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1. Introduction

Let G = (V(G), E(G)) be a connected graph. A set D C V(G) is a dominating set of
G if every vertex in V(G)\D is adjacent to at least one vertex in D. A set S C V(G) is
a total dominating set (resp. connected dominating set) of G if each vertex in V(G) is
adjacent to some vertex in S (resp. S is a dominating set and the subgraph (S) induced
by S is connected in G). The total domination number v¢(G) (resp. connected domination
number .(G)) of G is the minimum cardinality of a total dominating set (resp. connected
dominating set). If S is a total dominating set (resp. connected dominating set) with
IS| = %(G) (resp. |S| = 7.(G) ), then we call S a minimum total dominating set (resp.
minimum connected dominating set) of G or a y;-set (resp. 7.-set) in G.
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Let T be a ~-set of a graph G. A subset S of T is said to be a forcing subset for T if
T is the unique ~;-set containing S. The forcing total domination number of T is given by
fy(T) = min{|S]| : S is a forcing subset for T'}. The forcing total domination number of
G is given by
fy(G) = min{ f%(T) : T is a y-set of G}.

Let C be a ~y.-set of a graph G. A subset D of C' is said to be a forcing subset for C' if C
is the unique v.-set containing D. The forcing connected domination number of C is given
by fv.(C) = min{|D] : D is a forcing subset for C'}. The forcing connected domination
number of G is given by

f7(G) = min{ f~.(C) : C is a ~y.-set of G}.

Chartrand et. al [2] initiated the investigation on the relation between forcing and
domination concepts in 1997 and used the term "forcing domination number". In 2017,
John et. al [3] investigated the forcing connected domination of a graph. In 2018, Canoy et.
al [1] investigated the forcing domination number of graphs under some binary operations.

The lexicographic product (composition) G[H] of two graphs G and H is the graph with
V(G[H]) = V(G) x V(H), and (u,u’)(v,v") € E(G[H]) if and only if either uv € E(G) or
u=wvand v'v' € E(H).

For each @ # C C V(G) x V(H), the G-projection and H-projection of C' are, respec-
tively, the sets Cq = {z € V(G) : (z,a) € C forsome a € V(H)} and
Cy={acV(H): (y,a) € C for some y € V(G)}. Observe that any non-empty subset C
of V(G) x V(H) can be written as C' = Uyes({z} x T;) C V(G[H]), where S C V(G) and
T, ={a€Cqy:(x,a) e C}forall ze€S.

2. Total Domination in the Lexicographic Product of Graphs

We shall use the following well-known result.

Lemma 2.1. [1] Let G be a connected graph and S a dominating set of G. Then
14(G) < 1S 0 Na(S)| +2IS\ Na(S)|. In particular, %(G) < 24(G).
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Theorem 2.2. Let G and H be both nontrivial connected graphs. Then
C = Uges({z} x T) € V(G[H]), where S C V(G) and T, C V(H) for every x € S,
is a total dominating set of G[H] if and only if either

(1) S is a total dominating set of G or

(11) S is a dominating set of G and T, is a total dominating set of H for every x € S\Ng(S).

Proof. Suppose that C = Uzes({z} x Ty), where S C V(G) and T, C V(H)
for each x € S, is a total dominating set of G[H]. Let u € V(G)\S and pick any
be V(H). Since (u,b) € V(G[H]) \ C and C is a dominating set of G[H], there exists
(y,¢) € C such that (y,c)(u,b) € E(G[H]). This implies that y € S and u € Ng(y).
This shows that S is a dominating set of G. If S is a total dominating set of GG, then
we are done. So suppose S is not a total dominating set of G. Then S\ Ng(S) # 0.
Let © € S\ Ng(S). Suppose there exists y € V(H) \ Ng(T,). Then yz ¢ E(H) for all
z € Ty. This implies that (x,y) ¢ Ngg)(C), contrary to our assumption that C' is a total
dominating set of G[H]|. Therefore, Ny (T,) = V(H), i.e., T, is a total dominating set of
H.

For the converse, let C' = Ugzes({z} x T) and (u,t) € V(G[H]). Assume first that S is
a total dominating set of G. Then there exists z € S\ {u} such that u € Ng(z). Choose
d € Ty. Then (x,d) € C and (u,t)(z,d) € E(G[H]). Hence, (u,t) € Ngz)(C).

Suppose now that (i) holds. If u € V(G) \ S, then because S is a dominating set
of G, there exists y € S such that u € Ng(y). Pick a € T;. Then (y,a) € C and
(u,t)(y,a) € E(G[H]). Suppose that u € S. If u € Ng(z) for some z € S\ {u}, then
there exists (z,b) € C such that (u,t)(z,b) € E(G[H]). If u ¢ Ng(z) for all z € S\ {u},
then by assumption, 7T, is a total dominating set of H. Since (u,t) ¢ C, t ¢ T,,. This
implies that there exists s € T, such that ts € E(H). It follows that (u,s) € C and
(u,t)(u,s) € E(G[H]). Thus, (u,t) € Ng(C). In both cases, we have shown that
(u,t) € Ngi)(C). Therefore, Ngg)(C) = V(G[H]), i.e., C is a total dominating set of
G[H]. O

Corollary 2.3. Let G and H be nontrivial connected graphs with v(H) = 2. Then
C =Uges({z} xTy) CV(G[H]), where S CV(G) and T, CV(H) Vx €S, is a y-set
of G[H] if and only if either

(7) S is a y-set of G and |Ty| =1 for allz € S; or

(ii) S is a dominating set of G such that |S N Ng(S)| + 2|S\Na(S)| = w(G), |Tx| =1 for
all x € SN Ng(S), and Ty is a y-set of H (hence |Ty| = 2) for every x € S\Ng(95).

Proof. Suppose C' = Uzes({z} x Ty) is a y-set of G[H]. By Theorem 2.2, S is a
total dominating set of G or S is a dominating set of G and T}, is a total dominating set
of H for every x € S\ Ng(S). Suppose first that S is total dominating set. Suppose
further that that |7.| > 2 for some z € S. Let a € T, and define 77 = {a}. Then
C* = [Uges\{zy ({7} X Ti)] U ({2} x T7) is a total dominating set by Theorem 2.2(i). This,
however, is impossible because |C*| < |C|. Thus, |T;| =1 for all z € S. Thus, (i) holds.

Suppose now that S is a dominating (not a total dominating) set of G. Suppose first
that v(G) < [SN Ng(S)|+2|S\ Ng(S)| < |C|. Choose a y-set R in G and set S = {v}
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for every x € R, where v € V(H). Then Y = Uyer({z} x S;) is a total dominating set by
Theorem 2.2(¢). It follows that v(G) = |R| = |Y| < |C], contrary to our assumption of C.
Thus, by Lemma 2.1, v(G) = |S N Ng(S)| + 2|S \ Na(S)|.

Next, suppose that there exists z € SN Ng(S) with |T,| > 2. Let a € T, and define
T; = {a}. Then C* = [Upeq\(-) ({7} X T2)] U ({2} x T7) is a total dominating set by
Theorem 2.2(ii). This is not possible because |C*| < |C| Therefore |T,;| = 1 for all
x € SN Ng(S). Finally, suppose there exists w € S\ Ng(S) such that Ty, is not a y-set of
H. Since T}, is a dominating set and v (H) = 2, |T,,| > 2. Let L,, = {a,b} be a ;-set of
H. Then C1 = [Uges\(w}({z} X Ti:)] U ({w} X Ly) is a total dominating set by Theorem
2.2(i7). Again, this is not possible because |C1| < |C|. Therefore, T, is a ~y;-set of H for
every x € S\ Ng(S).
The converse is easy. [

Corollary 2.4. Let G and H be nontrivial connected graphs with v(H) # 2. Then a
subset C' = Uzes({x} x Ty) of V(G[H]), where S CV(G) and T, C V(H) for every x € S,
is a yi-set of G[H]| if and only if S is a y-set of G and |T,| =1 for all x € S.

Proof. Suppose C = Uzes({z} x T,) is a vy-set of G[H|. Suppose S is not a total
dominating set. Then S is a dominating set of G and T}, is a total dominating set of H
for every x € S\ N¢(S5), by Theorem 2.2. Since v,(H) # 2, it follows that |T,| > 2 for
every x € S\ Ng(S). By Lemma 2.1 and since [C| = X cgnng(s) [Tol + Xocs\ngs) [Tl
it follows that v(G) < |C|. Let Si be a -set of G and set Q, = {a} for every z € Sy,
where a € V(H). Put Q = Uzes, ({r} x Q). Then @ is a total dominating set of G[H]|
by Theorem 2.2(7). Moreover, |Q| = [S1| = %(G). Thus, |Q| < |C|, contrary to our
assumption of C. Therefore, S is a total dominating set of G. Using a similar argument, it
can be shown that S is a y-set of G and |T,| =1 for all x € S.

For the converse, suppose that C' = Uzeg({z} X T};) and S is a y-set of G with |T| =1
for all z € S. By Theorem 2.2, C'is a total dominating set of G[H]. If C = Uzes, ({x} x L)
is another total dominating set of G[H], then, by Theorem 2.2, S is dominating set of G
and L, is a total dominating set of H” for each = € Sy \ Ng(S1). Let D1 = S1 N Ng(S1)
and Dy = S1 \ Ng(S1). By Theorem 2.2,

D1 +2[Da| < D7 Lol + Y |La| = |Cal.
reD1 x€ Do

Thus, by Lemma 2.1, 1(G) = |C| < |C4]. This implies that C is a y-set of G[H]. O
Corollary 2.5. Let G and H be nontrivial connected graphs. Then

1 (G[H]) = 1(G).

Proof. Let S be a y-set of G. Pick a € V(H) and set T, = {a} and
C = Uges({z} x T,). By Corollary 2.3 and Corollary 2.4, C' is y-set of G[H]. Thus,
1(GH]) = |C] = [S] = %(G). O

Theorem 2.6. Let G and H be nontrivial connected graphs. Then
fu(GH]) = w(G).
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Proof. Let C' = Uges[{x} x Ty] be a y-set of G[H| and let Ro = Ugzep[{z} X R;| be a
forcing subset for C. First, suppose that S is a vy-set of G. Then |T,| =1 for all x € S
by Corollaries 2.3 (i) and 2.4. Hence, R, = T, for all z € D. If D # S, say y € S\D,
then Ro C C* = Uges[{z} x T;], where T = T for z € S\{y} and T} is a singleton
subset of H different from T),. Since C* is a y-set of G[H] and C* # C, Rc¢ is not a
forcing subset for C, contrary to the assumption. Thus, D = S, that is, Rc = C. Hence,
fn(C) = |C| = [S] = n(G) = fn(G[H]).

Next, suppose that S is a dominating (not a total dominating) set of G such that
SN Na(S)|+2|S\Na(S)| = %(G). Then |T;| =1 for all z € SN Ng(S) and T}, is a y-set
of H for each x € S\N¢(S) by Corollary 2.3(ii). (Note that in this case, y(H) = 2). Let
C= Cl U Cg where 01 = UZBGSQN@(S)[{SU} X Tx] and 02 = UZBGS\N@(S)[{x} X Tz]. Clearly,
SN Ng(S) C D, that is, C; C Rc. Now, choose v, € Ng(y) for each y € S\ Ng(S) and
let Fs = {v, : y € S\ Ng(S)}. Clearly, SN Fg = @. Suppose that |Fg| < [S\ Ng(9)|.
Then there exist distinct yi,y2 € S\ Ng(S) such that vy, = v,,. Let Sy = S U Fg. Then

[Sol = |S]+ [Fs| <[SN Na(S)| + 2[S\Na(5)| = %(G).

This is a contradiction because Sy is a total dominating set of G. Thus, |Fs| = |S\ Ng(95)|
(hence, the v,’s are distinct). Next, suppose that there exists ¢ € S\ Ng(5) such that
{q} x T}, is not contained in R¢c. Let T, = {a,b} and suppose, without loss of generality,
that (¢,a) ¢ Rc. Let S, = SU{v,} and set R, = {b}, R,, = {a}, R, = T, for each
r € S {q}, and Cy = Uzes, [{z} x R;]. Then S, N Ng(S,) = [S N Ng(S)] U{q,ve} and
S0\ No(8,) = (5 Na(8))\ {g}. Hence,

[Sq N Na(Sq)| + 2|55 \Na(Sg)| = [N Na ()] 42 + 2|S\Na(S5)| = 2 = %(G).

Thus, C; is a ~-set of G[H] by Corollaries 2.3 and 2.4, C, # C, and
Rc C Cy. This implies that R¢ is not a forcing subset for C, contrary to the assumption that
it is. Therefore Cy C Rg, showing that R = C. Accordingly,

fn(GIH]) =[C| = n(G). O

3. Connected Domination in the Lexicographic Product of Graphs

Theorem 3.1. Let G and H be mnontrivial connected graphs. Then
C = Uges({z} x T) € V(G[H]), where S C V(G) and T, C V(H) for every x € S,
is a connected dominating set of G[H| if and only if S is a connected dominating set of G,
where Ty, is a connected dominating set of H whenever |S| = 1.

Proof. Suppose that C' = Uzeg({z} x T;) C V(G[H]), where S C V(G) and T, C V(H)
for every x € S, is a connected dominating set of G[H|. Then, clearly, S is a dom-
inating set in G. Let xz,y € S, where © # y and zy ¢ FE(G). Let a € T, and
b € T,. Then (z,a),(y,b) € C, (z,a) # (y,b) and (x,a)(y,b) ¢ E(G[H]). Since (C)
is connected, there exists an (z,a)-(y,b) geodesic [(z1,a1), (x2,a2),...,(xk,ar)], where
(x1,a1) = (x,a), (zg,ar) = (y,b), and (x;,a;) € C for all i € {1,2,...,k} (kK > 3).
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It follows that [x1,x9,...,zx], where 1 = x and zp = y, is an x-y geodesic and
x; € S for all ¢ € {1,2,...,k}. This implies that (S) is connected. Now, suppose
that |S| = 1, say S = {z}. Let a,b € Ty, where a # b and ab ¢ E(G). Since
(z,a),(z,b) € C, (x,a) # (z,b) and (x,a)(x,b) ¢ E(G[H]), there exists an (z,a) — (x,b)
geodesic [(x,a1), (x,a2),...,(z,ar)], where a; = a, ap = b, and (x,a;) € C for all
i €{1,2,...,k}. Tt follows that [a1,as,...,ar] is an a-b geodesic and a; € T, for all
i€ {1,2,...,k}. Hence, (T}) is connected. Moreover, T, is a dominating set in H.

For the converse, let C = Uzges({z} x Ty). Assume that S is a
connected dominating set of GG, and that T, is a connected dominating set of H
whenever |S| = 1. Assume first that |[S| > 2 and let (z,¢) ¢ C. Since (S) is con-
nected, there exists w € S such that wz € E(G). Let d € T,. Then (w,d) € C and
(z,¢)(w,d) € E(G[H]). Thus, C is a dominating set in G[H]. Next, let (u,s), (v,t) € C,
where (u,s) # (v,t) and (u,s)(v,t) ¢ E(G[H]). If u = v, then we choose w € S such
that vw € E(G). Let ¢ € T,y. Then (w,q) € C and [(u, s), (w, q), (v,t)] is a (u,s) — (v, 1)

geodesic. If u # v, then there exists a u — v geodesic [uj,ug,...,ur] where uy = u,
up = v and u; € S for each i € {1,2,...,k}, since (S) is connected. Choose s; € T, for
each i € {1,2,...,k}, where s; = s and s = t. Then [(u1,s1), (u2,$2),. .., (ug, sk)] is a

(u,s) — (v,t) geodesic and (u;, s;) € C for each i € {1,2,...,k}. Thus, (C) is connected.
It is easy to show that C' is a connected dominating set if S = {z} is a dominating set and
T, is a connected dominating set in H. [J

Corollary 3.2. Let G and H be nontrivial connected graphs with v(G) = 1. Then

L y(H)=1
(Gl = {2, otherwise.
Proof. Let {x} be a dominating set in G. If y(H) = 1, then choose a dominating set {d}
in H. Clearly, Cp = {(x,d)} is a connected dominating set of G[H|. Hence, 7.(G[H]) = 1.
Suppose that v(H) > 2 and let S = {z,y} with xy € E(G). Choose any a € V(H). Then
C ={(z,a),(y,a)} is a connected dominating set of G[H] by Theorem 3.1. Since G[H]
cannot be dominated by a single vertex, it follows that v.(G[H]) = |C| =2. O

Corollary 3.3. Let G and H be nontrivial connected graphs with v(G) # 1. Then

Ve(GH]) = 7:(G).

Proof. Let S be a minimum connected dominating set in G. Choose any a € V(H)
and set T,, = {a} for each z € S. Then C = Uyes({z} x T,) is a minimum connected
dominating set of G[H| by Theorem 3.1. Therefore, 7.(G[H]) = |C| = |S| = v.(G). O

Theorem 3.4. Let G and H be nontrivial connected graphs with v(G) =1 and v(H) = 1.
Then

0, both G and H have unique y-sets,

fre(GIH]) = {

1, otherwise.
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Proof. Suppose that both G and H have unique -sets, say S and T, respectively.
Then S and T" are also v.-sets. By Theorem 3.1, C' = Ugzes({z} x Ty) C V(G[H]), where
S CV(G) and T, C V(H) for every = € S, is the only v.-set of G[H], that is, & is a
forcing subset for C'. Thus, fv.(G[H]) = fv.(C) = 0.

Suppose that either G or H has no unique v-set (7y.-set). Then by Theorem 3.1,
C={(z,y):x € Sandy e T,}, where S is a v.-set of G and T is a ~y.-set of H, is not a
unique ~.-set of G[H]. By Corollary 3.2, |C| = 1, that is, C' is a forcing subset for itself.
Thus, fv.(G[H]) = f7.(C)=1. O

Theorem 3.5. Let G and H be nontrivial connected graphs with v(G) =1 and v(H) > 1.
Then

fre(GlH])

=2.
Proof. Note that by Corollary 3.2, 7.(G[H]) = 2. Let S = {z,y} be a ~.set
of G. Choose any vertex a € V(H). Then C = {(x,a),(y,a)} is a v.-set of G[H]
by Theorem 3.1. Pick b € V(H)\{a}. Then {(z,a)} € C" = {(z,a),(y,b)} and
{(y,a)} C C* = {(x,b), (y,a)}, where C" and C* are also v.-sets of G[H] different from C.
Thus, f7(C) =2 = f1.(G[H]). O

Theorem 3.6. Let G and H be nontrivial connected graphs with v(G) # 1. Then
fre(GIH]) = 7e(G).

Proof. Let C = Ugzeg[{z} x T,] be a y.-set of G[H| and let Po = Uzepl[{z} x P,] be a
forcing subset for C. First, suppose that S is a 7.-set of G. Then |T,| =1 for all z € S by
Theorem 3.1 and Corollary 3.3. Hence, P, = T, for all x € D. If D # S, say y € S\D,
then Po C C* = Uges[{z} x T;], where Ty = T, for x € S\{y} and T} is a singleton
subset of H different from Tj. Since C* is a 7.-set of G[H] and C* # C, Pc is not a
forcing subset for C', contrary to the assumption. Thus, D = S, that is, Po = C. Hence,

f’Yc(C) = |C‘ = ’S| = ’YC(G) = f’yc(G[H]) O
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