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ABSTRACT. By employ the Riccati substitution technique, we establish new
oscillation criteria for a class of fourth-order neutral differential equations. Our
new criteria improves a number of existing ones. An illustrative example is
provided.
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1. Introduction

For several decades, an increasing interest in obtaining sufficient conditions for
oscillatory and nonoscillatory behavior of different classes of differential equations
has been observed; see, for instance, the monographs [1]-[5], the papers [6]-[12],
and the references cited therein.

Neutral differential equations are used in numerous applications in technology
and natural science. For instance, they are frequently used for the study of dis-
tributed networks containing lossless transmission lines; see Hale [14], and therefore
their qualitative properties are important.

In this paper, we are concerned with the oscillation of solutions of the fourth-
order neutral differential equation

o li
(r® @O+ @) +a@a @@)=0. 1)
where ¢ > tg. In this work, we assume that o and [ are quotient of odd positive
integers, r,p,q € Cltg,00), (t) > 0, ' (t) > 0, q(t) > 0, 0 < p(t) < pp < o0,
7,0 € Cltg,00), 7(t) < t, lims_00 7 () = lims—,00 0 (t) = 00. Moreover, we study
(1.1) under the condition that

*° 1

and we define the function

z(t) =) +p ) (7 ().

By a solution of (1.1) we mean a function z € C3[t,, o), t, > to, which has
the property r (t) (2" (¢))* € C*[t,,c0), and satisfies (1.1) on [t,,00). We consider
only those solutions z of (1.1) which satisfy sup{|z (¢)| : ¢t > T} > 0, for all T > ¢,,.
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DEFINITION 1. A solution x of (1.1) is said to be non-oscillatory if it is positive
or negative, ultimately; otherwise, it is said to be oscillatory. The equation itself is
termed oscillatory if all its solutions oscillate.

Let us briefly comment on a number of related results which motivated our
study. A number of oscillation results for differential equation

(r) (2 @)Y + a0 @ 1) = 0.

have been established by Baculikova et al. [8] under the conditions (1.2) and

/ rle () dt < oo

Asymptotic behavior of higher-order quasilinear neutral differential equations of
the form

(r@ (2 @)) + a2 @@y =0

have been studied by Li and Rogovchenko [13]. Agarwal et al. [6] investigated the
oscillatory behavior of a higher-order differential equation

(r) (5 @)") +at)a® (1) =0,

under the condition (1.2).
In order to discuss our main results, we need the following lemmas:

LeEMMA 1.1. [B]If the function x satisfies @ (t) > 0, i = 0,1,...,n, and
z( Y (1) < 0, then

x (t) < x' (t)

tn/nl = 1/ (n— 1)U

LEMMA 1.2. [3, Lemma 2.2.3]Let z € C™ ([to, 00) , (0,00)) . Assume that (™ (t)
is of fized sign and not identically zero on [tg,00) and that there exists a t1 > to
such that ™= () (™ (t) <0 for all t > t1. Iflim; oo 2 (t) # 0, then for every
p € (0,1) there exists t,, > t1 such that

x (t) > L'tn—l ‘x(n—l) (ﬁ)‘ fO’f’ t > tﬂ'

(n—1)

LeMMA 1.3. [15]Let x (t) be a positive and n-times differentiable function on
an interval [T, 00) with its nth derivative (™ (t) non-positive on [T,00) and not
identically zero on any interval of the form [T',00), T' > T and ("= () 2™ (t) <
0, t > t, then there exist constants 0, 0 < 6 <1 and N > 0 such that

2’ (0t) > Nt" 221 (1),

for all sufficient large t.

2. One-condition theorems

LEMMA 2.1. Assume that x is an eventually positive solution of (1.1). Then

(r®) " 0)") < —q() (1= po)” 2" (o (1)) (2.1)
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PROOF. Assume that z be an eventually positive solution of (1.1). Then, there
exists a t; > to such that = (¢t) > 0, z(7(¢)) > 0 and = (¢ (t)) > 0 for t > ¢;. Since
' (t) > 0, we have

2(t) >0, 2/ (t) >0, 27 (t) >0, 2z (t) <0and (r(t) (2" (1)) <0, (2:2)
for ¢ > t;. From definition of z, we get

w(t) = z(t) —pox (7 (t) = 2(t) = poz (1 (1))

V

which with (1.1) gives

(r () (" (1)) +q(t) (1 —po)’ 2° (o (t)) < 0.
The proof is complete. O

THEOREM 2.1. Assume that

1 e ~atl «
lim inf < / Uy ()W, (s)ds > —————, (2.3)
= Wy (1) Ji 1 (a+1)"%
where
o® (t) G’ (t)

Uy (t)=¢q(t)(1— Po)ﬁ MP= (o (1)), Uy (t) = ae r1/a (f) and Uy (t) = /too Uy (s)ds

Then, (1.1) is oscillatory.

PROOF. Assume that z be an eventually positive solution of (1.1). Then, there
exists a t1 > tg such that x (¢) > 0, 2 (7 (¢t)) > 0 and z (o (t)) > 0 for ¢ > ¢;. Using
Lemma 2.1, we obtain that (2.1) holds.

Define w as follows
r(t) (2" (£)"

w(t) =
R C0)
By differentiating and using (2.1), we obtain

o)< 1OA=P) S @®).  r)E" @) Co(®)Co’ (1),

2 (Co (1)) - z2+ (Co (1))

From Lemma 1.3, we have

(2.4)

r (1) (2" (1) e0® (t) 2 (o () o’ ()
20t (Co (1))

W () < —q(t) (1= po)’ 27~ (0 (1)) — a
‘Which is

W' (1) < = () (1 =po)” 27 (o (1)) — ae

r(t)o® (1) o’ (1) (=" (£)* "

@)
by using (2.4) we have
S0 2 =000 -p) 5 o ) - T DT Dy g2)

Since 2’ (t) > 0, there exist a t3 > t; and a constant M > 0 such that
z(t) > M.
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Then, (2.5), turn to
S (0 £ =00 (L= M7 (0 1) — e T e o),
that is
W (t) + Ty (t) + Ty (£) w@TV/ @ (1) < 0.

Integrating the above inequality from ¢ to [ , we get

w(l) —w(t)—l—/l\lll (s)ds—l—/llllg(s)wa;l (s)ds <0.
Letting | — oo and using w >t0 and w’ < 0, twe have
w(t) > Ty (t) + /OO Uy (s)w™a (s)ds.
This implies t

atl

wlt) oy, L /tooqu(s)@ff(s)<“(s) s (2.6)

Uy (t) Uy (t) Ty (s)

Let A = inf;>7w (t) /Wy () then obviously A > 1. Thus, from (2.3) and (2.6) we
see that
A >(0‘+1)/04

)\21+a<
a—+1

A 1 a A\ (@r/e
> + ,
a+l " a+1l a—l—l(a—i—l)

which contradicts the admissible value of A > 1 and o > 0.
Therefore, the proof is complete. O

or

3. Two independent conditions theorems

NoTATION 1. Here, we introduce Riccati substitutions
() (" (8)"
w(t) = ——r7n"—

2 (t)

Also, for convenience, we denote that:

and w (t) := (3.1)

t2
~ MHoptja

38
a0 s =a-m 2 (20

Ry (t)

and

Q0= (=) 3 [T (s [T "ﬁé)d)/ a

for some p € (0,1) and every My, My are positive constants.
All functional inequalities are assumed to hold eventually, that is, they are

assumed to be satisfied for all ¢ sufficiently large. We begin with the following
lemma that can be found in [?, Lemma 2.1].
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LEMMA 3.1. Assume that (1.2) holds and x is an eventually positive solution
of (1.1). Then, (r(t) (2" (t))a)l < 0 and there are the following two possible cases
eventually:

(C1) z(t) > 0, 2/ (t)>0, 2" (t) >0, 2" () >0, 2z (t) <0,
(Ca) 2(t) > 0,2 (t)>0, 2"(t) <0, 2" (t) > 0.

LEMMA 3.2. Let z is an eventually positive solution of (1.1) and the functions
w and w are defined as in (3.1).

(I,) If = satisfies (Cy), then

a+1

W)+ Q1)+ Ry (f)w = (¢) <0; (3.2)
(Ip) If = satisfies (Cz), then
w' (t) + Q2 (t) +w? () < 0. (3.3)

PROOF. Assume that x be an eventually positive solution of (1.1). Then, there
exists a t; > to such that = (¢) > 0, z (7 (¢)) > 0 and z (o (¢)) > 0 for ¢ > 1. Using
Lemma 2.1, we obtain that (2.1) holds.

In the case (Cy), by differentiating w and using (2.1), we obtain

s () M) E" )",

") < —q(t)(1— t). A4
1) < —a ) (1-po)” T om0 (s
From Lemma 1.1, we have that
3
2 (t) > %z' (t) and hence z (ZJ(S)) > Ut?ft). (3.5)
It follows from Lemma 1.2 that
2 (t) > %tzz”’ (t), (3.6)

for all uy € (0,1) and every sufficiently large ¢. Since 2’ (t) > 0, there exist a to > 1
and a constant M > 0 such that

z(t) > M, (3.7)
for t > to. Thus, by (3.4), (3.5), (3.6) and (3.7), we get
W (£)+ Q1 (t) + Ry (Hw s () <0.
In the case (Cy), integrating (2.1) from ¢ to u, we obtain

r(u) (2" (u)® = (1) (2" (1) < - /t“ q(s) (1= po)” 2" (0 (s)) ds. (3.8)

From Lemma 1.1, we get that

z (t) > t2' (t) and hence z (o (t)) >

For (3.8), letting u — oo and using (3.9), we see that

OE O 2 0-m 20 [ a0 T as

t

Integrating this inequality again from ¢ to oo, we get

oo( 1 /u T as) Uiés)ds>1/a du,  (3.10)

) < - - |

t
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for all uy € (0,1). By differentiating w and using (3.7) and (3.10), we find
" ’ 2
v - 20 (20

z(t) z(t)
12 eBs) \ M
< —wr(t) - (1— "/"‘MWQH/ / d da
< —w(t) = (1 —po) ) /., q(s) 5 ds (34)
hence
w (t) + Qo (t) +w? (t) < 0.
The proof is complete. O
THEOREM 3.1. Assume that
lim inf—— / Ri(5) Qi (s)ds> — (3.12)
oo Qu(t (a+1)
and
lim inf — / Q3 (s)ds > - (3.13)
t—oo Q2
where
/ Q1(s)ds and Q2 (t / Q2 (s (3.14)

Then, (1.1) is oscillatory.

PROOF. Assume to the contrary that (1.1) has a nonoscillatory solution in
[to, 00). Without loss of generality, we let = be an eventually positive solution of
(1.1). Then, there exists a 1 > to such that z (t) > 0,z (7 (¢)) > 0and z (o (t)) >0
for ¢ > t1. From Lemma 3.1 there is two cases.
For case (C;). Using Lemma 3.2, we obtain (3.2) holds. Integrating (3.2) from ¢
to 1, we get

w(l)—w(t)—i—/t Ql(s)ds—&—/t'Rl(s) W () ds < 0.

Letting | — oo and using w > 0 and w’ < 0, we have

w(t) > Q1 (t) Jr/ Ry (s)w™> (s)ds. (3.15)
t
This implies
at1
wit) oy L / Ri(s)Q," (s) <i"(‘”)> ds. (3.16)
Q1 (t) Q1 (t) Je Q1 (s)
Let A = inf;>7w (£) /Q1 (£) then obviously A > 1. Thus, from (3.12) and (3.16) we
see that
A (a+1)/c
A> 1+« ( >
+1
or

A 1 a A\ @t/
> + ,
a+l ™ a+1 a—i—l(a—i—l)

which contradicts the admissible value of A > 1 and a > 0.
The proof of the case where (Cs) holds is the same as that of case (C;). Therefore,
the proof is complete. O
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Define a sequence of functions {u, (t)},—, and {v, (t)},—, as

uo (1) = Q1 (1), and vo () = Qs (1),
U (8) = ug (1) + [ Ry (8) !/ (s)ds, n > 1 (3.17)
U () = vo (t) + [, vffil)/a (s)ds, n>1

where Q; and Q, defined as in (3.14). We see by induction that u, (£) < t,41 (£)
and vy, (t) < wvpgq () for t > tg, n > 1.

THEOREM 3.2. Let uy, (t) and v, (t) be defined as in (3.17). If

lim su Ltg " un (£) > 1 (3.18)
t%oop 67.1/04 (t) " '
and
lim supAtv, (t) > 1, (3.19)
t—o0

for some m, then (1.1)is oscillatory.

PROOF. Assume to the contrary that (1.1) has a nonoscillatory solution in
[to, 00). Without loss of generality, we let = be an eventually positive solution of
(1.1). Then, there exists a t; > to such that z (¢) > 0, z (7 (¢)) > 0 and z (o (¢)) > 0
for t > t1. From Lemma 3.1 there is two cases.
In the case (C1), proceeding as in the proof of Lemma 3.2, we get that (3.6) holds.
It follows from Lemma 1.2 that

2 (t) > %t?’z”’ (t). (3.20)

From definition of w (t) and (3.20), we have

wtt) - r%t) (j”(Z)) 2 Tét) (%ts)a'

Thus,
t’ “
<1
o0 (i) <
Therefore,
: pt? “

which contradicts (3.18).
The proof of the case where (Cs) holds is the same as that of case (Cy). Therefore,
the proof is complete. ([l

COROLLARY 3.1. Let uy, (t) and vy, (t) be defined as in (3.17). If

[ awen ([ me e @as)i - o)
and
[ aten([ o ()45 e = 522)

for some m, then (1.1) is oscillatory.
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PROOF. Assume to the contrary that (1.1) has a nonoscillatory solution in
[to, 00). Without loss of generality, we let = be an eventually positive solution of
(1.1). Then, there exists a 1 > to such that z (t) > 0,z (7 (¢)) > 0and z (o (t)) >0
for ¢ > t1. From Lemma 3.1 there is two cases.
In the case (C}), proceeding as in the proof of Theorem 3.1, we get that (3.15)
holds. It follows from (3.15) that w (t) > ug (t). Moreover, by induction we can also
see that w (t) > uy, (¢) for t > ¢, n > 1. Since the sequence {u,, (¢)} -, monotone
increasing and bounded above, it converges to u (¢). Thus, by using Lebesgue’s
monotone convergence theorem, we see that

u(t) = lim u, () = / Ry (¢) ul®™/ (s)ds + uo (t)
n—oo t
and
u' (t) = =Ry () ul@tV/ (1) — Q1 (t). (3.23)

Since uy, (t) < w(t), it follows from (3.23) that

' (1) < —Ri (8)u/* () u(t) = Qi (D).

Hence, we get

u (t) < exp < /T t Ry (s)ul/® (s) ds> <u (T) — /T t Q1 (s) exp ( /T ) Ry (w)ul/® (u) du) ds) :

This implies

which contradicts (3.21). The proof of the case where (Cz) holds is the same as
that of case (C1). Therefore, the proof is complete. O

4. Further results

LEMMA 4.1. Assume that x is an eventually positive solution of (1.1) and

p(rH (7)) > (T_T(_Tl_(t)(t))) . (4.1)

Then
(r®) ")) + a0 (0 (1) 2" (r (o (1)) <0, (4.2)
where

L _ (2 w)” .
_ ] rw (1 TRy ) Jor case (€

p(t T —1(_—1
1 (r ()
FE0) (1 ~ @Gy ) Jor case (C2).

(4.3)

PROOF. Proceeding as in the proof of Lemma 2.1, we get that (2.2) holds. It
follows from Lemma 3.1 that there exist two possible cases (C1) and (Cs3). From
the definition of z (¢), we see that
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By repeating the same process, we find that

" (t) _ z (7-—1 (t)) B 1 > (T—l (T—l (t))) B z (T—1 (7_—1 (t)))
p(r=t (@) p(E @) \p( ' (=71(@) pr (1)
z (71 (1)) B 1 2(r7 (7))
p(r 1) p(r i) p(r () (4.4)

Assume that Case (C;) holds. Proceeding as in the proof of Lemma 3.2, we get
that (3.5) holds, which with the fact that 7 (¢) <t gives

S () < <(<t>(t))> (77 (0). (45)

From (4.4) and (4.5), we find that

., ! B ol G ) K WP
(t)zp(rl(t)) (1 (T‘l(t))3p(7'_1(7'_1(t)))> (T ®). (4.6)

Assume that Case (Cs) holds. Proceeding as in the proof of (C3) in Lemma 3.2,
we get that (3.9) holds. Since 771 (¢) <771 (771 (¢)), we obtain

1 (t) 2 (771 (771 (t))) <771 (7'71 (t)) z (Til (t)) . (4.7)
From (4.4) and (4.7), we find

L, DY
pv*u»(l W*GDMf4h*@m> o). 48

Next, from (4.6) and (4.8), we get that
z()=p@®)z (" (1),

which with (1.1) yields (4.2). Therefore, the proof is complete. O

x(t) >

LEMMA 4.2. Assume that o (t) < 7(t),x is an eventually positive solution of
(1.1) and the functions w and w are defined as in (3.1).
(Is) If = satisfies (Cy), then

W () + Qs (t) + Ry () w™s (1) <0
(L) If x satisfies (Cz), then
W (£) + Qu (1) + w? (1) <0,

where

1 o 3a
@10 =4 (07 (o () 2157 ()
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PROOF. Assume that z be an eventually positive solution of (1.1). Then, there
exists a t1 > tg such that  (¢) > 0, x (7 (t)) > 0 and z (o (t)) > 0 for ¢ > ¢;. Using
Lemma 4.1, we obtain that (4.2) holds.

In the case (C;), by differentiating w and using (4.2), we obtain
i< 1OPEOF o) roE o),
z(t) zot L (¢)

From Lemma 1.1, we have that

t
z(t) > §Z/ (t) and hence Ay (4.10)

It follows from Lemma 1.2 that
Z(t) > %t%”’ (t), (4.11)

for all 4y € (0,1) and every sufficiently large ¢. Since 2’ (¢t) > 0, there exist a 3 > ¢;
and a constant M > 0 such that

z(t) > M, (4.12)
for t > to. Thus, by (4.9), (4.10), (4.11) and (4.12), we get
W (1) + Qs (1) + Ry ()" (1) < 0.
In the case (Cs), integrating (4.2) from ¢ to u, we obtain

r(u) (2" ()" =7 (1) (2" (1) < - /t q(s)p” (0 (5)) 2" (17" (0 () ds < 0.

(4.13)
From Lemma 1.1, we get that
1
z(t) > t2' (t) and hence z (77 (0 (t))) > T (tcr ®)) z (t) (4.14)
For (4.13), letting u — oo and using (4.14), we see that
[e'e] —1 6
r(t) (2" ()" 257 (0 () 2 (t)/ q(s) <T(U(S))> @
t S
Integrating this inequality again from ¢ to co, we get
1/«
. AR N GO
" < _75B/a B/ / /
S < e )0 [ s [ e (FEE) as)
(4.15)

for all u, € (0,1). By differentiating w and using (3.7) and (4.15), we find

o = 55 (%)

A
|
g
(S
=
|
=
@
~
e
)
=
)
~
£
|
—

hence

The proof is complete. O
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THEOREM 4.1. Assume that

1 > ~oatl «
lim inf— / Ry (s) Ot (s)ds > — 2 (4.17)
o Qa(t) Je ’ (a+1)=
and ) - .
1iminf~7/ Q2% (s)ds > -, 4.18
it ), 1(s) 1 (4.18)
where

Qs (1) = / Qs(s)ds and Q4 (1) = / Q4 (s) ds.
t t
Then, (1.1) is oscillatory.
PROOF. Proceeding as in the proof of Theorem 3.1, O

EXAMPLE 4.1. Consider the differential equation

(x (t) + 162 <;)>(4) + ’Z—fjx (é) =0, (4.19)

We note that « = 8 = 1, r(t) = 1, p(t) = 16, 7(t) = t/2, o(t) = t/6 and
q(t) = qo/t*. Hence, it is easy to see that

Qs (t) = 34(3)%
and .

~ _ q0

Q4(t) = 32(256)¢°

Using conditions (4.17) and (4.18), we see that equation (4.19) is oscillatory if qo >
3888.
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