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Abstract. This study deals with the topology generated by the family of subsets determined
by the right application of BE-ordering of a BE-algebra and investigates some of its properties.
Characterizations of some elementary topological concepts as well as the concepts of continuous,
open, and closed maps associated with this topological space are obtained.
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1. Introduction

The study of BCK-algebras was initiated by Y. Imai and K. Iséki [3] in 1966 as a
generalization of the concept of set theoretic difference and propositional calculi. In [5],
K. H. Kim and Y. H. Yon introduced the dual BCK-algebra and study its relation to
MV-algebra. As a generalization of dual BCK-algebra, H. S. Kim and Y. H. Kim [4] intro-
duced the BE-algebra. Today, BE-algebras have been studied by many authors and many
branches of mathematics have been applied to BE-algebras, such as probability theory,
topology, fuzzy set theory and so on. Various authors studied the topological aspects of
BE-algebras. In [7], S. Mehrshad and J. Golzarpoor studied some properties of uniform
topology and topological BE-algebras and compare these topologies. In [8], the author
produced a basis for a topology using left and right stabilizers of a BE-algebra. It is
proved that the generated topological space is a Bair, locally connected and separable
space. Some other topological properties are studied using left and right stabilizers. Mo-
tivated by these works, this paper introduces the topology induced by a BE-algebra using
the right application of BE-ordering and investigates some of its properties.
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An algebra (X;x*,1x) is called a BE-algebra if the following hold: for all z,y,z € X,
(BEl) x%2z = 1x; (BE2) xx1x = 1x; (BE3) 1x*x = x; and (BE4) zx (yxz) = y* (z*2).
A relation “<” on X, called BE-ordering, is defined by « < y if and only if x xy = 1x.
Throughout this paper, we denote a BE-algebra (X, x*,1x) simply by X if no confusion
arises. A non-empty subset S of X is said to be a subalgebra of X if x xy € S for all
xz,y € S. A BE-algebra X is said to be self distributive if x x (y * z) = (x * y) x (x % z) for
all x,y,z € X. It is called commutative if satisfies (x xy) xy = (y* ) * z for all z,y € X.
It is said to be a transitive BE-algebra if it satisfies the condition: y* z < (x x y) * (z * 2)
for all x,y,z € X. If X is a transitive BE-algebra, then the relation “<” is transitive. Let
F be a non-empty subset of X. Then F is said to be a filter of X if: (F1) 1x € F'; and
(F2) zxy € F and z € F imply y € F. A non-empty subset I of X is called an ideal of X
if it satisfies: for all x € X and for all a,b € I, (I1) x *a € I, that is, X x« [ C I; and (I12)
(ax(bxx))*xx € l. Theset [a,1x] ={r € X |a*xz=1x} for all a € X is called the final
segment of X. An element a # 1x of a BE-algebra X is said to be a dual atom of X if
a < z implies either a = x or x = 1x for all x € X. We will denote by A(X) the set of all
dual atoms of X unless otherwise mentioned. Hence, A(X) = {z € X | z is a dual atom}.
We will consider A;(X) = A(X)U{lx}. A BE-algebra X is called dual atomistic if every
non-unit element of X is a dual atom in X, that is, X = A;(X), see [1, 8].

Example 1. [8] Let Ng = NU {0} and let x be the binary operation on Ny defined by

0 ify<w
THY = _
y—x ifxr<uy.

Then (No; *,0) is a commutative BE-algebra where 1y, = 0. It can be seen that A(Ny) =
{1}.

Lemma 1. [9] Let (X;*,1x) be a BE-algebra and let I be a non-empty subset of X. Then
I is an ideal of X if and only if it satisfies (i) 1x € I; and (ii) for all x,z € X and for
ally eI, (xx(yxz)) €I implies x x z € I.

Let Y be a non-empty set. A collection 7 of subsets of Y is a topology on Y if it
satisfies the following axioms: (G1) @ and Y belong to 7; (G2) if G; and G2 are elements
of 7, then G1 N G2 € 7; and (G3) if {G;:4€ I} C 7, then | J;c;G; € 7. If 7 is a topology
on Y, then the ordered pair (Y, 7) is called a topological space. An element O of 7 is called
a T-open set (or simply open set) and the complement of O is called a 7-closed set (or
simply closed set). The discrete topology on'Y is Dy = P(Y). A class B C 7 is a basis for
7 if each open set is the union of members of B. The elements of a basis are called basic
open sets. The topology 7 is said to be generated by a basis B if the family 7 consists &,
Y, and all unions of members of B. A class S of open subsets of Y, that is, S C 7, is a
subbase or subbasis for the topology 7 on Y if and only if finite intersections of members
of § form a basis for 7. Suppose that x € Y and U C Y. U is a neighborhood of x (briefly
nbd U(z)) if z € U and U € 7. Throughout this paper, we denote a topological space
(Y,7) by Y, unless otherwise specified. Let A be a subset of a topological space Y. A
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point x € Y is adherent to A or closure point of A if each neighborhood of x contains at
least one point of A (which maybe z itself). The set of all points in Y adherent to A,
denoted by A, is called the closure of A, thatis, A={x € Y|V U(z):U(x)NA# o} A
point p € A is called an interior point of A if p belongs to an open set G in Y contained
in A, that is, p € G C A. The set of all interior points of A, denoted by Int(A), is called
the interior of A, that is, the interior of A is the largest open set contained in A, or,
Int(A) = J{U| U isopen and U C A}. D CY is dense in Y if D =Y. Let Z C Y. The
topology 77 on Y defined as 77 = {Z N O : O € 7} is called the relative topology on Y.
In this case, (Z,77) is called a subspace of (Y, 7). Let Y and Z be topological spaces. A
function f : Y — Z is said to be continuous if the inverse image of each open set in Z is
open in Y'; open if the image of each open set in Y is open in Z; and closed if the image
of each closed set in Y is closed in Y. A space Y is connected if it is not the union of
two non-empty disjoint open sets. A subset B of Y is connected if it is connected as a
subspace of Y. A space Y is disconnected if Y = AU B where @ # A, B € 7 such that
ANB = @. Then AU B is a decomposition of Y. Let p € Y. The topology 7, given by
T, ={@}U{A CY : pe A} is called a particular point topology on Y. All topological
concepts above are found in [2, 6, 10].

Theorem 1. [6] Let B be a class of subsets of a nonempty set Y. Then B is a base for
some topology on'Y if and only if it possesses the following two properties:

(i) Y =U{B: BeB}.

(ii) For any B,B* € B, B N B* is the union of members of B, or, equivalently, if
p € BN B* then there exists B, such that p € B, C BN B*.

Theorem 2. [2] Let Y be a topological space, and B C 7. Then B is a basis for T if and
only if for each G € T and for each x € G, there exists U € B such that x € U C G.

Theorem 3. [2] Let (Y, 7) be a topological space and (Z,7z) be a subspace. If {Uy : « €
A} is a basis (subbasis) for T, then {Z NU, : o € A} is a basis (subbasis) for 1z.

Theorem 4. [2] Let Y, Z be topological spaces and f :' Y — Z a map. The following
statements are equivalent:

(i) f is continuous.
(ii) The inverse image of each closed set in Z is closed in'Y .
(iii) The inverse image of each member of a subbasis (basis) for Z is open in Y (not

necessarily a member of subbasis, or basis for Y).

2. Some Properties of rx(A)

Definition 1. Let X be a BE-algebra. For any A C X, the setrx(A) ={x € X |axx =
1x,Va € A} is called the subset of X determined by right application of BE-ordering on
A. Note that rx({a}) = [a,1x] for alla € X.
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Theorem 5. Let A and B be subsets of X. Then the following hold:

(i) rx(@) = X.

(ii) If AC B, then rx(B) Crx(A).

(iii) If X is a transitive BE-algebra, then rx(rx(A)) C rx(A).

Proof. To prove (i), suppose rx (&) # X. Then there exists x € X such that z ¢
rx (). Thus, there exists a € @ such that a x z # 1x, a contradiction. Therefore,
Tx(Q) = X.

To prove (ii), let x € rx(B). Then bxx = 1x for allb € B. Since AC B, axz = 1x
for all a € A. Thus, z € rx(A). Hence, rx(B) C rx(A).

To prove (iii), let x € rx(rx(A)). Then bxx = 1x for all b € rx(A). Since axb = 1x
for all a € A and X is transitive, it follows that axxz = 1x for all a € A. Thus, x € rx(A).
Hence, rx(rx(A)) C rx(A). whitehsdgkjgaskd; O

Theorem 6. Let X be a BE-algebra and A C X. Then rx(A) = () [a,1x] and 1x €
acA
rx(A). Furthermore, if 1x € A, then rx(A) = {1x}.

Proof. Note that rx(A) ={z € X |axx=1x,Va€ A} ={z € X |z € rx({a}),Va €
A} = Nrx({ae}) = N]a,1x]. Let @ € A. Then a*1x = 1x for all a € A. Thus,

acA acA
1x € rx(A). Now, rx({1x}) ={y € X | 1x xy = 1x} = {1x}. Thus, if 1x € A, then
Tx(A) - Tx({l)(}) = {1)(}, that iS, Tx(A) = {1)(} O

Theorem 7. Let X be a self distributive BE-algebra and A be a nonempty subset of X.
Then rx(A) is an ideal and a filter.

Proof. By Theorem 6, 1x € rx(A).

Let z,y,z € X. Suppose that y € rx(A). Then axy = 1x for all a € A. Let
xx(y*xz) €rx(A). Then ax (zx*(yxz)) =1x foralla € A. Since zx (y*2) = y* (v x 2),
ax(yx(xxz)) =1x for all a € A. Since X is self distributive, (a*y) * (a* (v *2)) = 1x
for all a € A. Since axy = 1x foralla € A, 1x * (a* (x*z)) = 1x for all @ € A. This
implies that a x (x % z) = 1x. Hence, z x z € rx(A). By Lemma 1, rx(A) is an ideal.

Suppose that x € rx(A) and z*y € rx(A). Then axx = 1x and ax(xxy) = 1x for all
a € A. Since X is self distributive, axy = 1x x (a*xy) = (a*xx)*(a*xy) =ax (x*xy) =1x
for all a € A. Thus, y € rx(A). Therefore, rx(A) is a filter. O

3. A Basis B,(X) for a topology on X

Lemma 2. Let X be a BE-algebra and let {Ay : « € I} be a collection of subsets of X.

Then () rx(Aq) = 7«X< U Aa>.

ael acl
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Proof. Let x € (\rx(Aas). Then = € rx(A,) for all @« € I. Thus, a*z = 1x for all
ael

a € A, and for all « € I. Hence, axx = 1x for all a € |J Ay. So, z € TX<UAQ>
ael ael

and () rx(4a) C Tx< U Aa>. The other inclusion is proved similarly. Therefore, the
acl ael
equality is true. O

Theorem 8. Let X be a BE-algebra. Then B.(X) ={rx(A): @ # AC X} is a basis for
some topology on X.

Proof. Clearly, X = |J rx({a}). Suppose that & # A,B C X. By Lemma 2,

aeX
rx(A)Nrx(B) =rx(AUB) € B,(X). By Theorem 1, B,(X) is a basis for some topology
on X. Ul

We denote by 7,.(X) the topology generated by B, (X).

Example 2. Consider the BE-algebra No in Example 1. Let z € No. Then ry,(z) =

{0,1,2,...,2}. It is easy to see that B = {rn,(z) : z € No} C B,(No). Suppose that

@ # A C Ny and w = min A. By Theorem 6, rn,(A) = [\ rn,({a}). It follows that
acA

N, (A) = {0,1,2,...,w} = ry,(w) € B. Hence, B,(Ng) = B = {rn,(2) : z € No}.

Let @ # G € 1.(No). Then G = | rn,(x) for some @ # K C Ny. Clearly, K C G.
zeEK
Suppose first that |G| < oo and let v = max K. Then G = rn,(v). Next, suppose that

G is an infinite set. Suppose further that G # No, say m € Ny \ G. Then m ¢ ry,(x)
for all z € K. This implies that x < m for all x € K. Hence, G C ry,(m), contrary

to the assumption that G is an infinite set. Therefore, G = Ny. Accordingly, 7.(Ng) =
{@, No} U {T‘NO(Z) VA No} = {@, No} @] BT(N()).

Theorem 9. Let X be a BE-algebra. Then (X, 7,.(X)) is connected.

Proof. Let @ # G € 7,(X). By Theorem 2, there exists A C X such that rx(A) C G.
By Theorem 6, 1x € G. Thus, if U is a nonempty open set such that U # G, then
GNU # @ since 1x € U. Hence, X cannot have a decomposition, that is, (X, 7.(X)) is
connected. O

Lemma 3. Let X be a BE-algebra and x € X. Then {z} € 7.(X) if and only if x = 1x.

Proof. Suppose that © = 1x. Then {1x} = rx (1x) € B,(X). Hence, {1x} € 7.(X).
Suppose that {z} € 7,.(X). Then there exists @ # A C X such that rx(A4) = {z}. Since
1x € rx(A), it follows that z = 1x. O

Corollary 1. Let X be a BE-algebra. Then 7,.(X) is the discrete topology on X if and
only if X = {1x}.
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Proof. Suppose that X = {lx}. Then B,(X) = {rx(1x)} = {{1x}}. Hence,
7(X) = {9, X}, the discrete topology on X. Conversely, suppose that 7,.(X) is the
discrete topology on X. Then {z} € 7.(X) for all x € X. By Lemma 3, X = {1x}. O

Theorem 10. If X is a finite BE-algebra, then S,(X) = {rx({a}) : a € X} is a subbase
of 7(X).

Proof. Clearly, §,(X) C 7(X). By Theorem 6, rx(A) = () rx({a}) for each @ #

acA
A C X. Since X is finite, it follows that every element of B,(X) is a finite intersection of
members of S.(X). Thus, S,(X) is a subbase of 7,(X). whitejgvgvkhg O

Lemma 4. Let X be a BE-algebra and a € X \ {1x}. Then a € A(X) if and only if
rx ({a}) = {1x,a}.

Proof. Suppose that a € A(X) and let z € rx({a}). Then a < z. Since a € A(X),
x =1y or z = a. Thus, rx({a}) = {1x,a}. Conversely, suppose that rx({a}) = {1x,a}.
Then a < z implies that = 1x or x = a. Therefore, a € A(X). white hgzgjykuiahlu
O

Theorem 11. Let X be a BE-algebra with |X| > 2. Then
B.(X)={{lx,a}:ac A(X)}U{rx(A): ANA(X) =2}.

Proof. By Lemma 4, rx (a) = {1x,a} € B,(X) for each a € A(X). Let @ # A C X
such that ANA(X) # @, say z € ANA(X). If 1x € A, then by Theorem 6, rx(A) = {1x}.
Suppose that 1x ¢ A. Since z € A(X) and by Theorem 5(ii), rx(A) C rx (2) = {1x, z}
and 1x € rx(A4), it follows that rx(A) = {1x} or rx(A) = {1x,z}. This proves the
assertion. O

Corollary 2. Let X be a BE-algebra with |X| > 2. If A(X) = {a}, then B, (X) =
{{1x,a}}U{rx(A): a ¢ A}.

Example 3. Consider the BE-algebra Ny in Ezample 2. For any x € Ny, rn,(x) =
{0,1,...,2}. Hence, A(Np) = {1}. By Corollary 2, B,(No) = {{0,1}} U{rn,(A): 1 ¢
A} ={rn,(y) : y € No}. Therefore, 7.(No) = {@, No} U {rn,(y) : vy € No}.

Theorem 12. Let X be a BE-algebra with | X| > 2. Then
Br(X)={{1x}} U{{lx,a}:a € X \{1x}} if and only if X is dual atomistic.

Proof. Suppose that X is dual atomistic. By Lemma 4, rx (a) = {lx,a} for all
a€ X \{lx}. Theonly @# A C X such that AN A(X) =0 is A= {1x}. By Theorem
6, rx(A) = {1x}. Thus, B.(X)={rx({a}): ae X} ={1x}U{{lx,a}: ae X\ {Ix}}.

Conversely, suppose that B,(X) is the given family of subsets of X. Let a € X\ {1x}.
Then rx({a}) = {1x,a}. Hence, if v € X and a < z, then x = a or x = 1x. Thus,
a € A(X). Accordingly, X is dual atomistic. O
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4. Characterizations Involving the Topology 7,.(X)

This section gives some characterizations of the elementary concepts associated with
the topological space (X, 7.(X)).

Theorem 13. Let X be a BE-algebra with |X| > 2. Then 7,.(X) is the particular point
1x topology 11 on X if and only if X is dual atomistic.

Proof. Suppose that 7,.(X) =7, ={0}U{AC X : 1x € A} and let A € 7, \ {&}
such that |[A| > 2. Then A = | {lx,a}, a # 1x. If |[A] = 1x, then A = {1x}. This

acA
implies that B,(X) = {{1x}} U {{lx,a} : a € X\ {lx}} is a basis for 7, = 7.(X).
Hence, by Theorem 12, X is dual atomistic.
Conversely, suppose that X is a dual atomistic. By Theorem 12, B,(X) = {1x} U
{{1x,a}: a€e X\ {1x}}. Let A € 7.(X). Since B,(X) is a basis for 7,.(X), A= {1x} or
A= |J{lx,a}. Thus, 1x € A implying that A € 71,. Hence, 7,.(X) C 71,. Now, let

a€A
A€ 7. Then 1x € A. Since B,(X) is a basis for 7,.(X), A ={1x} or A= U {lx,a}.
acA
Therefore, A € 7.(X) and 71, C 7,(X). Consequently, 7,(X) = 71, O

In a dual atomistic BE-algebra X with respect to 7,.(X), every set that contains 1x is
open and every set that does not contain 1x is closed. Hence, the following corollary is
true.

Corollary 3. Let X be a dual atomistic BE-algebra with | X| > 2 and let O,C C X. Then
with respect to 1,.(X), we have
() ¢
o g iflx ¢ O
Int(0) = { O ifly €0, and
(i)
| C ifix ¢C.

Theorem 14. Let X be a BE-algebra and let D C X. Then with respect to 7,.(X), we
have

(i) z € Int(D) if and only if there exists @ # B C X such that bxz =1x for allb € B
and for oll x € X, x € D whenever bxx = 1x for allb € B.

(ii) y € D if and only if for each @ # A C X with axy = lx for all a € A, there exists
d € D such that axd = 1x for all a € A.

(iii) D is dense in X if and only if 1x € D. In particular, {1x} is dense in X.

Proof.
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(i) By definition, z € Int(D) if and only if there exists @ # B C X such that z €
rx(B) C D, that is, bx z = 1x for all b € B and for all  in X, x € D whenever
bxx =1x for all b € B.

(ii) By definition, y € D if and only if for each @ # A C X with y € rx(A), we have
DNrx(A) # &, that is, there exists d € D Nrx(A). Thus, (ii) holds.

(iii) Let D be dense in X. Then 1y € D = X. Since {1x} =7rx (1x), DNry (1x) # 9,
it follows that 1x € D. Conversely, suppose that 1x € D. Let x € X and let
@ # A C X such that © € rx(A). Since 1x € rx(A) by Theorem 6, it follows that
rx(A)N D # @. Thus, x € D, showing that D = X. whiteyughjgkh O

Lemma 5. Let S be a subalgebra of a BE-algebra X. Then
(i) A(X)NS C A(S); and
(i) rs(T) =rx(T)NS for every T C S.
Proof.

(i) Let a € A(X)NS. Then a € S and for all z € X, a < z implies that x = a or
x = lx. Hence, in particular, for all y € S, a < y implies that y = 1x or y = a.
Thus, a € A(S).

(ii) Let T C S. Then z € rg(7T) if and only if z € S and t < z for all t € T. Thus,
z € rg(T) if and only if 2z € SNrx(t) for each t € T C S C X. Accordingly,
rs(T) = S Nrx(T). O

Lemma 6. Let S be a subalgebra of a transitive BE-algebra X . Then for any @ # A C X,
rx(A)NS = U rs(x).

zerx (A)NS

Proof. Suppose that @ # A C X and let z € rx(A)NS. Then a*xx = 1x for all
a€Aandxz € S. Let y € rx(z)NS. Then x xy = 1x and y € S. Since X is transitive,
axy = lx for all @ € A. Hence, y € rx(A) NS showing that rx(z) NS C rx(A)NS.
Consequently, U (x(@)nS)Crx(4)nSs.

zerx (A)NS

Next, let z € rx(A) N S. Clearly, z € rx(z). It follows that z € rx(z) N S showing

that rx(A) NS C rx(z)NS. Thus, rx(A)NS C U (rx(z)nS). Therefore, by

zerx (A)NS
Lemma 5(ii), rx(A) NS = U (@rx(z)ns)= U rs(x). O
zerx (A)NS zerx (A)NS

Theorem 15. Let S be a subalgebra of a transitive BE-algebra X with |S| > 2. Then
7r(S) coincides with the relative topology Ts on S.
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Proof. By Theorem 11, a basis for 7,.(S) is the family
B.(S)={{lx}}U{{lx,a}: a€ A(S)} U{rs(A): AC Sand AN A(S) = o}.

By Theorem 3, a basis for the relative topology 75 on S is given by

Bs ={{lx}}U{{lx,a} :a e SNAX)}U{rx(A)NnS: ACSand ANA(X) = o}.
Suppose that A(S) \ A(X) = @. Then A(S) C A(X). Since A(S) C S, for every
a € A(S), we have a € SN A(X). Thus, {1x,a} € Bg. Now, suppose that A(S) \
A(X) # @. Let a € A(S) \ A(X) such that {1x,a} € B,(S). Then {a} C S and
{a} N A(X) = @. By Lemma 5(ii), {1x,a} = rs({a}) = rx({a}) NS € Bg. Next,
let @ # A C S such that AN A(S) = @. Then rg(A) € B,(S). Since by Lemma
5(1), ANAX) = (ANS)NAX) = An(SNAX)) € AN A(S) = @. This implies
that by Lemma 5(ii), rs(4) = rx(A) NS € Bg. Thus, B,(S) C Bs. By Lemma 5(i),
{{Ix}}u{{lx,a}: a € SNA(X)} C {{1x}}U{{1x,a}: a € A(S)}. Let & # A C S such
that AN A(X) = 2. If AN A(S) = &, then rg(A) € B,.(S). Suppose that AN .A(S) # @,
say w € AN A(S). By Theorem 5(ii), rs(A) C rg(w) = {1x,w}. Hence, rs(A) = {1x}
or rs(A) = {lx,w}. Thus, rs(4) € {{1x}} U{{lx,a}: a € A(S)} C B,(S). Therefore,
Bs C B,(S). Consequently, B,(S) = Bs, showing that 7,.(S) = 7g. O

Theorem 16. Let (Xi,*x,,1x,) and (Xo,*x,,1x,) be BE-algebras. Then a function
[ (X, 7 (X)) = (X2, 7(X2)) is continuous on X1 if and only if for each B C Xy and
for each x € X; such that b < f(x) for all b € B, there exists A C X, satisfying the
following conditions:

(i) a<az foralla€ A
(ii) b < f(z) for all b € B whenever a < z for all a € A.

Proof. By Theorem 4, f is continuous on X if and only if f~1(G) € 7.(X;) for
each G € B,(X2). By Theorem 8, f is continuous if and only if for each B C Xj,
1 (rx,(B)) € 7.(X1), that is, b < f(x) for all b € B. Now, f~! (rx,(B)) € 7.(X1) if and
only if for each z € f~! (rx,(B)) there exists A C X7 (hence rx, (A) € B,(X1)) such that
r €rx,(A) C f1(rx,(B)). Since x € rx,(A), a < x for all a € A. Now, suppose that
a<zforala€ A Then z € ry,(A) C f~1(rx,(B)). Thus, z € f~1(rx,(B)). Hence,
f(2) € rx,(B). Therefore, b < f(z) for all b € B. O

Theorem 17. Let (X1, xx,,1x,) and (X2, xx,, 1x,) be BE-algebras and let f : (X1, 7(X1)) —
(X9, 7-(X2)) be a function. Then

(i) f is open if and only if for each A C X and for each x € Xy with a < x for all
a € A, there exists B C Xo satisfying the following properties:
(a) b< f(x) forallbe B

(b) there exists z € X1 with a < z for alla € A and f(z) = y whenever a < f~1 (y)
foralla € A and b <y for all b€ B.
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(i)

f is closed if and only if for each 7.(X1)-closed set F and for all y € Xy with
y # f(x) for all x € F, there exists A, C Xo such that rx,(Ay) N f(F) = & and
a <y foralacA,.

Proof.

(i)

By definition, f is open if and only if f (rx,(A)) € 7(X2) for each A C X;. Now,
f(rx,(A)) € 7.(X2) if and only if for each x € rx, (A), there exists B C X3 such
that f(z) € rx,(B) C f(rx,(A)). Since f(z) € rx,(B), b < f(z) for all b € B.
Moreover, if a < f~!(y) for all a € A and b < y for all b € B, then f~!(y) € rx, (A)
and y € ry,(B). This implies that y € rx,(B) C f(rx,(A)). Consequently, there
exists z € X such that z € rx,(A) and y = f(z). Hence, a < z for all a € A and

y = f(2).

Suppose that f is closed and let F' be a closed subset of X;. Then by definition of
a closed map, f(F) = {f(x) : = € F} is closed in Xy, that is, [f(F)] = {f(z) :

x € F}= | rx,(A), where P, C P(X2) \ {@}. Hence, for each y € X5 such that
AePo
y # f(z) for all x € F, there exists A, C X5 such that rx,(A4,) C [f(F)]°anda <y

for all a € A,

Conversely, suppose that for each closed subset F' of X7 and for all y € X5 with
y # f(z) for all x € F, there exists A, C X3 such that rx,(A4,) N f(F) = @ and
a <y forall a e A, Let F* be a closed set in X; and let y € [f(F*)]°. Then
y € Xo and y # f(z) for all x € F*. By assumption, there exists A, C Xy such
that rx,(A,) N f(F*) = @ and a < y for all a € A, that is, y € rx,(Ay). Thus,

f(F))°= U 7rx.(Ay). Hence, [f(F*)]is 7.(X2)-open showing that f(F™*) is
yELf(F*))°
a closed subset of X5. Therefore, f is a closed map. O

5. Conclusion

The topology generated by the family of subsets determined by the right application
of BE-ordering of a BE-algebra is always connected. Investigations for some elementary
topological concepts as well as the concepts of continuous, open, and closed maps asso-
ciated with this topological space are obtained. This paper will lead to some studies on
separation axioms associated with this kind of topological space.
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