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Existence of Optimal Control for a nonlinear Partial
Differential Equation of Hyperbolic-type
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Abstract. In this paper, we prove the existence of an optimal control for a nonlinear hyperbolic
problem, examined in [3]. An estimation is used which makes it possible to extract from a minimiz-
able sequence of controls and from the sequence of corresponding solutions weakly convergent sub
sequences. To prove the passage to the limit in a true equality for every element of the minimizable
sequence, Lebesgue’s theorem on the passage to the limit under the integral sign and the theorem
of immersion have been used.
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1. Preliminaries notions

Before proceeding to the formulation of the problem, let us recall some fundamental
notions of [2].
1.1. Definition of C**(Q2) space: (see [4])

Let © be a domain of RV k € Ny and A €]0,1[. We call C¥*9(Q) any subset of the
functions u € C**(Q) for which the following condition is satisfied

Ve>0,36>0: (z,y € 0 < |z —y| <, |a| =k) = |D%(x) — Du(y)|- |z —y| ™ <e

where a = (a1, -+, a2) is the multi-index. )
The norm of the C**0(€)) space is deduced from C**(Q), namely

lulley = sup [D%u(z)| + Y sup|D%u(x) = Duly)| - |z —y| ™
S

lal<k® lal<k ©7Y
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Theorem 1 (2], P.11). Let Q be a bounded domain of R", 0 < A <1

F:RxQ —R,(u,x) — F(u,z) a continuous function defined on R x Q, differen-
tiable with respect to u on R for all x € Q and also F!: Q xR — R a continuous function
on Q x R satisfied

|Fo(u,y) = Fy(v,2)] < Qifu— |+ Qaly — 2}

and
|F(u,y) — F(v,2)| < Cilu—v| + Ca(y, 2)|y — 2}

where Q1, Q2, C1 are the constants and Ca a bounded function which verifies the condition
Ve>0,36>0:(ly—2z| <d) = Ca(y,2) <e.

Then the p(x) — F(p(x), z) mapping is defined from COM(Q) to COM(Q) and is weakly
sequentially continuous.

Theorem 2 (2], P.13). Let Q be a bounded domain of R", 0 < A <1

K:RxR,(z,y,u) — K(z,y,u) a continuous function on R x Q2, differentiable with
respect to u on R for all (z,y) € O? and also K. : Q> x R — R a continuous function on
0% x R verifying

’KQIL(t7 Y, u) - KL(S,y,u)| < Qr|t - 8|>\a |u| <r

and
]K(t,y,u)—K(s,y,u)] <a7’(t731y>7 |u’ <

with a, a measurable function,

/ ar(t, 5, 9)dy < by(t,s) - |t — 5,
Q

and by : Q3 — R satisfied the following conditions:
by is bounded and Ve > 0,36 > 0: (|t — s| <) = b,(t,5) < ¢
Then the mapping

G: [u(x)] — /Q K(z,y,u(y))dy

is defined from COM0(Q) to COM(Q) and weakly sequentially continuous.

2. Main operators

We shall consider the following problem

@ —Au+|ulfu = f(x,t) >0 (1)
8t2 - ) ’ p )
ou

%(l',t)wg = 0, te(0,7) (2)
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u s = p@), 20, Da g = vla) € Q 3)

in the cylinder

Qr={z,t:2€ QCR"0<t<T < o0},
where 2 is a bounded domain of R™ with differentiable boundary 95, 7 designates the
noo92
outer normal to 02 and Au = 87124
pt Ox;

Let

HY Q) = {v/v € Ly(Q), v

oz, ELQ(Q),i: 1,--- ,TL}

with associated norm

1
" v 2

2 2
uwm@=<4|m+;g&J]m>.

Assume that the functions f(z,t), ¢(x),1(z) are the control and then

fla,t) €Y C La(Qr), pl(z) € X C H'(Q),9(z) € W C La() (4)
where Y, X, W are respectively the convex sets, bounded and closed of La(Q7), H' () and
Lo (92).

Let consider the operator:

A: Lo(Qr) x HY(Q) x Ly () — COM(Qr)

[A(F, 0, 0)] (2, 1) = /Q Ky (ot ) f (2 ) da i + /Q Ko, 2)o(a! )/ + /Q Ka(w, 2/ )b () dat

where K1, Ko, K3 verify the condition of Holder:
A+ N, 0 <N <A\ A+ )N <1 respectively in (z,t),z, 2" and

| Ky (z,t, 2", 1) — Kl(:fv,f, ) < es(@ t)|(x,t) - (:i;,f)]’\J”\I,
|Kao(z,2') — Ko(2,2")] < 04(37’)\37—33\)‘+/\/,
|Ks3(z,2') — K3(z,2")] < 05(x’)\x—§:\/\+/\/,
sup K3z, t, 2’ t)de'dt! = ¢ < oo,
(x,t)EQT QT
sup K2(z,2)dr' = ¢ < oo,
zeQ Qr
sup K2(z,2)dr' = ¢ < oo.
zeQ Qr

with cg(2/,t') € La(Qr), ca(z’), c5(2’) € La(R).
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Note that this operator is linear, continuous and therefore it is weakly sequentially
continuous (by Theorem 1).
Let consider then the operator

[B(f, o, 0)](z,t) = 0 K(z,t,2' ¢, [A(f, p,¥)|(2', t)dx'dt

where

e the function K: Qi xR — R, K: (z,t,2/,§) — K(z,t,2/,¢,£) is continuous on
Q% x R, differentiable with respect to & on R for all (z,t,2/,t') € Q%;

e the derived function K, é: QZT x R — R is also continuous on QQT x R, and
[Ke(wt, 2! 1, 6) — Kg(i, 8,2, 1,)| < Qrl(x, 1) — (. DY, g <r
|Ké(:l:7 t? xl? t/’ é‘) - K('{i‘7 E? xl? tl? §)| < ar(x7 t’ j’ E? :E/? t/)? ‘§| < r

here a, is a measurable function verifying

/ ap(@,t, &, 1,2 ¢)da'dt’ < bp(x,t, &%) - (2, t) — (&, )M

T

and b, : Q% — R satisfying the following conditions:
b, is bounded and

Ve > 0,36 > 0: (|(z,t) — (2,1)]| < 0) = b(2,t,7,1) < e.

This operation is a mapping defined from Lo(Q7) x H'(Q) x La(Q) to COM(Q7) and it
is weakly sequentially continuous (by Theorem 2).

Let E € (CO*(Qr))".

Remember ([2],P.5) that there exists such Borelian measures (definite positive) u; and
o with bounded variation on Q7 and Q% respectively for which

2
o= [ o (o) + [ (o) = ul@) - [(ot) - @D a5,

for u € COM(Qr).
In this case, the functionals of the form
F': Ly(Qr) x HY(Q) x Ly() — R
Fz(f7(p71/}): <EZ7Bl(f7907w)>7 ’iIO, s1 + s2,

are also weakly sequentially continuous.
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3. Formulation of the problem

Consider the problem (1)-(3) with the propositions (4). Then consider the functional
of the form

Q

1 =0, s1+ s2 where the functions v;(x,t, &) verify the following conditions:

Ji(f7807¢):/ vi(w, t,u(z, t))dedt + F'(f,0,9), ()

a) the functions v;(z,t,§) are measurable on Q7 X R,
b) almost for each (x,t) € Qp, the functions v;(x,t, ) are continuous at £ on R and

vi(,t,€)| < cg + cr0l¢]*. (6)

Note that the functions J;(f, ¢, 1) are weakly sequentially continuous by virtue of the
immersion theorem H'(Q7) C L2(Qr), of inequality

C
lull v @ry < DU flza@r) + el @) + 191 La@)

[1], and the continuity of the functional u — fQT vi(z, t,u(x,t))dxdt from La(Qr) into
R.

We thus pose the following problem:

To find out such measurable functions f%(z,t) € Y, ¢°(x) € X, ¥%z) € W in such
a way that, for the solution u°(z,t) of the problem (1)-(3) corresponding to (£, ", 1?),
inequality-type constraints are verified,

Ji(f,0,0) <0, i=1, s1, (7)
equality-type constraints,
Ji(f,0,0) =0, i=s1+1, s1+ 59 (8)
and with that
Jo(f°,¢% 0% = inf  Jo(f.,0) 9

4. Existence of an optimal control

Theorem 3. We suppose there is a control of the above indicated class and y i)I(lf w Ji(f,o,0) >
XA X

—00.
Then there exists an optimal control fO(z,t),¢%(z), ¥°(z).

Proof. white.

Let {fo(z,t) }mz1, {om (@) b1, {m(2) }m>1 be minimizable sequences of controls and
{tm(z,t) }m>1 their corresponding sequence of solution of the problem (1)-(3).

From the inequality

[wm (2, )l (@r) + lum (2, DL, @) < const
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[3], where p = p + 2, it follows that the {up(z,t)}m>1 sequence is uniformly bounded
into H'(Qr); which allows to subtract a sub-sequence of solutions {um, (z,t)}72, that
converge weakly to u(z,t) into H(Qr) and f, (7,1), m, (T), P¥m, (z) converge weakly in
the spaces Lao(Qr), H' (), Lo(2) to fO(z,t) € Y, (x) € X,¢(x) € W.

From the weak converge in H'(Qr) of the sequence u,, (z,t) to u(z,t) and by virtue of
the complete continuity of the operator H'(Qr) into Ly(Qr), result the weak convergence
into La(Qr) of the sequence up, (z,t) to u(x,t).

HY(Qr) C La(Qr) Y{um(z, )} € HY(QT) : [[tm (2, )] 1) < c11

3 {um, (z,t)} C {um(x,t)} which is fundamental in Lo(Q7).
As Ly(Qr) is complete then 3 2*(z,t) € La(Q7): wm, (x,t) —> u* converge strongly
into L2(QT)

By virtue of the separation of Ly(Qr), we have u = u*.
We can consider that ([5],p.162)
|Umk(.7),t)| < Z(Qj‘,t) € L2(QT)
Then from the inequality (6), we obtain

VT, 1, Um,, )| S €9 T C1027 (T, 1&T).
|01, 8, tm, )| < co + c102° (2, 1) € L1(Qr)

By using the formula of the functional J;(f, ¢, ) for up,, (z,t), we have

Ji(fmkacpmka@bmk) = /Q Ui($ataumk)dxdt+Fi(fmka@mkawmk)
T
1 = 0, s1+ 59

According to the Lebesgue theorem, we obtain

BP0 = [ wletute)dade + (7, 6%, 00) (10)
As the functions fy,(x,t), om(x), m(x) are the minimizable sequences, then
Jolfms fms ) — it Jo(fyp,0) = . (11)
Under the weak sequential continuity, we have
o= 1 Jo(fmy oms tm) = Jo(f0,¢%,4°) (12)

By the same way, we have

i (fons s om) = Ji( FO, @0 400y, (13)
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i = 1, s1+ 89
In addition, from (7) and (8), it follows that :

Jz(fm,@mﬂ/)m) < 07 1= 17 51
Jz(fm,(pm,l/)m) = 07 i281+1781+52

and from this, it follows that :

Ji(f%,¢% 0% < 0,i=1, s (14)
Ji( 0 AO %) = 0, i=s1+1,85 + 59 (15)

From (12), (14), (15), it follows that f©, 3,40 is an optimal control.
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