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Abstract. This paper is devoted to a study of relations between two forms of sensitivity of nonau-
tonomous dynamical system and its induced fuzzy systems. More specially, we study strong sen-
sitivity and mean sensitivity in an original nonautonomous system and its connections with the
same ones in its induced systems, including set-valued system and fuzzified system.
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1. Introduction

Let f, : X — X be a sequence of continuous maps acting on a compact metric space
(X,d). A nonautonomous discrete dynamical systems is a pair (X, {f,}5° ;) defined by:

Tp+1l = fn(xn)v n>1, (1)

Note that the autonomous dynamical system is a special case of system (1) when
fn=fforalln>1.

For other notions and notations mentioned in this section, we refer to Section 2.

The dynamics of autonomous dynamical system have been extensively studied and
many elegant results have been obtained [1, 2, and the references therein]. Nonautonomous
systems, also called sequences of dynamical systems, present situations that the dynamics
vary with time. These systems can be very complicated and naturally appear as a suitable
model to describe real processes. The rich dynamics of non-autonomous discrete systems
attract the interest of several researchers, obtaining results on chaotic properties [3]-[7].

Sensitivity is essential for the concept of chaos. A study of stronger forms of sensitivity
has been initiated by Moothathu [8]. Along this line, several elegant results have been
obtained [9, 10]. A series of research focus on mean sensitivity [11, 12]. Until very recently,
sensitivity of nonautonomous dynamical system has been discussed [13]. Motivated by the
idea in [9], we discuss different kinds of sensitivities in nonautonomous dynamical systems
in this paper.
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On the other hand, it is well known that every given discrete dynamical system uniquely
induces its fuzzified counterpart, i.e., a discrete system on the space of fuzzy sets. It
is natural to investigate the relation between dynamical properties of the original and
fuzzified systems. Actually, there are quite a few elegant results have been obtained [14]-
[21].

In this paper, we initiate a preliminary study of relations between several forms of
sensitivity of the original and its fuzzified nonautonomous dynamical systems. Below,
basic notions are introduced in Section 2. Main results are presented in Section 3, where
the relations between two forms of sensitivity of the original and fuzzified systems have
been discussed, respectively.

2. Basic concepts and notations

2.1. Metric space of fuzzy sets

Let (X, d) denote a compact metric space and let K(X) be the class of all non-empty
and compact subsets of X. Define the e-neighborhood of a nonempty subset A in X to
be the set

Ud(A,2) = o | d(w, 4) < 2},

where d(z, A) = inf,ea ||z — al.
The Hausdorff separation p(A, B) of A, B € K(X) is defined by

p(A, B) =inf{e > 0| A CU(B,¢)},
The Hausdorff metric dg on K(X) is defined by letting
4 (A, B) = max{p(4, B), p(B, A)}.

For a compact metric space X, the topology generated by dg coincides with the finite
topology. It is known that the set of all finite subsets of X, denote by L(X), is dense in
K(X).

Define F(X) as the class of all upper semicontinuous fuzzy sets u : X — [0, 1] such
that [u], € K(X), where a-cuts and the support of u are defined by

[u]o = {z € Xu(z) > a},a € [0,1],

and

supp(u) = {z € X|u(zx) > 0},

respectively.

Moreover, for each x € X, we denote & the characteristic function of z, it is clear that
for for all z € X, & € F(X) and [Z]o = {2} for a € (0,1]. Denote Ox the empty fuzzy set
(Ox(xz) =0 for all z € X).

A levelwise metric do, on F(X) is defined by

doo(u,v) = sup dp([u]a, [v]a),
a€[0,1]
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for all u,v € F(X). It is well known that if (X,d) is complete, then (F(X),ds) is also
complete but is not compact and is not separable.

2.2. Zadeh’s and set-valued extension

The set-valued extension of a discrete dynamical system (X, f) is a map f : K(X) —
K(X) defined by f(A) = f(A) for any A € K(X). It is shown that f is continuous in
Hausdorff metric if and only if f is continuous [14].

The Zadeh’s extension of (X, f) is a map f : F(X) — F(X) defined by

[f](z) = sup {u(y)}

yef~ )

A~

for any v € F(X) and = € X. It is known that for compact X, f : F(X) — F(X) is
continuous if and only if f: X — X is continuous [15].

Lemma 1 ([16],[17]). Let X be a metric space. If f : X — X is continuous, then

A fuzzy set u is piecewise constant if there exists a strictly decreasing sequence of
closed subsets {C7,Cy,- - -, Ck} of X and a strictly increasing sequence of real numbers
{a1,a9, -+, ar} C (0,1] such that [u], = Cit1, where a € (o, aiy1].

Lemma 2 ([18]). For any v € F(X) and € > 0 there exists a piecewise constant u € F(X)
such that ds(u,v) < €, i.e., the set of piecewise constant fuzzy sets is dense in F(X).

Denote by SF(X) the set of piecewise constant fuzzy sets.

2.3. Nonautonomous discrete dynamical systems
For a compact metric space X, let {f,}°2; be a sequence of continuous maps, where
fn: X — X. An orbit {x,}5°,; of a point 21 € X is defined as follows:
Tn4+1 = fn(l'n)a n= 17 27 T
The set-valued extension of (X, {f,};2;) is denoted by (K(X), {fnlooy).
Denote F,, : X — X and F,, : K(X) — K(X) by

Fn(x) = fnofn—l"'of2ofl($)7

and B o o
Fn(x) = fnofnfl"'onOfl(x)a

respectively.
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3. Main Results

In this section, we investigate the relations between several forms of sensitivity of
nonautonomous dynamical system and its induced fuzzy systems.

Let (X, d) be a compact metric space and {f,}22; be a sequence of continuous maps
on X.

For (X, { fn o 1), its Zadeh’s extension (or fuzzification) is a sequence of continuous
maps f, : F(X) — F(X) defined by

A

Fulw)](@) = sup, ;10 {u(®)},

for any u € F(X) and x € X.
An orbit {u,}72, of a point u; € F(X) is defined as follows:

Unp+1 = fn(un)a n = 1727' .

Define F, : F(X) — F(X) by

Fn(u) = fnofnfl"'on Ofl(u)y
for any u € F(X).

Definition 1. We say that {f,}5>; is

strong sensitive if there is a constant § > 0 such that for every point x and every
neighborhood A of x, there is a y € A and an integer ng such that d(Fy(x), Fi(y)) > 0 for
every n > ng.

mean sensitive if there is a constant 6 > 0 such that for every point x € X and every
neighborhood A of x, there is a y € A such that

n—1
1 — d F; ,FZ >0
imsup ; (Fi(z), F5(y))

We call (x,y) a mean sensitive pair.

Definition 2. We say that {fn = o s strong sensitive if there is a constant § > 0 such
that for every fuzzy set u € F(X) and every neighborhood U about u, there is a v € U and
an integer ng such that doo(ﬁk(u), Fk(v)) > § for every n > nyg.

mean sensitive if there is a constant § > 0 such that for every fuzzy set u € F(X)
and every neighborhood U of u, there is a v € U such that

n—1
1 . .
lim sup — E doo (F(u), F; > 6.
1n up n 2 (Fi(u), F;(v))

Proposition 1. Let u € F(X) and F, : F(X) — F(X). Then [Fy(u)]a = Fu([u]a) for
a € [0,1].
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Proof. Take u = wy. Since [f(w)]a = f([w]a) and fn(wn) = wpi1 for n =1,2,-- -, then

= fn o fn—l([wn—l]a)
= fn o fnfl 0--+0 fl([wl]a)

Theorem 1. If {fn o | is strongly sensitive, then {fn}>2 is strongly sensitive.

Proof. Let z € X. Take u = 2 € F(X). Since {/,}2°, is strongly sensitive, there exist
0 > 0 and an integer ng such that

doo(Fn(U’)an(y)) :dOO(Fn(aA;%}?"(V)) R
= sup dy([Fn()]a, [Fn(v)]a)
a€l0,1]
= sup dH(Fn([fﬁ]a)aFn([V]a))
a€l0,1]

= sup du(F,({z}), Fu([V]a))
a€l0,1]

= asel[lopl]{yil[lyr]) d(Fn(x), Fuly))}
= sup d(Fy,(z), F,(y)) > 0.

y€vlo

for all n > ng. Thus it follows from the continuity of {f,}"2 ; and the compactness of [v]y
that there exists y* € [v]p such that

A

dOO(Fn(i")’Fn(V)) =d(Fy(x), Fu(y")) > 6.

On the other hand, since v € Uy (Z,¢), we have [v]o C Ug,, ({z}, ¢) and then y* € Uy(x, €).
Consequently, {f,}>2, is strongly sensitive in X.

Claim 1 If {f,}%°, is strongly sensitive in L(X), then it is strongly sensitive in K(X).
Proof. Let B € L(X). Since L(X) is dense in K(X), for any € > 0, there exists
A € L(X) such that A € Uy, (B,e). Due to the strong sensitivity of {f,}7>; in L(X),
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there exist a constant § > 0 and an integer ng such that dy(F)(A), Fx(B)) > ¢ for all
n > ng. This completes the proof.

Apply the similar technique to (F(X), { fn > 1), the following result is obtained:
Claim 2 If {f,}7°, is strongly sensitive in SF(X), then it is strongly sensitive in
F(X).

Proposition 2. The following conditions are equivalent:
(1) {fn}5%, is strongly sensitive.
(2) {fn}2 is strongly sensitive.

_ Proof. (1) = (2) Since L(X) is dense in K(X), by Claim 1, it is sufficient to show that
{fa}nly lL(x) is strongly sensitive.

Let {fn}flo:l be strongly sensitive with sensitive constant 6 and A = {x1,x9, -, 1} €
L(X). Take u; = &; for 1 <i < k, then u; € F(X). Since {f,}5° is strongly sensitive, for

N

each u;, there exist v; € Ug_(uj,€) and an integer n; such that deo(Fy(u;), Fy(vs)) > 26
for all r > n;, where i = 1,2,-- - k. Set N = max{n; : 1 <i<k}.
Now we show that dg (F),(A), F,,(B)) > 6 for all B € Uy, (A,e) and n > N.

Let n > N. Then for any u;, there exists v; € Ug__(u;, €) such that doo (F, (w;), Fr(v;)) >
20. Set C' = {w;}¥_,. Without loss of generality, let

if w; = v;, then

20 < doo(Fn(uz

Thus deo(F}(u1), Fn(w;)) > & and then

Qoo (B (1), Fu(w)) = doo(En(@1), Fu(wi)
= sup dy([Fn(Z1)]a, [Fn(w)]a)
a€l0,1]
= sup d(Fn([Z1]a), Fu((wila))
a€l0,1]

= sup dp({Fa(en)}, Fu(fwila)) > 6.
a€0,1]

Therefore, there exists y; € [w;]o such that d(F,(z1), F,,(y;)) > d for each i. Take B =
{y;}¥_,. Then dy (F,(A), F,(B)) > 6 holds for all B € Ug,,(A,e) and n > N.

(2) = (1) Assume {f,}>, is strongly sensitive with sensitive constant §. To show
that {fn}52, is strongly sensitive in F(X), it is sufficient to prove that {f,}72; [sr(x)
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is strongly sensitive, as SF(X) is dense in F(X). Let u € SF(X), then there exist a
sequence of nested closed subsets {41, A, - - -, Ax} of X and a sequence of real numbers
{a1, a9, -, ax} such that

[ulo = Ait1, where a € (aj, aiy1],1 <1 <k.

Since {f,,}2°, is strongly sensitive, for Ay and any B € K(X) with B € Ug,, (A, 5), there
exists an integer ng such that for all n > ny,

i (Fo(Ay), Fo(B)) > 6. (2)

Set X1 = X and C; = u '(ag) () X1. In general, define {X;}¥ , and {C;}}_| by the
following
€

Xi = Xi—1\ Ugy (Ci—1, Z)’

C; = u_l(ak_Hl) mXZ

Let D; = U§:1 Uy, (Ci, §), then we obtain an incresing sequence Dy C Dy C --- C Dy,

of closed sets in K(X). Consequently, we have a piecewise constant fuzzy set w € SF(X)
satisfying
[W]o = Dit1, where « € (o, aiy1].

It follows from the construction and Lemma 2.2 that

doo(u,w) < Z (3)

Thus we have for each i = 1,2, - -, k,

dg(B, D;) < dg (B, Ag) + dg(Ax, D;) <

Take v € SF(X) such that

Vo = B, if a€ (g1,
C O\ BUD;:, if a€ (o], i=1,2k—2
Then from (4), we have
doo(V,w) < ??f. (5)
Hence it follows from (3) and (5) that
doo (U, V) < doo (U, w) + doo(w, V) < Z + Z—E =e.

On the other hand, by (2) and Lemma 2.1, the following

~

dOO(Fn(U)aFn(V)) = 561[10131] dH([Fn(U)]m[Fn(V)]a)

= sup dg(Fn([ula), Fn([V]a))
a€l0,1]
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= as€1[10p1] dH(Fn([U]a)7Fn([V]a))
> dH(Fn([u]ak)a Fn([”]ak))
= dH<Fn(Ak)7Fn B)) > 6

holds, the strong sensitivity of { fn oo, follows.

Theorem 2. If (F(X),{f,}52,) is mean sensitive, then (X,{f,}22,) is also mean sensi-

tive.

Proof. Let (F(X), {f,}2,) be mean sensitive with sensitive constant 8, then for every
u € F(X) and every ¢ > 0 there exists v; € Uy (u,e) such that

n—1
lim sup — doo(Fiju, Fjv1) > 6
n—>oop Z:% oo( 7 7 1)
Taking u = & € F(X) we have that
1 n—1 1 n—1
lim sup — Z doo(FiZ, Fjv1) = limsup — sup du([Fi(Z)]a, [Fi(v1)]a)
n—oo N =0 n—soo N —0 a€l0,1]

n—1

—limsup~ 3 sup du(Fi([ela), Fi[v1)a)

n—oo T T8 ag(0,1]

n—1

1 _ _
= limsup — sup dg(F;({z}), Fi(|vi]a
nﬁmpn;ae[gi] u(Fi({z}), Fi([v1]a))

n—1

= lim sup ! Z sup d(Fi(z), Fi(y)) > 0.

n—oo N i=0 ye[vl}o
Thus it follows from the continuity of {f,}>2, and the compactness of [v1]p that there
exist y1 € [v1]p and an integer n; such that

ni—1

Z d(Fi(z), Fi(y1)) > n1d.
=0

If (z,y1) forms a mean sensitive pair, then the proof is done. If not, then there exists an
integer ki with k1 > nj such that Z?:_(]l d(Fi(x), Fi(y1)) < ni6 for all n > k1. Thus we can
find a neighborhood Uy of y; with Uy C Uy(z,¢) such that Y71 d(Fi(z), Fi(2)) > n1d
for all z € U;. Furthermore, there exists €1 > 0 such that

Ua(y1,€1) C Ur.
Using the mean sensitivity of {fn}ff:l again, we have va € Uy (y1,€1) such that (y1,v2)

is a mean sensitive pair, that is,

n—1

. 1 n—1 .. ' 1 o .
lim sup — Z doo (Fith, Fiva) = limsup — sup du([Fi(Y1)]a, [Fi(v2)]a)
=0

n—oo N “ n—oo T T8 ae(0,1]
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n—1

. 1 - n
= limsup — Z sup dp(Fi(y1), Fi([v2]a))
n—oo N i—0 @€[0,1]

n—1

1
= limsup — Z sup d(Fi(y1), Fi(y)) > 0.

n—oo N i=0 yE['UQ}O

Therefore, there exist y2 € [v2]o and an integer ng > k; > n; such that

no—1

> " d(Fi(y), Fi(y2)) > nad,
i=0

and then

no—1 no—1 no—1

Y d(FEi(@), Fi(yz)) > Y d(Fi(y1), Fi(y2) — Y d(Fi(@), Fi(y1)) = (n2 —n1)s.
1=0 =0 1=0

If (z,y2) forms a mean sensitive pair, then the proof is done. If not, then there ex-
ists an integer kg with ko > ng such that Z:‘L;ol d(Fi(z), Fi(y2)) < (n2 —ny)d for all
n > ko. Again, we can find a neighborhood Uy of yo with Us C Uy(yi,e1) such that
S 20V d(Fi(x), Fi(2)) > (ng —n1)d for all 2 € Us. Thus, there exists g2 > 0 such that

Ud(yg, 62) C UQ.

Proceeding inductively, we eventually obtain either the mean sensitive pair (z,yy) or
a sequence {y,} in Ui(z,e). It follows from the construction that the sequence {y,}
converges to a point yg. Thus

Yo € Ud(yi,e,;) (- Ud(yi,&?i) C Ui (- Ud(x,a).

Hence for each i, we have
n;—1

> d(Fi(x), Fi(yo)) > r:d,
=0

where

S (DR, i=2m -1
T = .
! S (=DFng, 0= 2m.

Therefore,

n—1
1
lim sup — Z doo (Fi(2), Fi(y0)) > 0
-0

n—oo M i
and then {f,}22 is mean sensitive.

The following example shows that, in general, the converse of Theorem 3.4 is not true.
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Example 1. Let S be a circle. It is known that the Denjoy map Dy : S* — S* is
an orientation preserving homeomorphism of the constructed circle S*. There exists a
Cantor set Cy C S* on which Dy acts minimally. There exists a continuous surjection
hy : S* — St that semi-conjugates Dy with Ry. In [22], the authors show that the system
(K(Cy), D)) is not sensitive. Hence it is not mean sensitive, as the mean sensitivity is
stronger than sensitivity.

Let f, = Dy, n = 1,2,---. Define iy : K(Cy) — F(C\) by ix(K) = A\xx for any
K € K(Cy) and any X € (0,1], where xk 1is the characteristic function of K. Hence,
ixoDy = l/)j\ 01y. Notf\that ix ts continuous. We show that the mean sensitivity of Dy
cannot be inherited by D)y as follows.

Since (K(C\), D) is not mean sensitive, for every § > 0, there exist a nonempty set
A € K(Cy) and a neighborhood U of A such that for all B € U,

n—1
1 —=n —=n
limsup — » " dy (D) (A), Dy(B)) < 6. (6)
n—oo 1 i—0
Suppose u € e(A) (recall that e(A) = {u € F(Cy) | [ulo € A}), by continuity of iy and
(8.5), we have

. 1,
limsup — » ~ dp (D) ([ulo), Dy(B)) < 6
n—oo TN =0
n—1

. 1 . N . -_n
= limsup - ZdH(zA o D) ([u]o),ix o Dy(B)) <o

n—00 ;
=0

n—1
n

1 —~n s
:>1imsup—ZdOO(D,\ oix([ulo), Dy oix(B))
n—oo N i—0

n—1

where v = i\(B) € F(C)). It follows that (F(C)), ﬁA) is not mean sensitive.

4. Conclusions

In this paper, we introduce the notions of strong sensitivity and mean sensitivity
for nonautonomous systems and investigate these two forms of sensitivity in an original
nonautonomous system and its connections with the same ones in its fuzzified system.
More precisely, we prove that the strong sensitivity of original system and its induced
systems, including set-valued system and fuzzified system, are equivalent. The mean
sensitivity of induced fuzzy system implies the same one in original nonautonomous system,
however, the converse is not true.
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