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Abstract. In this paper, using the rational generating for the second form of the g-analogue of
r-Whitney numbers of the second kind, certain divisibility property for this form is established.
Moreover, the Hankel transform for the second form of the g-analogue of r-Dowling numbers is
derived.

2010 Mathematics Subject Classifications: 05A15, 11B65, 11B73

Key Words and Phrases: r-Whitney numbers, r-Dowling numbers, generating function, ¢-
analogue, g-exponential function, A-tableau, convolution formula, Hankel transform, Hankel ma-
trix, k-binomial transform

1. Introduction

The matrix of the form

ao al as Qn

ay  a as (1

a9 as aq e Ap+2 (1)
Gp  An41  Ap42 a2n

whose entries are the elements of the sequence A = (ay)0%, was defined in [16] as the
Hankel matriz of order n of a sequence A, denoted by H,. This can also be written as
H,, = (@it+j)o<ij<n- In the same paper [16], the Hankel determinant hy of order of n
of A was defined as the determinant of the corresponding Hankel matrix of order n, (i.e.
hn, = det(H,,)) and the Hankel transform of the sequence A, denoted by H(A), was defined
as the sequence {h,,} of Hankel determinants of A.
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For example, the sequence of (r, §)-Bell numbers in [12, 15], denoted by {Gy, ; g}, has
possessed the following Hankel transform (see [14])

nrﬁ HBJJ'

As mentioned in [16], one can easily verify that the (r, 8)-Bell numbers are simply the
r-Dowling numbers D, ,(n), which are defined in [5] as

= Waa(n,k)

k=0

where W, »(n, k) denotes the r~-Whitney numbers of the second kind introduced by Mezo
in [29]. In [14], the authors have also tried to derive the Hankel transform of the sequence
of g-analogue of (r, 5)-Bell numbers. In this attempt, they used the g-analogue defined in
[17]. But they failed to derive it.

Just recently, another definition of g-analogue of r-Whitney numbers of the second
Winr[n, k]g was introduced in [13, 16] by means of the following triangular recurrence
relation

Wil Klg = ¢ DY Wi oln = 1, k = 1g + [mk + r]gWinr[n — 1, kg. (2)
From this definition, two more forms of the g-analogue were defined in [13, 16] as

k
Wi In kg == ¢ G W, [0, K, (3)

k
Won oI, Klg = ¢ Wi [0, K]y = ¢ "G Wo [, K, (4)

where Wy, .[n, k], and WN/m,r[n, k], denote the second and third forms of the g-analogue,
respectively. Corresponding to these, three forms of g-analogues for r-Dowling numbers
may be defined as follows:

zn:er [n, K, (5)
k=0
= Wkl (6)
k=0

Njg = Z Wm,r[nv klg- (7)
k=0

However, among these three forms, only the third form was considered in [16] and was
given the Hankel transform as follows

H(Dm7T[n]Q) = qm(n;rl)_Tn(n—H)[O]qm![ﬂqm! - [n]qm![m]gngl)_ (8)
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This Hankel transform was derived using the Hankel transform of g-exponential polyno-
mials in [20], the Layman’s Theorem in [26] and the Spivey-Steil Theorem in [34]. This
method cannot be used to derive the Hankel transform of the first and second forms of
g-analogues for r-Dowling numbers. But the method used by Cigler in [8] is found to be
useful to derive the Hankel transforms for the second form of the g-analogue of r-Dowling
numbers.

In this paper, the Hankel transform for the sequence (D* +nlq )ZO, will be estab-
lished using Cigler’s method [8]. However, a more general form of D}, .[n],, denoted by
¢nlx, 7, m]y, is considered, which is defined in polynomial form as follows.

Pnlz, Mg = Z W;z,r [, k] [:B]Z’ (9)
k=0

such that, when x = 1, @, [1,7,m], = Dj, .[n]g-

2. A g-Analogue of W,, .(n,k): Second Form

The second form of g-analogue of W, .(n,k) is a kind of generalization of the g-
analogue considered by Cigler [8]. This g-analogue possessed several properties (see [13])
including certain combinatorial interpretation in terms of A-tableau, which is defined in
[27] to be a list ¢ of column c of a Ferrer’s diagram of a partition A(by decreasing order of
length) such that the lengths |c| are part of the sequence A = (r;);>0, a strictly increasing
sequence of nonnegative integers. By making use of the following explicit formula in
symmetric function form [13]

k
Wm,r[”? k]q - qm(§)+kT Z H myj + 7“
S1+Se+--Sp=n—k j=1
L —k
= Z qm(2)+kr H [m]i + T]q; (10)
0<j1<s2< n—k<k i=1
we have
n—k
W’;L,r[nv klg = Z H mji + rlq (11)
0<j1<jo< - <Jp_r<k i=1

n [16], W, ,[n, k] was expressed as

Wo k= > Jlw(e)

pETA (k,n—k) cEP

where T2 (h,1) denotes the set of A-tableau with I columns of lengths |c| < h and w(|c|) =
[m|c|+7]q. Using the combinatorics of A-tableau, the following identities were established
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in [16]:
* = n—j [T —nr n—j * -

Witk = S0 (D)l W G, 02

=k
W;z,r[n + 1’ m + ] + 1](1 = Z W;L,T[ka m]qwﬁm,r—m—l[n - kaj]q (13)

k=0

min{t,s}

W’;:L,T[S + D, t]q = Z W’;(T(l,’l“[s7 k]qW;,rerk [pa l— k]q (14)

k=maz{0,t—p}

Moreover, the convolution-type identity (14) has been used in [13] to derive the following
Hankel determinant

det (W, pfs + i+ 4,5+ 5la) o<y sy = L [m(s + k) + 715
k=0

Another interesting property of Wy, .[n, k], is the divisibility property. One can easily
observe that, using the triangular recurrence relation of W, .[n, k|, in (2), we can generate
the following table of values

n/k| 0 1 2 3
0 | 1
1 [T]q q
2 | [z | ¢ ([rlg+Im+rly) gt
2 | [rlg | " (Irlg +Im+7ly) g
3|0 [ TR+ aTlm+rly | @7 (g + [m+1lg) | &7F
+q"[m + ]2 g (+[2m +1]y)

Then, we can generate the first values of W, ,[n, k], as follows

n/k| 0 1 2 3
0 1
1 [r]q 1
2 | [r] [r]g + [m + 74 1
3 [r]g [r]g + [rlglm +7r]q + [m—i—r]g [rlg+m+rlg+2m+7r], |1

Note that [n]; = 14+¢+ ¢*>+...+¢" . Based on the preceding table, the constant values
of Wy, .[n, k]; from row 0 to row 3 form the following triangle of numbers
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This can be written as

NGINGINGD
o @ @ 6,
which is a portion of Pascal’s triangle. The following theorem generalizes the above ob-
servation.

Theorem 2.1. The q-analogue W;,‘w[n, k), satisfies the following congruence relations

Wil by = (7)) (mod o) (15)

Proof. We recall the rational generating function [13] for W, .[n, k], is given by

[t]5
Vi(t)=> W In, k[t = £ :
{0 nzzo s Klal [T5—o(1 = [mj + rlq[tly)
Since
= Y m el
T=Tmj ity &0
=Y (I+q+¢+.+ g™ )y
n>0
=> (1 +aq)"MHy,
n>0
where y in q. Then .
L= [mj+rlgtl, ;)(1 + )l

for some polynomial z, in ¢q. Hence,

1 n n n

TR TP VLD e

" _ 1
= nzzo[t]q (mod q) = (1 — [ﬂq) (mod q)
Then
\ . (43
Wi(0) = S0 Wi Mol =
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1
= [t]]; (HW) (mod q).

Using the Newton’s Binomial Theorem, we have

iy (" ) - 1) 7 (mod g

n

> Wi oln k]It

>0 n>0
= (" E ) moda)

n>0
n—k+k\ nip_
(" Er )t mod )

(3)is mod o)

Comparing the coefficients of [t]; completes the proof of the theorem.

Il
(]

3
Vv
S

Il
™

[\
B

n

3. Hankel Transform of Dj,  [n],

We recall that the horizontal generating function for Wy, ,.[n, k], is given by

Y Wingln, klglz — rlmlig = [a]5. (16)
k=0

Using the fact that
k
[ = rlmlkg = a7 (@),

where (), = H?;Ol([ﬂq — [r+ jm]y), we can write (16) as follows

n

> W, Ko () = [2]]
k=0

Z Wﬁl,r[m k]q<x>nm,k = [5'3]2
k=0

Using the method of Cigler [8], let d[n,k| = det (az’+j+kz)2j_:10 denote the kth Hankel
determinant. That is, the Oth Hankel determinant is given by
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and the 1st Hankel determinant is given by

ai a2 as Qn

a9 a a4 Ant1
d[n,1] = det 3 nt

an  Gn4+1  An42 a2n—1

Now, define a linear functional F' on the polynomial by
F(z") = ay

By Gram-Schmidt orthogonalization process, there exists a sequence of orthogonal poly-
nomials
() =com +Cinx+ ...+ cn_l,nx”_l +2" (epn=1)

with respect to F' such that

a al a9 cee Ap—1 1
1 ai a2 as Qnp, x
2
pn(x) = det |as a3 ay ... GQpy1 T (17)
d[n, 0]
an  Gn4+1  An42 A2n x"

where p,(z) := 1. This means that
F(pnpr) = dp[n = k] with d,, # 0.
Then -
d[n,0] = ]
i=0

Clearly, from (17), we have

pa(0) = com = d[; (1.1l
Hence, we have
d[nv 1] = d[”a 0](_1)npn(0)' (18)

First, let us consider the Hankel transform of ¢, [z, 7, m], corresponding to the 0th Hankel
determinant.

Theorem 3.1. The Hankel transform of n[x,r,m]q corresponding to the Oth Hankel de-
terminant is given by
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Proof. We prove this theorem using the method of Cigler [8]. First, consider a linear
operator U, , on the polynomials defined by

Urg(®)rmn =[]y ~ where Unq[az]qUqul = [z]q(1 + [z], " Dlx]p)

Then, we have

Uhq[x]qu_,ql [90]2 = Ur[m]q<x>nm,n
= Up,q((T)rmnt1 + [1 + n]g{T)rmmn)
= [2]g* + [+ n)glz]y

= [z]q(1 + [2]," Dlz]y)[=]g-
Let F, 4 be the linear function defined by

F (@) rmmn) = [a]g.

The orthogonal polynomial with respect to F} , is given by

n i [n

hnq(@, a,r,m) = Z(_[a]q)kq(2> |:k‘:| (T)rmn—ks
k=0 q

which is a kind of g-Poisson-Charlier polynomials satisfying the following recurrence rela-

tion

hn-i-LQ(xv a,r, m) = ([m]q - [mn + T]q - qn [a]q)hn,q(m, a,r, m)

- qr+mn_1[a]q[n]qhn—1,q(xa a,r,m).

Now, consider the following polynomial in [z],
n—1 n
k n n—
puali) = T (Il - o¥1el) = S -lala® |}
k=0 k=0 q

By applying the linear operator Uy g : (€)ym i — [w]lg to hpq(x,a,m,m),

Urhpg(x,a,m,m) = Z(—[a]q)kq(g) [ﬂ [x}g_k = png(z,a).
q

This implies that
UE;(pmq(x, a)) = hn,q(l'a a,r, m)
Then

Url[2]ghng(2,a,r,m) = U, [x]qUil (Pnq(z,a))

Ty

= [2]g(1 + []g " D]zl )pnq (2, a)
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= [#|gpnq(@,a) + [r +mnlgpn q(z,a)
Note that "
Prria@,0) = [T ([2lg = ¢*laly) = (2ly = a"[a)e) o (e, a)-

k=0
Hence, [2]4pn q(x,a) = pni1,q(x, a) + [alqq"pn,q(z, a). Using the fact that

[r+ mn]q = [T]q + qr[m”]qa
we have

UT[‘r]hnH(x’ a,T, m) = pn-&—LQ(x? a) + [a]qq"pmq(x, a)
+ ([rlqg + ¢"[mn]q)pnq(x, a)
= Pnt1.q(2, @) + [a]gq" Png(2; a) + [Flgpng(x; a) + q"[mn]gpn ¢(z, a)
= Pnt1,4(T, @) + [a]qq"Png (7, @) + [r]gPnq(z, a) + ¢"[mn]g[z]qpr—1,4(2, ).

Also, [2]gPn-14(%,a) = png(z,a) + [al4q" ' pn—14(z,a). Then

Up[2)hn g(z, a,7,m) = ppti1q(z,a) + [a]qq" P g(2, a)
+ [rlgpng(z,a) + q"[mn]q(png(7,a) + [a]qqn_lpnfl,q(xv a))
= pn-&-l,q(l‘) a) + [a]qqnpn,q (xa a) + [T]qpn,q(ﬁa CL) + qr [mn]qpn (l', a)

+ [a}q[mn]qurnilpn—l,q(wa a)

Applying U ql yields

[x]qhn,q(xv a,m,m) = hpy14(x,a,m,m) + ([a]qqn + [T]q +q" [mn]q)hmq(% a,r,m)

+ [alg[mnlgq" ™ R (2, 0,7y m).
Clearly,
Fry(h <xarm>>—§nj<—[a] ¥ g | e = )=0
7,9 n,q s Wy by - q q k aq —pn,q(aaa - Y%
k=0 q

which implies

d”:q = Fr,q([x]g hn,q(mv a,m, m))

_ qr+nfl[mn]q[a}q Fr,q([x]gil hn—Lq(w’a’ r, m))

Hence, we have

n—1
d[n7 O]q = H dk‘,q
k=0

1684
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n—1
= T (@ tmlglale)* o [k]gn!
k=0
_ (qr[m]q[w]q)0+1+2+---+n_1 q(g)"'@)"'(g)"_‘“—’_(n;l) nl:[l[k]qm‘
k=0
n—1
= (@' lmlyla)y) @ o) [T (K
k=0

This is exactly the desired Hankel transform.

As an immediate consequence of Theorem 3.1, we have the following corollary.
Corollary 3.2. The Hankel transform of Dy, .[n]q is given by

" N . n—1
H(Df [1lg) = [m)$) g4 ) T (k]!

k=0

Proof. This can easily be derived from Theorem 3.1 by letting z = 1.

Remark 3.3. When m = 1, the Hankel tranform in Corollary 3.2 yields

n—1

H(D;,[nly) = ¢+ G) TT K,

k=0

which is exactly the Hankel transform of the second form of g-noncentral Bell numbers
B o when r = —a in [11] defined by

n
Bi, =Y Sinkl.
k=0
Remark 3.4. When ¢ — 1, Corollary 3.2 gives
n—1
H(D;, ,(n)) = m) [ &,
k=0

which is exactly the Hankel transform of (r, §)-Bell numbers G, g, with = m in [14].

Theorem 3.5. The Hankel transform of ¢n[x,r,m], corresponding to the 1st Hankel
determinant d[n, 1], is given by

H (gDn[I, Ty m]q) = d[n7 1]q

n—1 n k—1
= (nlofel) &) 16 TT k1t S°-1)"(elia® || Tl + s
k=0 k=0 7 5=0
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Proof. Taking [pn(z)]q = hnq(x,a,r,m), we can compute the desired Hankel transform
using (18) with

Oy = A 0..rcm) = 3 (<lalg* o) [} 10 rim,

k=0

n k-1
= 3 (=1)"[atq) [Z] O[T b+ o,
k=0 1 =

Hence, we have
H (pn[z,r,m]q) = d[n, 1] = d[n, 0]4(=1)"[pn(0)]q

n—1 n k—1
= (lofel) &) 46 [kl S°-1)(al5a® || T+ o

k=0 k=

[e=]

4. Recommendation

We observe that the Hankel transform of the second and third forms of the g-analogue
of r-Dowling numbers are obtained using different methods. It would be interesting to
find a method that can be used to establish the Hankel transform of the first form of the
g-analogue of r-Dowling numbers. It may be possible that this method is closely related
to the one being applied in this paper.
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