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Abstract. In this paper we obtain a sufficient condition for the E-J summability of certain orthog-
onal series. Our results generalize the corresponding theorems for ordinary Hausdorff summability
obtained by Kalaivana and Youvaraj.
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1. Preliminaries

The set of all real or complex sequences {x,,} for which A, (z) := ), aniz) converges is
called the convergence domain of A, written c4, where A is an infinite matrix. A matrix A
is said to be conservative if it maps each convergent sequence into a convergent sequence,
not necessarily with the same limit. If the limit is also preserved, then the matrix is
called regular. Silverman and Toeplitz established necessary and sufficient conditions for
a matrix to be conservative[4]. They are

(1) [|Alloo = sup,, >y [ank| < oo,
(ii) t :=limy, )4 ang exists,
(iii) ay := limy, a,y exists for each k.

A Hausdorff matrix H = (hyy) is a lower triangular matrix with nonzero entries

n
e = () A" g,
o= () At

where {p, } is any real sequence and A is the forward difference operator defied by Apuy, =
e — pry1 and A"y = A(A™uy). For every Hausdorff matrix each row sum is equal to

fo[3]-
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F. Hausdorff [2] proved that a Hausdorff matrix is conservative if and only if

1
MzAx@m, (1)

where the mass function xy € BV[0, 1].

The E-J generalized Hausdorff matrices, denoted by Hj = (hif,?), were defined inde-
pendently by Endl [1] and Jakimovski [5], with nonzero entries

K = <Zfz> AR 0 < k<,

for any a > 0. For @ = 0, the E-J matrices reduce to the ordinary Hausdorff matrices.
If the u%a) satisfy the condition

1
M$M=A:fﬁmex

where x € BV|[0, 1], then the corresponding E-J matrix is conservative.

Definition 1. Let v : [1,00) — [0,00) be a nondecreasing function, A = (ank) an infinite
matriz. Then a series ), by is said to be |A, |, summable, if

(o]
Z V(n)knk_l |0 — On—1 |k
n=1

converges, where oy, Y anibg.

Definition 2. Let v := {y,} be a positive sequence, 5 a real positive number. Then -y
is called quasi- B-power monotone decreasing if there exists a number M = M(B,v) > 1
such that

nfy(n) < Mm’y(m)

for each m < n.

For any real number 3,I'g denotes the set of all increasing functions I'g : [1,00) —
[0,00) such that each {v,} is a quasi S-power monotone decreasing sequence.

2. Main Results

Theorem 1. Let {pn};2 C £2[0,1] be an orthonormal system, Hy an E-J Hausdorff
matriz with x monotone decreasing, v € I'g for f > 1—1/k, 1 < k < 2. Then every
orthogonal series Y > by is |[H,~y| summable.

The following lemmas will be needed in the proof of Theorem 1.
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Lemma 1. Let H® be an E-J matriz with entries (hyni), where x is a monotonically
increasing mass function on [0, 1] associated with the p,. Then

(i) amn = K(:@:iii)f’wfo‘(l —&)"™ for some £ € (0,1),

(ii) Z |G |2 O |? < K2 Z |by|? for all b, € C and n € N, where K = x(1) — x(0)
m=0 m=0

and Qpmpn = Ezzm \hff;i) - hf—)l,k"

Here C = complex numbers and N = natural numbers.
Proof. (i) We consider

R (2)

- [/01 pre = (Z I Z) dx(p) = /01 P = <n ;iz a) dx(u)}
- /Olﬂkw(l _ u)n_kKZiZ) B (n ;Jlrz a) g]dx(ﬂ),

where 0 < k <n. Since
n—+ « - n—1l+a\ (n—-1l+4+a
k+ a k+a ) \k—1+a)’
from (2),

I S TR b I
o ) () )
e a8

Thus

G = (W) =W ) = kzzn;/ol pkre 1 — )tk Kn o a) - u(n i a)] dx(p)

n
= k—1+«

[t S

From the above inequality,

é“k+a(1_“)n_l_k [(n—l—i—a) _u<n+a>]

k—1+a« k+ «
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n
k4o n—1—k n—1l+a k+a+1 n-1-k(N+a
= 1-—
Do e —p) < 1+a> ZM — ) (k+a
k=m
n
1+« n—1+ao n—1+a
_ k4o 1—p n 1-k k+a+1 n—1—k
ZM ( ( —1+a) ZM — ) [(k—1+a>+< kE+a >]
k=m
- n—1+a« n—1+a
— k4o 1 — n—k - k+a+1 n—1—k -
POV D ( 1+a> Z” —#) < k+a >
k=m
n n+1
-1+« n—1+a«
_ k4o 1 — n—k (T _ gt _ "9
eyt (D) - X a0

g=m+1
_ -1+«
— m+a1_ n—m | T
p" (L = p) <m_1+a,
and
0< </1 mba(y _ ynem (TR G0 (3)
> Amp = ON K m—14+a XH).

Using the first mean value theorem for integrals, for some 0 < £ < 1,

1 _ o 1
[ (27 Jav =g (D711 [av

= K¢ (1 - g (Z:ﬁii)

where 0 < K <1, and (i) is satisfied.

To prove (ii) we need the following lemma.
Lemma 2. For 0 < K < 1,am, < 1.

Proof. From (3)

1
n—1+a
=K m—i—al_ n—m d
Amn /OM ( t) <m_1+a>ﬂ

n—14a« 1
=K m—l—al_ n—mg
(m_1+a)/0u (1—p) I
_K<n—1+a)F(m+o<+1)F(n—m+l)

m—1+a« F'n+a+2)
B I'n+ ) I'm+a+1)I'(n—m+1)
F'm+a)l'(n—m+1) Fn+a+2)
(m+ )

n+a+1)(n+a)

Since n > m,
amn < K < 1. (4)
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Using equation (4) we can write

n n n
Z |amn’2|bm|2 <K? Z |bm|2 < Z ’bm|27 (5)
m=0 m=0 m=0

which is a proof of (ii).

Lemma 3. Let {n};2o C L2[0,1] be an orthonormal system, H; be an E-J Hausdorff
matriz with monotonically increasing function x on [0,1]. Then, for n € N and

K= /Oldx(u),

(i) there exists & € (0,1) such that

m—1+4+«

! 2 e 2m+2a m—om (N —1+a 2 2
/O on(z) — o1 ()P = K> ¢ (1-¢ ( > |bm|
m=0

and . .
(ii) [ 1oa@) = owa@)Pdo = K2 3 ol
0 m=0

or all by, € C where, forn € N, op(z) = S 7_ huiSi(x), where Sy, denotes the k" partial
f ) ) k=0 ) D
sum of the orthogonal series Y > byp@m.

Proof.

n

on(@) = onoi (@) = S (B — b D)S(@)
k=0

n

k
=S =1 0> b
m=0

k=0

= > () = ) bmiom
m=0 k=m

= amnbmSOm-
m=0

Since {¢n}72 is an orthonormal system, using Parseval’s identity,

1 n
/0 0 (2) = 01 (@) Pz = 3 (a2 |2
m=0

n

_ —1+a\?
— K2 2m+2a (| _ g)2n—2m b2
> Emt-g) T

m=0
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From Lemma 2,

1 n n
| 10a@) = wa@Pe = 3 lamaPlon < KD bl
0

Proof. To prove Theorem 1, from Definition 1 we need to show that
o
Z ’7(”)knk_1|0n - 0n71|k
n=1

converges for 1 < k < 2, where, for n € N,o,(z) > p_, hfﬁ?Sk(:n).
Using Lemma 3, and Holder’s inequality with p = 2/k, for any 1 < k < 2, and for all
b € l5(ZT), we have

S ()t / N Jon(@) — o (@)Fdz < 3 A(n) kL2 b2}
n=1 0 n=1

< {K|[bll2}* Y y(n)*nt
n=1

Here {v(n)} is a quasi S-power monotone decreasing sequence with > 1—1/k, and, since
for € = B — 1+ 1/k, the sequence {n*~1y(n)*} is quasi ke-power monotone decreasing.
Using Lemma 1 of [6], we have

< {K[Bll2}* Y v (2m*em!
n=1

< {K|bll2}* By (2)*(2)*,
where B > 1.

Theorem 2. Let {¢};° C L2[0,1] be an orthogonal system and Hy the corresponding
E-J Hausdorff matriz. For 1 <k <2 and v € I'(8) with 5 > 1 — 1/k, every orthogonal
series Y " o bnpn is |[H®, 7|, summable.

Proof. Let x € BV[0,1] be the mass function corresponding to the E-J matrix H*. By
the Jordan decomposition theorem, x = x1 — X2, where X1 and y2 are monotone increasing
functions. To prove the theorem we apply Theorem 1 to x1; and y2. Theorems 1 and 2
are generalizations of Theorems 1 and 2, respectively, in [6].

Theorem 3. Let {¢};°( C L2[0,1] be an orthogonal system and Hy an E-J Hausdorff
matriz with x € [0,1] and monotone increasing. For 1 < k < 2 and v € I'(58) with
B > 1—1/k, a sufficient condition for the orthogonal series Yo" bnpn to be [H, |

summable is
Jot1 k/2

ST @y Y vmrabely <o (6)
s=0

m=25+1
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Proof. Let x € BV[0, 1] and monotonically increasing on [0,1]. By Lemma 1(i) there
exists a £ € (0,1) such that

/ lon(x) — op—1(x )|da;<K22

m=0

n+a—1 2 m+2a n—2m
(prol) emeea g, @

where .
x) = Z hiﬁ? Sk
k=0

For 1 < k < 2, by using Holder’s inequality and equation (1),

ni;’y(n)knkl {/01 lon(x) — Gn_l(a:)|dx}k

9] k/2
Yokl 2 n+a 2 2m+2a Im—2miy |2
anj( {K Z<m+a_1>£ 21— ¢) rbm\} SN

Replacing ¢ by 1/(1 + ¢) in (8), we obtain

co 2rtl n + 2 + 2 k/2
— n o m « n—2m —2n—2«a
SRS Y )t 1{z<m+a) () g 2|bm|2} .

r=0n=2"+1 n=0
(9)

O.A. Ziza [7] proved that, for ¢ > 0, there exists a constant C; > 0 such that

1 n
max <n>qk < Cqﬂ, n=12 ...
0<k<n \ k Vn

We shall generalize this Lemma for E-J matrices.

Lemma 4. For g > 0 there exists a Cy > 0 such that

1 n+o
max (n+a>qk+a < Cq¢ n=12..
0<k<n

k+a vnt+a
Proof.
(”}Q_ﬁl) _ntoa+ 1
- =
(kiagl) k+a
Let

The d,, are decreasing in k. Let k, denote the largest value of k£ + a for which dj, > 1

Then dg,,, <1, and
n—+a«o kd+a n+ o kn
i (o)t = (M)
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It then follows that one can write
q
k, = ——
n 1+q(n+a)+7/na

where 0 < v, < 1.

Then
(n + oz) <C (n+ a)! B (n + a)"tee= (o) /n o

k, = lkn!(n +a—ky)! - (kn)kne—(kn), /kn(n La— kn)(n+a—kn)e—(n+cx—kn) It ok,

(10)

With p = ¢/(1 + q), the right hand side of (10) equals

(n + a)(t®e—(nta) /g
(p(n + a) + yn)(p(n-&-oa)-i—un)e—(p(n—&-a)—i-un)\/(p(n ¥ a) ¥ Vn)

1
X

(n+a—p(n+ a) — v,)nta—pta)—vm) e=(nta—pnta)=vn) /(n + o — p(n + a) — vy)

(n _I_ a)p(n—i—a)—i—un
(p(n + ) + ) EEFa )

(n + a)n+o¢—p(n+a)—un

(n+a —p(n + a) — vy)rro—plnta)—ve (11)
Vnta
>< .
V(p(n +a) ) (n+a—pln+a) —v)

Note that
(n+ a) _ (n+a) '
(p(nt o) +vn)(nta—plata)—v)  (n+apt Z)(1— (bt 22)

Set a = p+ v, /(n + «) and define a function f by f(a) = a(1 — a). Then f(a) has a
minimum value of 1/4 at a = 1/2. Therefore 1/1/f(a) < 2. From (11)

n+ o <9 1 1 1
ko ) o\ P o NPt it a
(P+nTa) (1*P*n+a>
) 1 " 1
B p(nta)+vn (1=-p)(nta)—vn
n+a)+vy Un _ 1-p)(n+a)—vn _ Un
pp( +a)+ (1 + p(n+a)) (1 p)( p)(n+a) (1 (l—p)(n-i-a))
" 1
VN + a

Since (1—p)/p = (1/p)—1 and p is a fixed positive constant between 0 and 1, (p/(1—p))~""
is clearly bounded. So also is (1 + v, /(p(n + a))) Pta)—vn,

Let g(p) =1 — v, /(1 — p)(n + ). Then

Un

1—p)*(n+a)’

g(p)z(
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and g is decreasing in p. Since 0 < p < 1 and fixed, g(p) is bounded, Using the above

facts,
1—py\-—va —u, 1/ —(p(n+a))+vn v —((1=p)(nta)+vn)
- £ d (7 14— 1"
< D ) 1—p) ( p<n+a>> ( (1—p>n+a>
are bounded. Also,
n+a 1 1 1
< .
< . > SO e X A= p) @ < Vnra (12)
We can write (12) as
n—+ « 1 1 1
< 13
< kn > - 3&(1(&)(7%04) (ﬁ)(ﬁ)@ﬂ-a) n+ o (13)
q
From (13)
n+a\?" 1 1 1
S 03 9 Y (nto 1 qkn
(h) O ek * Vi
1 1 () (n4a)+v,
=C}5 X q 1+a n
(%rq)(ﬁq)(n*‘a) (l%_q)(lﬂ)(fwa) n+ a
1 n+ao 1 n+ao
_ o, 1t9) q”ngcq( +om
Vn+a Vn+ o
Thus ( ot
n+a\ piq 14¢g)"
< e
orgnl?gxn <k+a>q <Gy vn 4+«
From (9)
x 20 " n+a\ (m+a)\® uk
Kk k, k—1 2n—2m 1 —2n—2a bm 2
;ngﬂv(n)n mzo maal) Uia) @ (144q) 12
oo 2rtl n + + 2 + k/2
— Kk k, k—1 n o m -~ n o n—m n—m(q —2n—2a bm 2 )
;ngﬂv(n)n mZ::O mao) e ) Uyl )T+ ) [bm]
(14)
Using Lemma 4, equation (14) can be written as
o 2rti n + + 2 1 k/2
< KkCOk/2 k, k—1 nro mro n—m(q —2n=2ap, 12
< K*C! ;nzzﬂv(n)n mZ::O mio) \nra) =10""0+9) b
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oo 27t n k/2
k k)2 n)Fnk-1 n+a 2 1 n—m —on—2ay; |2
= K"C, E E { E <m+a)(m+a) (n+a)5/2q (1+¢q) b } )

r=0n= 2T+1 m=0
(15)
For k = 2, the above inequality becomes
00 2r+1 n n + o 5/2
O S PO (O IR C IR M
r=0n=27+1 m=0
(16)

Lemma 5. There exists a Dy > 0 such that
oo
n+ o n—

1 nTe L
> (ie)rmarae<n,
n=m
for allm € Z* and 1 < k < 2.

Proof. The proof of the lemma is easy to verify and it is a generalization of Theorem
B of [6] to E-J matrices. Using Theorem B of [6], we can write (16) as

2r+1

oo
0 < K2CquZ,y(2r+1)22r(2'r +a)—5/2 Z(m+a)2‘bm|2
r=0 m=0
27+1
< K*C, Dq27 (2227 + ) 73/2 Z m4 a)?b,?, a>0.
r=0 m=0

Let p = 2/k. By Holder’s inequality, for & > 0 and 1 < k < 2,

27‘+1
Q= chk/ZZ < 22 1 kqnq Tk* )1/‘1{ QZ+1 ZO <::L':—(Zé> m_i_a)anfm(l_i_q)fnfa‘bm’2}.
T T4L1lm

(17)
Since v € I'(B) and, for 5 € R, by Theorem A in [6], we can write the expression in the
first bracket in (17) as

27'+1 1/q

S )TN ) < KV 4 1)k + )
n=2"+1

< Kl/q,y(27'_+_1)k(2r)(—§—1)'
Thus, from (17),

k/2
0o 2'r+1 n
1 r =k n—+a n—m —n—a
Q< KMICHRY @ ) F 08 S S (M Y e
r=0 n=2"+1m=0

(18)
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Changing the order of summation inside the brackets in the above inequality, (18) is equal
to

k/2
1 27‘+1 27‘+1
k+ Ck/QZ{ 2r+1 kq (27) a(— k*l)}q Z Z (n—l—a) +a)2qn7m(1 —i—q)*n*a’bm|2
m=0n=2"+1
N o] X 2r41 2rtl n4ta k/2
< Kk+acéc/2Z,Y(Qr+l)k(2r)(fzfl) Z Z ( > + a)2qnfm(1 +q)fnfa’bm|2
r=0 m=0n=2"+1
0o 2T+1 2r+1 k/2
1
RO @IS Y Y (O Ym0 )
r=0 m=2"+1n=27+1

Using Lemma 5,

0o
Q< KIH—%C(?/Q 27(2r+l)k(2r)(_%_1)
r=0

r=0 m=2"+1
0o or+l k/2
< Kk-f— Ck/QZ,Y 27‘+1 (27’)( 1) Dq(m+a)2|bm|2
r=0 m=0
or+1 k/2
< Kk—f— Ck/Q 7(27“-{-1 (27’)( k) D (m+a)2|bm|2
q

r=0 m=0
For 1 <k <2,
e [ A k2
Q< LY 4@ ) S o+ a2} (19)
r=0 m=0
where L = K’H%C,I;/QD{;/Z. From (19),
r 2s+1 k/2

Q< LY @)D b+ Y S (m+ )b

r—0 s=0 m=25+1
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. k/2
o o0 25+1 oo
_3k , o~ (_ 3k
<3 S @)Y mr ey + LS @R ok bl
s=0 r=s m=25+1 r=0

Here {v(n)} is quasi S-power monotone decreasing and {n=3/%y(n)} is quasi e-power
monotone decreasing, where 5 > 3/4 and € = § + 3/4. Thus, by using Lemma 1 of [6],

,Y(Qn)k(2n)—3k/4 < M7(2m)k(2m)—3k/4’M c7t.
Therefore
o0 2s+1 k/2
Q< LY @)Y N (mta)bal?p + Ly(2) " |bol*
s=0 m=2541
o0 2s+1 k/2
<2PLY (2 @) TSN T (mr )bl b+ Ly(2) o fbol*
s=0 m=2541
o0 2s+1 k/2
<2PLY A2 Y (mra) a4 Ly(2) ok |bol*
s=0 m=25+41
and thus
o 1
St [ jo(w) = (o)
n=2 0
[e%S) 2s+1 k/2
k
<2CDLY @20 ST (mta) by + Ly(2)Fak|bof*.
s=0 m=2541

The following Corollaries can be verified by taking o = 0 in the above theorems.

Corollary 1. Every orthogonal series > o7 cnthn, cn € £2(Z7) is |H, 1|y summable for
1<k<2andyelgwithf>1-1/k, where {1}, C L2[0,1] and H is a Hausdorff
matriz with entries (hpg)nx € Z7T.

This is Theorem 2 of [6].
Corollary 2. Let 1 <k <2 and v € I'g with f > —3/4, where {¢n}7>, C L2[0,1] and H

is a Hausdorff matriz. Then, for any c,, € (*(Z1), a sufficient condition for the orthogonal
series Yy o2 g Cnp to be |H, v summable is

0 om+l

S Y vk} <o (20)

m=0 n=2m+1
This includes the results of Theorem 3 of [6].
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