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1. Introduction

The Genocchi numbers and polynomials can be traced back to Angelo Genocchi (1817-
1889). Genocchi numbers have been extensively studied in many different contexts in
mathematics. For instance, Genocchi numbers have been studied by several authors in
the context of Apostol-type polynomials, Hermite-type polynomials, polylogarithm, and
their g-analogues [3, 6-8, 13, 20, 21, 23, 27, 29, 30]. Many studies and literature provide
relations of Genocchi numbers to Bernoulli and Euler numbers, especially Euler numbers.
Bernoulli, Euler and Genocchi numbers defined by exponential generating function (see
[1, 19, 22])
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The Bernoulli, Euler and Genocchi polynomials are defined via generating functions to
be, respectively,

e}

t" t -
ZBn(m)ﬁ: e lt<2m (4)
n=0 ’
oo
tn 2
> En(z)—= = et <w (5)
| t
o n! et +1
o0
t" 2t
> Gulw) =", |t| <7 (6)
' t ) )
= n! et +1

where, when z =0, B,(0) = B,,, £,(0) = E,, and G,,(0) = G,,. (see [5, 19, 22, 24])
Araci [19] and Kim et al. [26] did some researches on the so-called Genocchi polyno-
mials of higher order arising from Genocchi basis, which were defined by

2t \* = "
dri1) ¢ T ZGn (x)ﬁ. (7)
n=0 ’

The main objective of their studies is to derive interesting identities on (7) using a new
method constructed by Kim et al. [11].

Moreover, Araci and He [7, 19, 30] introduced the Apostol-Genocchi polynomials as
an extension of the Genocchi polynomials, which were defined by

)\et+1 ZG x)\

Based on this, Araci [23] introduced Apostol-Genocchi polynomials of higher order which
is also called the generalized Apostol-Genocchi polynomials of order k € C,
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Yot L1 — =1
()\et n 1) E G (, )\ |t| <7 when A=1 and (8)

|t| < |log(—=A)| when X # 1;\ € C.
In [15], Lim defined the degenerated Genocchi polynomials G%k) (z,\) of order k to be
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Besides these generalizations, Araci [20], Duran et al. [29] and Agyuz et al. [6] also
introduced the g-analogue of the Genocchi polynomials as follows,

ZG na(T) = —t / g Vel ladn_o(y),
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where
_1-q

[f’«"]q = = Lo (—q)’J.
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This definition is constructed by p-adic fermionic g-integral on Z, with respect to p_g. It
can also be defined by
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In which when we take z = 0, it becomes G, 4(0) := Gy 4, which we call it the nth
g-Genocchi number.

When it comes to Genocchi numbers, the most common thing that comes to our
mind is to determine the relationship between Genocchi numbers, Bernoulli numbers and
Euler numbers [22]. Indeed, most researches on Genocchi numbers concern the relations
between these three kinds of numbers [3, 4, 12, 22]. In other words, there are many
literatures that provide identities on these three kinds of numbers. Similarly, when it comes
to Genocchi polynomials, the most common thing is to establish relationship between
Genocchi polynomials, Bernoulli polynomials and Euler polynomials [2-4, 8, 12, 22, 30].

Another form of generalization of Bernoulli polynomials was introduced by Kaneko
[10]. This generalization was defined in terms of the following kth polylogarithm Lig(2):

o0 Zn
Lix(z) = Z vt (9)
n=1
where k € Z and z € C with |z| < 1 which can be extended to z > 1 by the process
of analytic continuation. When z = 1, the kth polylogarithm gives the Riemann zeta

function. That is,
[o.¢]
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Also, when k = 1, the 1st polylogarithm yields the natural logarithmic function as follows:
Lij(z) = —In(1 — 2).

This special case of the polylogarithm motivates the construction of poly-Bernoulli num-
bers in the sense that
Lij(1—e™®) ==.

The poly-Bernoulli numbers BY were defined by Kaneko [10] as
Liy(1 — et = "
Lip(1—e™) _ S B0l (10)
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Parallel to this, Kim et al. [27] defined poly-Genocchi polynomials as follows

Lir(l—e™) o o= Ay "
Note that, when = = 0, (11) reduces to
Lip(l—e™) = 1"
ikl =) _ = omt” 12

where G%k) are called the poly-Genocchi numbers. Moreover, they defined a modified
poly-Genocchi polynomials, denoted by fo%(a:), as follows

Lig(1—e™) o _ i el (x)ﬁ. (13)
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Note that
G =G} = Gula).

Kim et al. [27] obtained several properties of these polynomials.

On the other hand, Kurt [13] defined two forms of generalized poly-Genocchi polyno-
mials with parameters a, b, and ¢, as follows

2L1k 1-— ab

(t_|_bt ZGk)a:abc (14)
2Lij (1 — (ab)~2 "

P ZG (x;a,b,c) o (15)

which are motivated by the definitions in (11) and (13), respectively. Kurt [13] also derived
several properties parallel to those of poly-Genocchi polynomials by Kim et al. [27].
The followings are some relations between poly-Bernoulli and poly-Genocchi numbers

and polynomials; poly-Genocchi numbers, Euler number and Stirling numbers of the sec-
ond kind; and modified poly-Bernoulli and poly-Genocchi polynomials:
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s Brop( +y),
p=0
and

Gl = 2n 1 (B,g’f) (x + ;) — B (x)) . (20)

Moreover, using the generating function of the poly-Genocchi numbers and Stirling
numbers of the second kind, we have
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By comparing the coefficient of %, we obtain
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The multi poly-Bernoulli numbers was first introduced by Imatomi et al. [9] using the

concept of multiple polylogarithm also known as multiple zeta values, which is given by
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When r = 1, (22) yields

mi

. z
Lit,(2) = Y
1

m1>0

which is exactly (9). The multi poly-Bernoulli numbers defined by Imatomi et al. [9] is
given by

Ll(klyk2v 7kr 1 —€ — E B kl,kg, Lk
1—e"

These numbers possess the following recurrence relation and explicit formula
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(k1 ,ka,eeikr) _ (k1—1k2,kr) _ (k1,k2 ook
B n+1<Bn mzl(m—1>Bm )

Bék‘l,kQ,---,kr) _ (_1)n Z (_1)m1—1(m1 — 1)‘S(n mi — 1)'

mk1 m;”. mfr

n+1>mi>mo>...>m, >0

Parallel to the above generalization is the generalized multi poly-Bernoulli polynomials

which are denoted by BT(Zkl’k%'"’kr)(a:; a,b,c). These polynomials have been introduced in

[18] by means of the above multiple poly-logarithm. More precisely, we have

Li ¢
(k:k( ) ( bt)( Jrat ZB (k1skz,ob) (2 g, b, o). (23)

When r = 1, (23) boils down to the generalized poly-Bernoulli polynomials with three
parameters a, b, c. Moreover, when ¢ = e, (23) reduces to the multi poly-Bernoulli poly-
nomials with two parameters a,b. These special cases have been discussed intensively in
[18]. On the other hand, the generalized multi poly-Euler polynomials were also defined
in [17] by means of multiple poly-logarithm.

This paper intends to investigate multi poly-Genocchi polynomials with parameters a,
b and c.

2. Multi Poly-Genocchi Polynomials with Parameters a,b and ¢

In this section, using the concept of multiple polylogarithm, we introduce the multi
poly-Genocchi polynomials with parameters a,b and c. Some properties of these polyno-
mials are established parallel to those of the poly-Genocchi polynomials with parameters
a,b and c.

Definition 2.1. The multi poly-Genocchi polynomials with parameters a,b and c are
defined by

moLi (1 — (ab)™2)
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Zg VR k) (g, b,0) = ) c (24)
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When ¢ = e, equation (24) reduces to

Zg k'l kg, 7 tn Li(kl,kg,...,kr)(l - (ab)_2t) rzt‘
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Furthermore, if we put a = 1,b = e in (25), then this will reduce to
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When z = 0, equation (25) gives

o0 n : -2
E g(k17k27~'~7kr)(0.a b)t— _ Ligy ks, kr)(l — (ab)™™")
or Sl (a=t 40" .

We use G{Frkz )(a b) to denote glkrkz- T)(O;a,b).

The following theorem is given without proof since it follows from [16, Theorems 2.1-
2.3].

Theorem 2.2. The generalized poly-Genocchi polynomials satisfy the relations

Glkrkze) (0, b ¢) = (r(lna + In b))"G{k1k2-kr) <“ e+ 1““) (27)
In ab
Gk k) (:a,b,0) = 3 <n> (rine)" G a, b)ar (28)
=0 v
gn’fﬁi’”’ F(21a,b,¢) = (n+ 1) (rn )Gk (20,0, ¢). (29)

Equation (29) contains a differential identity that can be used to classify generalized
poly-Genocchi polynomials as Appell polynomials [14, 25, 28]. When ¢ = /", equation
(29) reduces to

d
%g&ﬁik%“’kr)(m; a, b,el/”) =(n+ 1)97(Lk1’k2""’k’")(m; a,b, el/r), (30)
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which is one of the property for the polynomial to be classified as Appell polynomial.
Hence, the generalized poly-Genocchi polynomials gf(,,’“) (z;a,b) must possess the following
properties

gr(bkl,kg,...,kr)(x;a,b’ el/r) _ Z (Zl) i

=0
gT(Lkl,kg,...,kr) (IL‘; a, b, el/r) — (Z C:Dz> xn?
1.
=0

for some scalar ¢; # 0. It is then necessary to find the sequence {¢,}. However, using

equation (28), ¢; = gi(kl””""’k”(a, b), which implies the following corollary.

Corollary 2.3. The generalized poly-Genocchi polynomials satisfy the following formula

(k ’k7 h )
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For example, when n = 3, we have
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= G (@, b)a® + 3G M) (a, b)a? 4 35 (g, b)x 4 G (4, ).

(k1,k2,....Fer )(

The following theorem contains the addition formula for Q x;a,b,c).

Theorem 2.4. The generalized poly-Genocchi polynomials satisfy the following addition
formula

e R TRNOED Y <n> ()G M (5.0, b, )y
=0

Proof. Using Definition 2.1,
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L) o, k) (1 — (ab)—2H)" wrt yrt

- (a—t+bl) ¢

= k) t" - L1

- <n§_%g;1 oy ) ((Sormer

=2 ( > <”) (yr )" ~'G ) (@ ab, c>> -
n=0 \ i=0 ’

Comparing the coefficients of tn—n, yields the desired result.
When y = 1, Theorem 2.4 yields the following recurrence relation

n

g,(Lkl’k”"’kT)(az +1;a,b,¢c) = Z (n) (rln c)mg,glil,;’jQ""’kr)(x; a,b,c). (31)
m

m=0
The following corollary immediately follows from equation (36) and the characteriza-

tion of Appell polynomials [14, 25, 28].

Corollary 2.5. The generalized poly-Genocchi polynomials satisfy the following addition
formula

Gkt (g 4 yra,b,etT) = <n> Gtk (a b ety (32)
1
1=0

Taking = 0 in formula (32) and using the fact g}z’“)(o; a,b,c) = flk)(a, b), Theorem
2.4 gives formula (28).

The next theorem contains an expression of generalized poly-Genocchi polynomials in
terms of multiple parameters poly-Bernoulli polynomials.

Theorem 2.6. The of generalized poly-Genocchi polynomials satisfy the relation

(kt iz ir) (- _ "/ ym ki) relne+ (r+m)lna+mlnb o1 n
gn (l',a, b7 C) Z <m>( ) n ( 2(1na+1nb) ( na’b) :

m=0

(33)
Proof. We can rewrite equation (24) as

0 ; —2t
o Li (1 — (ab)~2t)
k1,ko,....kr . . (k1,k2,....Ekr) —tln Inb In In
E 097(1 1,/2, )(%G, b, C)m — 1 2(1 = (ab)%)r (6 t a_et )rem:t ceQTt a
n=

: —2t(Inab
_ Ll(kl,l@,...,kr)(l — ¢~ 2Hna )) - r (71)m6(r—m)t(—lna+m In c+2 lna)emt(ln b+zInc+21Ina)
(_1)r(e2tln(ab) _ 1)7" m

m=0
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_ XT: r 1 mLi(kl,kg,..‘,kT)(l B e_zt(lnab))6((rm1nc+(r+m) lna+m1nb)/2lnab)(2tlnab).
(71)r(€2t1n(ab) _ 1)r

Using the definition of poly-Bernoulli polynomials, we have

n

t
Zg k17k27 7 x a b C)
n!

_ T\ o ym ek k) relne+ (r+m)lna+mlnb\ _, al "
Z{Z<m>( V"B, < 2(Ina + Inb) 2(lna+Inb) n!’

Comparing the coefficients of % yields (33).

The next two theorems are given without proof since it follows from [16, Theorem 3.4
and Theorem 2.6].

Theorem 2.7. The generalized multi-poly-Genocchi polynomials have the following ex-
plicit formula

gékl,kg,‘..,kr)(m.a b C)

(rzlnc — 25 Inab)" " tr!(=1)7*5(slnab+ rln a)i(m.T) (n)

> Yy L (34)
k k kr
i=0 0<mq <mg<--<my j=0 (crlegl -+ )(mytmy? - - k)
c1fegto=r

where s = ¢1 + 2¢9 + - - -

Theorem 2.8. The generalized poly-Genocchi polynomials g(’“”” """ kr)(:r; a,b) satisfy the
following explicit formulas

IR EDY {l}@(lncygik—li’“"’““”“”(—mlnc;a,b><x><m> (35)

m=0Il=m

Gllkernk) (g, b, ) = 3 { ! } (7><lnc> Gt @, b) (@) (36)

n—I
z+s}(m)guﬁikz7 *0) (a,0) B (zIne)  (37)

(‘?)(—A)Sf'gﬁ’“_l;,’?””’“’o;a,b>H£f><x;A>, (38)




R. Corcino, M. Laurente, MAR. Vega / Eur. J. Pure Appl. Math, 13 (3) (2020), 444-458 454

3. Symmetrized Generalization

In this section, we will consider the symmetrized generalization of multi poly-Genocchi
polynomials with parameters a, b and c.

Definition 3.1. For m,n > 0, we define the symmetrized generalization of multi poly-
Genocchi polynomials with parameters a, b and ¢ as follows

A S Y vl NS
Sr(zm)(:E?y;aab,C) = Z < m f )gn (x,a,b,c) <(T )y nc+ na) .

k1+ko+...+kr=m kl’ k2’ e (lna +1In b)n Ina+1Inb
(39)

The following theorem contains the double generating function for Sém) (z,y;a,b,c).

Theorem 3.2. For n,m > 0, we have

(r—=lylnctlna (r—1)zlnc+lna -
i i SO (e, b C)jﬁ _ e(misz)Ue(rfl)(W)te(Q)u—i-Q(r—l)t(l _ ey
=0 m=0 " T b m) (1 _|_€t>r—1 H;j;ll(emr 4+ efu — e?t—i—iu) o
40
Proof.

o oo

tn m
>SS, ysa.b, o

n! m!
n=0m=0

- i i Z 7(1_}“rk%m_kril)(5U§ a,b,c) ((r—1)ylnc+Ina b & X
= lna—|—]nbn hla-|—1nb -
(

n=0m=0 ki+ko+...+k,=m

um
“ilkal . k!
o gfl_kl’_k{"""_kr’l)(x;a,b,c) (r—1)ylnc+Ina\" ¢
=2 2 (Ina + Inb)" < Ina+1Inb > n!

n=0ki+ka+...+k->0
uk1+k2++k7

el k]

B i Z g}f’“"’”"""”*l)(:c; a,b,c) (r—1ylnc+Ina\® ubr
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n=0ky+ka+...+kr-1>0
vy Frtkat ke
Xi—
n! ]{71']{72' . kr—l!

( (r—1)ylnc+lna
&

o0
Ina+Ilnb )u g §
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Using identity (26), we obtain

n ,,m

Z Z S (2, y; a, b, C)%%

n=0m=0

(r=1ylnct+lna o0 _ 1 l 1 tn
_ () 5 gk (e ey
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eu(l . e—Zt) €2u<1 _ e—2t) e(r—l)u(l _ e—2t)

1= et(l—e2)1—e2(l—e %) "1 —elr—Du(l — e2t)

(r—=1)ylnc+lna (r—1)zlnc+lna
6( Ina+Inbd )ue(r_l)( Ina+Inb )te(g)u(l _ e—Qt)T‘—l

(1+et)r—1 H:;l(l — (1 — e~2t))

(r—=1)ylnc+lna (r—=1azlnc+lna
e( Ina+Inb )ue(r—l)( Ina+Inb )te(;)u+2(r_1)t(1 _ e—Qt)T—l

(1+et)r—1 H:;ll(em + eiu — g2t+iu)

4. Conclusion

This paper introduces certain generalization of poly-Genocchi polynomials, called multi

poly-Genocchi polynomials, using the concept of multiple polylogarithm and explore some
interesting properties and identities which are analogous to those of the multi-poly-Euler
polynomials and multi-poly-Bernoulli polynomials. One of these is the differential identity
that helps classify the multi poly-Genocchi polynomials as an Appell polynomial, which
implies some interesting relations. Moreover, the multi poly-Genocchi polynomials are
expressed in terms of multiple parameters poly-Bernoulli polynomials. This paper is con-
cluded by introducing the symmetrized generalization of multi poly-Genocchi polynomials
and by deriving its double generating function.
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