axr2(p,q) + Ak 3(p, q)/2 = KL »(p, @), as.
(b) Two samples :
D(S) =~ _ D(S) s s
limsup | KL(pTL’qm) KL(p7 q)’ S ‘Ag()Ll(p7 q)_'_A%)LQ(p? q)) a.s.
(n,m)—(400,+00) Cn,m ’ ’
Denote
Vikr14(p,d) = Viri(p,q)+ Vira(p,q),
Vikr23(p,d) = Vikra2(p,q)+ Vkrs(p,q).
We have

Corollary 12. Under the same assumptions as in Theorem 1, the following hold.

(a) One sample : as n — 400,
Vi (D) B0 = DL 3. @) ) B N0 Vicwa(p. )

N(0,Vkr23(p, q).

9

ﬂ(Dﬁ?L(pﬁn) D) (p, >)
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(b) Two samples : for (n,m) — (+00,4+00) and nm/(n+m) — v € (0,1),

1/2
nm o) © -

D ny dm -D ) ~ N 0,1 .

(mVKL,1:4(P, q) + nVkr.23(p, Q)> ( w2 (Pn> @) kL Q)> (0,1)

5. Simulations

To assess the performance of ours estimators, we present a simulation study on a finite
sample. For simplicity, in our experiments we consider tree outcomes for the randoms
variables X and Y, c1, co, c3 with respectives p.m.f.’s p1, po, p3 and g1, qo, g3.

Our aim is to compare the performance of the divergences measures estimators as well as
their symmetrized forms with one or two samples when sample sizes increase.

Suppose that p; = 0.4, ps = 0.25, p3 = 0.35 and ¢; = 0.27, ¢o = 0.32, g3 = 0.41.

We set first @ = 0.99 since

lim DT,a (p7 q) = lim DR,O& (p7 q) = DKL (pa q)
a—1 a—1
and second o = 0.5 since

Dros(p,q) = Dros(q,p) and  Dros(p,d) = Dros(q,p)-

True and the symmetrized form of our interest divergence measures are then
Drog9(p,q) ~ 0.03969, D;)O_gg(p, q) ~ 0.03854, Dro.99(pP,q) ~ 0.03970,
Dihgo(Pa) ~ 003854, Dxr(p,q)~0.04012, and D) (p,q) ~ 0.03893.

Dros(p,q) ~ 0.01951452.

In each FIGURES 1, 2, 3, 4, 5, 6, 7, and 8, left panels represent the plots of divergence mea-
sure estimator, built from sample sizes of n = 100, 200, - - - , 30000, and the true divergence
measure (represented by horizontal black line). The middle panels show the histograms of
the data and where the red line represents the plots of the theoretical normal distribution
calculated from the same mean and the same standard deviation of the data. The right
panels concern the Q-Q plot of the data which display the observed values against normally
distributed data (represented by the red line). We see that the underlying distribution of
the data is normal since the points fall along a straight line.

6. Conclusion

This paper joins a growing body of literature on estimating divergence measures in the
discrete case and on finite sets. We adopted the plug-in method and we derived almost sure
rates of convergence and asymptotic normality of the most common divergence measures
in one sample, two samples as well as symmetrical form of divergence measures, all this,
by means of the functional ¢—divergence measure.
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Figure 1 displays the performances of the Stallis divergence

DT,a (ﬁn) q)v DT,a (p) am)a and DT,a(ﬁrm am)

815

estimators of order oo = 0.99,

Histogram Normal Q-Q Plot
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- E
T o1 H 2
& e TR IR o o i 2 o 2
£ °q ikl 4 e L H
= T T T T T B T T d T T T T T T T
0 5000 10000 15000 20000 25000 = -2 2 -3 2 1 o 1 2 -
samples sizes n Dr(pn. @) Observed values
Histogram Normal Q-Q Plot
= =
i z o
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2
] ER
E
1 3.
T T T T T T T T T T T ‘ T T T T T T T
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Histogram Normal Q-Q Plot
B 3 o =
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2 Ll 5 o 5 i
£ °q 0 5 © 1]
s %3 & =
=1 o I T
T T T T - T T T T T T ' T T T T T T T
0 5000 10000 15000 20000 25000 30000 35000 3 2 -1 0 1 2 -3 2 1 o 1 2 3
Samples sizes n and m increase. Dr{pa. Gt Observed values

Figure 1:

and Dr,o(pn, gm) (o = 0.99) versus N(0, 1).

Plots when samples sizes increase, histograms and normal Q-Q plots of Dr,o(pn, q), Dr,a (P, Gm).

Figure 2 concerns the performances of the symmetrized form of Stallis divergence estima-
(P, @) and DY), (B, Gy)-

tors Dg,f)a

(Bn.q), D,

Histogram Normal Q-Q Plot
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& o Z H
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o w2
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Figure 2: Plots when samples sizes increase, histograms and normal Q-Q plots

and Déﬁl(pn, gm) (a0 =0.99) versus N'(0,1).

Of D’g"‘s,)a(pna q)v D;L(I% Qm),
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Figure 3 displays the performances of the Rényi divergence estimators of order o = 0.99,
DR,a(ﬁn7 OI), DR,a(pa am)v and DR,a(ﬁn’ am)

Histogram Normal Q-Q Plot
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Figure 3: Plots when samples sizes increase, histograms and normal Q-Q plots of Dr o (pn,q), Pr,a(p, gm),
and Dg,a(pn, gm) (o = 0.99) versus N (0,1).

Figure 4 concerns the performances of the symmetrized form of Rényi divergence estimators
Do, (B @)s Dl (P, ), and DY, (B, i)-
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Figure 4: Plots when samples sizes increase, histograms and normal Q-Q plots of Dgfa(pn,q), DS’)a(p, Gm):

and Dg-j’)a(pn, gm) (= 0.99) versus N'(0,1).
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Figure 5 displays the performances of the Rényi divergence estimators of order a = 0.5,
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Figure 5: Plots when samples sizes increase, histogram and normal Q-Q plots of Dr.a(Pn, q), Pr,«(p, gm), and
Dr,a(pn,gm) (o = 0.5) versus N(0, 1).

Figure 6 concerns the performances of the symmetrized form of Rényi divergence estimators
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Figure 6: Plots when samples sizes increase, histograms and normal Q-Q plots of Dgfa(pn,q), Dg{a(p, Gm):

and Dg-j’)a(pn, gm) (o= 0.5) versus N'(0, 1).
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Figure 7 displays the performances of the Kullback-Leibler estimators, Dk r.(P,,, ), Pxr(P, Ay, )s
and Dk 1 (Pp, Am)-

Histogram Normal Q-Q Plot
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Figure 7: Plots when samples sizes increase, histograms and normal Q-Q plots of Dk r(pn,q), Prr(p,gm).
and Dir(pn, gm) versus N (0, 1).

Figure 8 concerns the performances of the symmetrized form of Kullback-Leibler estima-
tors, Dy (Bus ): DiL (P, @), and Dy (B, ).
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Figure 8: Plots when samples sizes increase, histograms and normal Q-Q plots of Dg?L(pn,q), Df;)L(p, Gm):
and D), (pn, gm) versus N'(0,1).
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