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Abstract. In the present work, we propose a different reciprocal second power Functional Equa-
tion (FE) which involves the arguments of functions in rational form and determine its stabilities in
the setting of modular spaces with and without using Fatou property. We also prove the stabilities
in S-homogenous spaces. As an application, we associate this equation with the electrostatic forces
of attraction between unit charges in various cases using Coloumb’s law.
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1. Introduction & Preliminaries

The hypothesis connected with linear spaces and the concepts of modular spaces were
dealt in [20]. Later, this theory has been employed by many authors [1, 9, 16, 29, 32]. The
significant application of modular theory is that it is useful in interpolation ([10, 17]) and
in numerous Orlicz spaces [21]. The common notions and properties related to modular
theory are available in [18, 19, 21].
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The detailed information about the evolution of theory of stability of FEs are available
in [3, 5, 6, 24, 25, 30]. There are many techniques of solving stability problems of FEs,
such as the technique through the attribute of shadowing [28], the technique via fixed
averages [27], the technique by virtue of sandwich hypothesis [22]. The dominant tools to
determine classical stability problems are the direct method and the fixed point method
[6, 23].

Also, without the application of As-condition, proposed in [7], there are many stability
problems via fixed point theorem of quasicontracion functions in the setting of modular
spaces. By employing Khamis’s invariant point theorem, the modular stabilities of additive
FE alongwith with the Fatou property and Ag-condition are dealt in [26]. Moreover, the
modular stability problems of quadratic FEs were discussed satisfying Fatou property
without utilizing As-condition in [31]. One can refer [2, 4, 8, 11-15] for more details about
stabilities of real and complex valued multiplicative inverse FEs.

In this present work, we propose a different reciprocal second power FE of the form

Mg (“”) +m, <2u”” U) = 2my(u) + 8my(v). (1)

2u+v

We solve equation (1) for its solution and investigate its various stability results in modular
spaces with and without using Fatou property and in S-homogenous spaces.

2. Solution of equation (1) in the domain of non-zero real numbers

In this section, we impose the definition of reciprocal second power function and then
we solve equation (1) for its solution in the setting of non-zero real numbers.

Definition 1. A mapping mq : R* — R is called a reciprocal second power function if it
satisfies (1). Hence, (1) is said to be a reciprocal second power FE.

Theorem 1. Let my : R* — R be a function. Then, my satisfies (1) if and only if there
exists an identity function I : R* —s R such that mg(u) = [I(1/u)]?, for all u € R*.

Proof. Let my satisfies (1). Then my is a reciprocal second power function and hence

1
we can assume mg(u) = — for all uw € R*. If I is an identity mapping, then [I(1/u)])? =
u
1
— = mg(u) for all u € R*.
u
On the other hand, let there exists an identity function I : R* — R such that

mg(u) = [I(1/u)]? for all u € R*. Thus, we have

() o () = o) G

(2u+v)?  (2u—wv)?

u2v? u2v?
8 2
v2 U2
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= 2mg(u) + 8my(v)

for all u,v € R*, which indicates m, satisfies (1).

In the following results, for the purpose of easy computation, let us consider the dif-
ference operator I';,, defined as follows:

I‘mq(u,v)—mq< o >+mq(2 - >—8mq(u)—2mq(v).

2u+ v uU—v

3. Modular stability of equation (1) with A%—condition

In this present section, we explore the investigate stability results of equation (1) con-
nected with modular theory with modular space U, without applying the Fatou property.
In this section, let P denote a linear space. In the following results, suppose there exists

1
¢ > 0 so that p(3u) < Z,u(u), for all u € Uy, then the modular p is said to satisfy the
A1-condition. Also, we say this constant £ is a A1-constant related to A:-condition. One
3 3 3
can notice that if u is convex and satisfies A1-condition with Ai-constant £ > 0. If £ < %,
3 3

then p(u) < éu (“) 112 p(w), which implies 4 = 0. When p is convex modular, then we
have A1 -constant £ > 3. In the following main results, let us consider U to be a normed

linear space over the set of real numbers.

Theorem 2. Suppose U, satisfies the Ai-condition. Let there exists a mapping ¢ :
3
P x P —[0,00) such that the mapping mq : P — U, satisfies

pt (P, (u, ) < d(u,v), (2)

on v 3 U u
£ ¢(3n’3n> =0 and Z (3¢°) (??) <
for all u,v € P, then a unique reciprocal second power function D : P — U, exists and
satisfies

pmafu) — D)) < 23" (370 (1 2) Q
=0

for alluw € P.

Proof. By taking v = w in (2), we obtain p (mq (ﬂ - 9mq(u)> < ¢(u,u) for all

3)
u € P. Employing A1-condition of j, one can find
3

(= gom (1) = (S (am (55) - oo (3

L e () "
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for all u € P. Now, shifting v to 37w in (4), we obtain

1 U 1 u < j—2m u 1 U
H gm™a (37”) N 9n+mmq<3n+m) s 6 mg <3W> _97mq(3n+m)

< g~ (@m+2) i(?,ﬁ?’)i(ﬁ (3izm7 31%)

1=0
—m ntm

for all w € P. The right-hand side of the above inequality tends to 0 when m — oo since
L > 1, which indicates that the series is convergent. In lieu of completeness of U, this
u
3n
in U,. Hence, we have a mapping D : P — U, given by

1
sequence g—nmq ( ) } turns out to be Cauchy for all w € P and hence it is u—convergent

D(u) = p— lim imq (£>,

n—oo0 9N 3n

that is, hmnﬁoo,u( Mg (3%) - D(u)) = 0 for all u € P. So, without using Fatou

property, we observe from A 1 -condition that the inequality

S o) (3] )
2o (3) 195 () -0
5;:: (36%)’ ( =)+ 30 (91 o (5) —D(u)>

is true for u € P and all integers n > 1. Allowing n — oo in the above inequality indicates
that (4) holds. Plugging (u,v) by (37"u,3 "v) in (2), we find that

372"y 372
37" _— 3" —_—
M( Mq (3_”(2u+v)> + Mq (3_”(2u—v))

—8:-3"my(37"u) — 2- 3_”mq(3_"v)>

< (5 30)

which approaches zero as n — oo for all u,v € P. Thus, in liue of the convexity of u, we

have
1 uUv 1 uUv 8 2
—D —D — 2 D(u)— —D
“<13 <2u+v> 13 <2u—v> P33 (”)>

IN

\ w
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< 1 iD uv _gon, 3 "uw
=13"\13 2u+v T\ 2u+w

1 Uv 37" uw
D _ 3"
* 13 <2u—v> 3y <2u—v)

+ 1 37"m 8 Tuv +3"m 3 M
13,u T\ 2u 4 v T\ 2u—wv

—8:37"mg (37 "u) —2-37"my (3—%))
for all u,v € P and all integer n > 1. Letting the limit n — oo, one obtains that D is

reciprocal inverse second power function. To show the uniqueness of D, let us assume that
there is another reciprocal second power function D’ : P — U, satisfying

(o) 50) < £ 0 (3.2

Then we see from the equalities: D(37"u) = 9"D(u) and D' (37"u) = 9"D’ (u) that

(5 g0 55 g ) oo 5 g (3) 550 (3)
<0 (0 (35) - (1)) 3o () 35

< 3078n ;<3€3)i¢ (37 30)
1-n )
< S 60 (55

1=

for all w € P. It indicates from the above inequality that D is distinctive by allowing
n — oo. Hence the proof is complete.

4. Modular stability of equation (1) without A 1-condition

In this present section, we provide a different result related to modular stability of
equation (1) without A1-condition.
3
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Theorem 3. Assume that U, is a p-complex modular space where p is convex. Also, let
¢:UxU —[0,00) be a function with the condition

Huv) =Y 9@.1+1¢(3—iu,3—iu) < 00 (5)

i=0
for all u,v € U. Assume that mq : U — U, is a mapping such that
P (Cing (u,v)) < p(u,v) (6)

for all u,v € U. Then a unique reciprocal second power function T : U — U, ewxists and
satisfies

p (my(u) = T(w)) < ¢(u,v) (7)
for all u,v € U.

Proof. Putting (u,v) as (u,u) in (6) and then dividing by 9 on both sides, we obtain

p (a0 = my(w)) < gmg(u) Q

for all w € U. Then by induction arguments, we arrive at
my(3"u 11, o
p (M ) < § X ot s )
i=0

for all uw € U. It is clear that the case n = 1 follows directly from (8). Assume that (9) is
true for n € N. Then, we obtain the ensuing inequality:

mg (3~ (1,
» <(39+) - mq<u>>

p gn
1 1 1 1
< §p (mq(S u) —mg(3 u)) + §p (mq(S u) — 9mq(u))
n—1
11 ¢= ¢(37 0Dy 3=0+y) 1
< —.—= - —
<59 ; 5 + 5w, u)

n—1 ; ;
1 ¢(37(z+1)u, 37(1+1)u) 1
S § ; 9i+1 + §¢(u? u)
"¢ (37, 37")

1
94 on
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for all u € U. Hence (9) holds for every k € N. Let m and n be non-negative integers with
n > m. Then (9), we have

p <mq(§;”u) — mq(s;mu)> =p (9}” <m;(3;:u) — mq(3mu)>>

< im ) é Z éd) (3—(m+i)u’ 3—(m+i)u)

Ne)

VAN
Ol =
™

gmri? (37(m+i)“’ 37(m+i)u)

1

< oF

0] (S_ku, 3_ku> (10)

Nel
Eod
Il

m

for all w € U. By the application of (5) and (10), we observe that the the sequence

37’”‘
{mq(gnu) turns out to be Cauchy in Uj,. By virtue of completeness of Uj, the sequence
is convergent. This formulates that there exists a function T': U — U, defined by
. mg(37"u)
T(u) =p—lim QT. (11)

To confirm that 7" satisfies (1), plugging (u,v) into (3~ "u, 3™ "v) in (6) and then multiplying
by 97" on both sides, we obtain

o 25} (525) i)

< 97"(37 ", 37 ") (12)

for all u,v € U. We can find that T satisfies (1) by letting n — oo in the above inequality.
To prove that T' is unique reciprocal second power function which satisfies (1) and also
(7). Tt is clear that both 77 and T satisfy (7). Hence, we obtain

p (T’(u) - T(u)) —9™p (:ﬂ(g*“u) - T(3*nu))

<9 (p (T'(s‘”u) - f(3‘"u)> +p (f(37"u) — T(3_"“)))

o0

> égf)(?ﬁ"u, 37 ") (13)

i=n-+1

IN

for all u,v € U. It is easy to find that T is distinctive by allowing n — oo in (13) and
employing (5), which completes the proof.

Corollary 1. Let mgq : U — U, be a mapping with a constant ¢ > 0, not depending on
the values of u,v such that the inequality

p (T, (u,v)) <c
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holds for all u,v € U. Then, T : U — U, is a unique reciprocal second power function
satisfying (1) and p (mg(u) — T(u)) < g, forallu e U.

Proof. 1t is easy to prove this corollary by taking ¢(u,v) = ¢, for all u,v € U in
Theorem 3.

Corollary 2. Let A\; > 0 be fized and s # —2 if a function mq : U — U, fulfills the
1equality
P (T (w,0)) < Ax(ful® + Jvf)

holds for all u,v € U. Then, there exists a unique reciprocal second power function T :
U — U, satisfying (1) and

forallueU.

Proof. The proof is obtained by taking ¢(u,v) = A1 (Ju|® + |v|®) in Theorem 3.

Corollary 3. Let mq : U — U, be a mapping. If there exist z,y:s =z +y # —2 and
Ao > 0 such that

P (T, (u,0)) < Ao(lul[v])

holds for all w,v € U. Then, there exists a unique reciprocal second power function T :
U — U, satisfying (1) and

forallueU.

Proof. The proof directly follows by taking ¢(u,v) = ca(|u|*|v|?) in Theorem 3.

Corollary 4. Let A3 > 0 be fized and s # —1. If a function myq : U — U, satisfies the
mequality

P (Dimg (1, 0)) < As([ul*|ol® + (Jul** + [v*))
for all u,v € U. Then, a unique reciprocal second power function T : U — U, exists and
satisfies (1) and

p (1) = my () < < 55

9 —3725)
forallueU.

Proof. The proof is achieved by considering ¢(u,v) = A3(|u|*[v]* + (|u|>* + [v]?**)) in
Theorem 3.
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5. Stability of equation (1) in S-homogeneous spaces

In this section, we obtain the stability results of equation (1) in S-homogenous spaces.

Theorem 4. Let V be a S-homogeneous complex Banach space (0 < f < 1), and ¢ :
Ux U — (0,00] be a function with

~

1 1 : :
o(u,v) = 98 ; ﬁgb (S_Zu, 3_Zu) < 00 (14)

for all u,v € U. Assume that mq : U — V' is a mapping such that
[T (u, 0)|| < (i, 0) (15)

holds for all u,v € U. Then there exists a unique reciprocal second power function T :
U — V such that

Img () = T(w)|| < $(u, u) (16)
forallueU.

Proof. Firstly, let us substitute v = w in (15). Then, we get
[[mq (37 ) — 9my(u)|| < d(u, u) (17)
for all w € U. By employing induction technique on k& € N and using (17), we acquire

3—7, R
o Z 33 (18)

4

for all w € U. Let m and n be non-negative integers with n > m, Then using (18), we

have
1 —m
| Hm<gnm -mfs™)
11"

'mq3 "u)  mg(37"u
n gm

¢ —(i+m) 3f(z+m)u)
= gmB 9B Z 9i8
n—1
=55 Zglﬁqs (37, 37%) (19)

for all w € U. Letting n — oo in the above inequality, we find that the sequence

me(3™"u)
9n

convergent. Hence there exists a mapping T : U — V defined by

becomes Cauchy in U. Due to the completeness of U, the sequence is

T(u) = lim mq(3 ")

n—o00 gn

(20)
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for all w € U. Putting m = 0 and taking the limit n — oo in the above inequality, we
obtain (16) using (20). Next, consider an additional function S : U — V satisfying (16)
and (20). Then, we get

[T (u) — S(u)|| < H rE™) ;nmq(i%‘”)

1 - 1 —(n+12 —(n+12
Sgﬁgww?» 00, 37040

1 1 I
:973297[3(1)(3 u,3 u)

et st

97L

From the above inequality, weobserve T is unique by letting n — oo, which completes the
proof.

Corollary 5. Let mg : U — V be a function with a constant Ay > 0, not depending on
the values of u,v such that the inequality

P, (s 0) [ < s

holds for all u,v € U. Then, T : U — V is a unique reciprocal second power function
satisfying (1) and

forallueU.

Proof. Taking ¢(u,v) = Ay in Theorem 4, we arrive at the required result.

Corollary 6. Let A5 > 0 be fized and s # —23. Suppose a function my : U — V' satisfies
the inequality
[Ty (s 0)]| < As ([l + [[o]]*)

for allu,v € U. Then, a unique reciprocal second power function T : U — V exists and
satisfies (1) and
A5

2
[mq(u) = T(u)|| < m

[lull?
forallueU.

Proof. Replacing ¢(u,v) = As(||ul|® + [|v]|®) in Theorem 4 and proceeding further, we
obtain the desired result.

Corollary 7. Let mg : U — V be a function. If there exist x,y :s =x +y # —23 and
X6 > 0 such that

[Ty (, 0) || < As (Il *[[0]|*)
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holds for all w,v € U. Then, there exists a unique reciprocal second power function T :
U — V satisfying (1) and

A6

[mg(u) = T(u)|| < (P39

[lul|®

forallueU.

Proof. Choosing ¢(u,v) = A¢(Ju|*|v|Y) in Theorem 4, we achieve the result.

Corollary 8. Let A7 > 0 be fized and s # —3. Let a function my : U — V satisfies the
inequality
[Ty (s 0) || < Nz([fal*[0]]* 4+ ([l ** + [[o]**))

for allu,v € U. Then, a unique reciprocal second power function T : U — V exists and
satisfies (1) and
37

2s
m”“”

lmq(u) = T(u)]| <
forallueU.

Proof. Selecting ¢(u,v) = Az(|[ul|*|[v]|* + (||u]|** + ||v]|**)) in Theorem 4, we get the
required result.

6. Application of equation (1)

We close our investigation with an application of equation (1) using Coloumb’s law.
According to Coloumb, the electrostatic force of attraction between two point charges
is directly proportional to the product of the charges and inversely proportional to the
square of the distance between them.

b r > |
F = O O »
d1 dz

Figure 1: Electrostatic force of attraction F' between two point charges g1 and ¢

That is,
I qige

F = —_=
dmeg T2

where F' and r, respectively, are the force of attraction and distance between the point
charges q; and ¢o. Suppose the constant ﬁ is taken as a constant ¢ and unit point
charges are assumed, then the electrocstatic force of attraction is given by

C
F:*2
r
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which is a reciprocal second power function. Suppose the distance between two unit point
charges is 5%, then the electrocstatic force of attraction is given by

2utv?
uv c(2u +v)?
m, = .
T\ 2u+ v u2v?

Also, if the distance is 5,7, then the electrocstatic force of attraction is given by

) mq( uv >:c(2u—v)2.

U — v u2v?

Then using equation (1), we can relate that the sum of the above electrocstatic forces

of attraction m, (ﬁ) and my (2531;) is given by the sum of electrocstatic forces of

attraction 2mg(u) = 25 and 8my(v) = 3. Hence equation (1) dealt in this study can

be associated with the electrocstatic forces of attraction between the charges in different
situations.

7. Conclusion

In this investigation, we introduced a new reciprocal second power FE (1) and inves-
tigated its various classical stability results in modular spaces and S-homogenous spaces.
We solved equation (1) for its solution in the setting of non-zero real numbers. We asso-
ciated equation (1) with Coloumb’s law to employ it in various situations to connect the
electrocstatic forces of attraction in different assumptions.
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