EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 3, No. 2, 2010, 235-253
ISSN 1307-5543 — www.ejpam.com

Identification of the Memory Kernels and Controllability for
Parabolic Equations

R. Lavanya

Adithya Institute of Technology, Coimbatore, India

Abstract. This paper deals with the controllability and observability properties of the mathematical
models (describing systems with thermal memory) consisting of boundary value problems of parabolic
type, where the differential equation contains additional integral expressions including “memory func-
tions” which describe the memory property of the material. The proof of controllability relies on a
Carleman type estimate and duality arguments.
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1. Introduction

In many of the applications [4] we begin with a partial differential equation and, through
simplifying assumptions, arrive at an integral or integrodifferential equation which takes the
whole history into account. Lunardi [11] and Unger et al [14], for example, studied the
problem concerned with materials with memory having the property that the mathematical-
physical description of their state at a given point of time includes such states in which the
materials have been at earlier points of time. In the linear theory of heat flow in a rigid ho-
mogeneous isotropic body consisting of material with thermal memory, the following system
of constitutive relationships hold (see [9,14])

t

e(t,x) = [J’y(t,x)-i—f n(t,7)y(7,x)dr, (D

—0o0
t
S(t,X) = _va(tnx)_J m(t,T)v}’(T:x)dT, (2)
—0o0
together with the heat-balance equation:

e (t,x)+divs(t,x) = f(t,x), 3)
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where e(t, x) is the internal energy, s(t,x) is the heat flux, y(t,x) is the body temperature
with time t € [0, T] for fixed T, x € Q where Q C R? is an open bounded domain with a
smooth boundary 9Q of class C!, f(t,x) is the given heat source, § = cp (c is the specific
caloric constant; p is the density) and { is the heat-conduction coefficient.

If we assume that y(t,x) = 0 for —oo < t < 0, it can be immediately seen that the
relations (1)-(3) lead to the system of the form,

By(t,x) — CAy(t,X)—J m(t,7)Ay(7,x)dT
0

9 t d = in (0, T Q
+E(L n(t,7)y(7,x) T)—f(t,x)m( ,T) X Q,

y(0,x) = Yo(x)in Q,
y(t,x) = 0on(0,T) x99,

where y,(x) is the given initial temperature distribution. The memory kernels n and m are
sufficiently smooth and have support in (tg, t;), where 0 < ty < t; < T satisfying m(t,t) =
n(t,t) = 0 and represent the derivatives of the relaxation function of internal energy and
heat flux respectively. Hereafter, for our convenience, assume that § = 1 and { = 1 and set
Q=(0,T)xQand X =(0,T) x 99.

We now consider the corresponding controlled parabolic system with memory kernels

Ye—Ay(t,x) = M§* Ay(t) + Ny * y(t)), = f(t,x) + y,u(t,x) inQ
¥(0,x) = yo(x) in Q2 4)
y(t,x)=0o0nX,

where y,, is the characteristic function of the open set w C Q, u = u(t,x) is the control
function to be determined which acts on the system through w while f € L2(Q) is the given
source term. The notations My * Ay and Nj * y respectively stand for memory integrals from
0 to t, that is,

Mg * Ay(t) J m(t,T)Ay(7)dT,
0

Nyxy(t) = fn(t,ﬂ:)y(f)d’r.
0

The system is null controllable at time T if, for each y, € H&(Q), there exists a control u €
L*(w x (0, T)) such that the associated solution satisfies

y(T,x)=0 a.e. x €.

The null controllability of linear parabolic equations without the memory kernels has been
intensively studied by several authors; for instance see Barbu [2], Fernandez-Cara et al [6],
Fursikov and Imanuvilov [7], Imanuvilov [8] and the references cited therein. Fernandez-
Cara and Zuazua [5] studied the approximate controllability for heat equations and Barbu
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and Iannelli [3] discussed the approximate controllability for the system of the form (4) with
the kernel n(-) = 0. Sakthivel et al [12] obtained the exact null controllability result by estab-
lishing a Carleman type inequality for the linear parabolic equation (taking the history into
account),

t
yi— Ay + fa(t—T)y(T,x)dﬂ.':u(t,x)+l(t,x)inQ,
0

¥(0,x) = yo(x)inQ,
oy

al% + ayy=0o0n3,

where Q € R" is a bounded domain with boundary 99 € C?, the kernela € C'[0,T],a(0) =0
and a;, > 0 is a constant and a, € C*(Z), a, > 0, while Fernandez-Cara et al [6] studied the
exact controllability of the parabolic equation of the form,

Ye — Ay +B(t,x)Vy +a(t,x)y =v(t,x)x, inQ

with Fourier boundary conditions when the coefficients a,B and a, satisfy a € L*(Q),B €
L*®(Q), and a, € L*°(%). The problem under consideration is interesting and different from
the previous works (see [9,10]) because the derivation of Carleman estimate containing a
special type of integral term for the backward adjoint problem of (4) stated in (5) require
a careful treatment of the surface integrals to guarantee the existence (ie., to settle the in-
tegral term properly so as to get the same upper bound) of this estimate for the parabolic
integrodifferential equations.

Throughout this paper we shall use the following notations for general function spaces.
For each positive integer m, we denote, by H™(£2), the Sobolev spaces of functions in L2(£2)
whose weak derivatives of order less than or equal to m are also in L?(2). We define
L?(0, T; H'()), the space of all equivalence classes of square integrable functions from (0, T)
to H'(Q). The space L?(0, T; L?(£)) is analogously defined. Moreover, we set
dy

{y € L*(0, T; L*(Q)) : - € L*(0, T; L*()},

H'(0,T;L*())
H*(Q) = {y€L*0,T;H)(Q)NH*(Q)), i—f € L*(0,T; L*(Q))},

where i—}t’ is taken in the sense of distributions. For the definition and detailed discussion on

these spaces one can refer [1,13].

The paper is organized as follows: In section 2 we establish a Carleman estimate for the
dual problem stated in (5) and we deduce an observability inequality . In section 3, we prove
the null controllability of the system (4) making use of observability inequality and an a priori
estimate for the solution of the system (4).
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2. Carleman and Observability Inequalities

In this section we shall obtain a Carleman inequality and an observability estimate for the
following adjoint system associated with (4),

q+Aq+ M xAq(t)+N] xq,(t)=ginQ
q(T,x) = qr(x) in Q2 (5)
q(t,x)=0o0n3x,

where g € L?(Q), g € L?>(Q) and M tT * Aq, NtT x ¢, are the corresponding adjoint integrals,
that is,

T
MtT*Aq(t) = J m(7,t)Aq(t)d~T,

T
NtT *qt(t) = f Tl(T, t)q’r(T)dT'

To formulate our results, we give some of the frequently used notations, following the idea
used in [7], which provide a fundamental tool in proving the Carleman type estimates. Let
wo € w be a suitably fixed sub domain. Then there exists a function v € C%(Q) such that

YPx)>0V xe, Ylza=0, |[VY(x)|>0 V x €Q\wg.

We define two weight functions that will be used throughout this paper as follows: For fixed
A > 0 and the function 1) defined above, we introduce functions ¢, a : Q — R defined by the
formulas
¢( ) eh/)(x) ( ) ezl\ll(x) _ e)up
t,x)=——, a(t,x)=—%5-—",
(1) &(t)

where

E(t)=t(T—t) and W= [p()llcam,.

Moreover, in proving the main inequality, we need the following estimates for the functions ¢
and a:

58] = e <C(Q,0)T?

2 T-2 A

|a_;:| = tzl(g—_gﬂem:/ — M| < C(0, ) tZ(TTe_t)Z) < C(Q, w)T P2 ©
2 2T°—6Tt+6

a_t?| = ﬁlezm — M| < C(Q,w)T2p3

where C(£2, w) is a generic constant. Throughout the proof of the estimate, we use C(£, w),
the generic constant for all the space derivatives of 3. One can also easily verify the identities
which will be used in the sequel are

Vo =ApV, Va=-ApVip.
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Now we are ready to state and prove the main estimate of this section. Though the proof of
this estimate follows standard technique for general parabolic equations without memory, we
have to do careful calculations on the memory integrals which involves second derivative in
spatial variable as well as first derivative in time variable.

Theorem 1. For any solution q of the dual problem (5) with the kernels m(:,-) and n(-,-) have
support in (ty, t1), where 0 < tg < t; < T, there exist Ay,sy and C, the constant depending on
Q,w, A and T such that for every A > Aq,s = s the following inequality holds:

Lose(@) < C( Jf e %3 p3|q|2dxdt + Jf e_zsalglzdxdt), (7)
Q

(0,T)xw

where we used the notation

_ 2 2\ _9%q
Loss(q) = ”(s¢) Ylg P +18qP + [M] « Aq(0)|" + NI q (0] ) e >*dxdt
Q

+ Jf (s3p3|q? +s¢|Vq|?)e **dxdt.
Q

Moreover, the constants Aq,S, take the form Aq = C(Q,w)[1+ VT + T? + T*] and s, =
C(Q )T+ TVT+T?+TH].

To prove this theorem we need the following lemma in terms of the new transformed
variable p = e7**q which essentially completes the first part of Theorem 1.

Lemma 1. Let the kernels m(-,-) and n(-,-) have support in (to,t;), where 0 < tq < t; < T
and g € EZ(Q) be given. There exist Ay,S, and C only depending on Q,w and T such that, for
any A > Ay = C(Q,w)(1+ T*), any s > 5, = C(Q, w)(T + T? + T*), the weak solution of (5)
satisfies

Losa®) < C(lle™gl2, ) + Lawo 5,2(p) + Mgy .(m; p) + Nos 2(n; p) (8)
+ MQ,s,l(mt;p)+NQ,3,A(nt;p)),
where
- F(
LQ,S,;L(p) = ) 33A4¢3|p|2dxdt+ sk2¢|Vp|2dxdt,
J
Q Q
r( 2
Mosa(mp) = e %A | M/ * Alep)(0)| dxdt,
J
Q
r( —2sa T sa 2
Ngsa(n;p) = 1] sA@|NT * (e2p),(0)] dxdt,
J
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and the notations M 5 5(m¢; p), Ng s 2(n¢; p) denote the time derivative of the kernels respectively
in Mg 2(m; p), Nos,2(n;p) and Q,,; = (0, T) X wy.

The proof of Lemma 1 is quite similar to the detailed proof given in [9],[10]. The explicit
dependence of the constant on time and space is not obtained in [12] and we refer to [10],[6]
where the explicit dependence has been computed. Now we need to estimate the memory
integrals appearing on the right hand side of the estimate (8) and in fact this will complete
the proof of Theorem 1.

Proof. First we write the inequality (8) in terms of the original variable by substituting
p = e *%q to have

J:f e 243243 q|2dxdt + ff sA29|V(e™%)|?dxdt < C ( J:f e ¥ g|2dxdt
Q Q Q

+ Jf e =434 p3 g2 dxd t + Jf sAZp|V(e %) Pdxdt

Qwo QwO

+MQ,s,A(m§ CZ) + MQ,s,A(md CZ) + NQ,s,?L(n§ CZ) + NQ,s,A(nt; q)) .

Note that V(e™*%q) = e**sA¢p Vyq +e**Vq and

fo e X420 3p2VpqVagdxdt > —p Jf e B%2¢|Vq|ldxdt
Q Q
—1H 2522497 Vap g,
P Q
where the parameter p € (0,1). Choose ||[Vy||¢q) < p to obtain
Losal@)<cC ( ff e > gPdxdt + wio,S,x(q) + Mg 5.5.(m;q) 9
Q

+ M5 1(Me3 @) + No (15 0) + Noo (165 0)),

since we have redefined the notations Z,M ,N as follows:

ZQ’S,l(q) = ff 6_25a53k4¢3|q|2dxdt+ff 6_25“3A2¢)|Vq|2dxdt,
Q Q

Mg ,2.(m;q) ” e s | M/ *Aq(t)|2dxdt,
Q
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— 2
Ngsa(n;q) = ff e 25"‘5/1<;5|NtT * qt(t)| dxdt.
Q

Next we shall express the term |Vq|? over Q,, , on the right hand side of (9), in terms of lq|? in
the larger domain w(since wy € w C ). To attain this, let us introduce a truncating function
0 =0(x),0 <6 <1 satisfying

0 ng(co), 0 =1in @y and 6 =0 in Q\w.

Multiplying (5) by e">%0sA%¢q and integrating over Q, we obtain that

1 1
ff e B%PsA%¢|Vq|*dxdt < 2 ff e % gl2dxdt + ZMQw,S,x(TTUQ)
Q Q
1
7 Noe 52 (150) - H sA*V(e **0¢)qVqdxdt
Q

1 6
+ ff e F4 (242 4+ 25A3¢)|q|?d xdt — > ff sA2 (e %), |q|?dxdt = Zli' (10)
i=1
Q(,{) QC{)

Now a simple computation yields the following estimates: The integral I, can be estimated by

1
C(Q, w) U e B33 + 5o (At + A2)|q|?dxd t + y ” e B%22p|Vq|*dxdt,

Qwo QwO

where the first integral can be bounded by ff e Z43 043 ql2dxdt, if A > C(Q, w)T?, s > 1.

Qo
The integral I¢ has also the same bound,

Ig < C(Q,w)T ff e FU (2 Q293 +5A%292)|qPdxdt < ff e 243243 q|?dxdt
Qo

w

for the choice of A > 1, s> C(£, w)(T + T>/2). Thus, combining all the preceding inequality,
we obtain

f f e 522 |vqPdxdt < f f e—25“|g|2dxdt+J f e 245339 °|q 2 dxde (11)
Q

wQ w

+ Mgo s 2(m3 )+ Noo 0 1(130) )

Using (11), the inequality (9) can be re-estimated as

ZQ,S,;L(q) < C(J:f e %% g|2dxdt + ff e 243243 q|?dxdt
Q

(0,T)xw
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+MQ,s,A(m§ CZ) + MQ,s,A(md CZ) + NQ,s,?L(n§ CZ) + NQ,s,A(nt; q)) 5 (12)
forany A > Ay = C(Q,w)[1+ VT + T2+ T*] and s > 5, = C(Q, )[T + T2+ TVT + T*].

Making use of the assumptions on the kernel, Holder’s inequality and changing the order of
integration, we have

Mg (m;q) = Jf _ZS“SA¢|MT * Aq(t)| dxdt < Jf _zsasl¢|MT * Aq(t)| dxdt

t
< Jf —2sa)t¢ J Im(z, )% (s +2sa)¢(T)dT)(J 6—23“3‘1¢_1(T)|Aq(f)|2df)dxdt
to
T
< ClmlPe U e_zm(sqb)_lMAqIZ(f e 24 (t)d )dxdt
(tg,t1)xQ °
< ff e 2% (sp) 1|Aq|2dxdt<cjf e = A(sp) " Aql*d xdt, (13)
(tg,t1)xQ2

where C depends on Q, w, ty, t1, T, and m. Similarly, estimating the integral N ; ;(n;q), one
can have

Nosa(n;q) = Jf e_zs“sl¢|NtT * qt(t)|2dxdt <C Jf e X% (sp) g, Pdxdt, (14)
Q Q

where C depends on Q, w, tg,t;, T, and n. The similar estimates holds true for Mg ; ;(m;;q)
and NQ,s,?L(nt§ CZ)~

Indeed one can obtain a sharp estimate for the weight functions (used above) as follows:
Following certain standard analysis used in [5], we obtain

esa¢ < C(Q,a))(t(t _ T))—le—s&/t(t—T) < 4T—26—U(Q,w)sT’2’

2 _ oM and o = 41nisr21(7 for s > s, = max(§y, (0(Q, w))"1T?).
xe

In order to complete the theorem, it remains to obtain an estimate for the terms involving

first order derivative in time and second in space variable. To obtain this, first of all multiply-
V—=2sa A

where o = e

ing (5) bye (s¢)~1, squaring and then integrating on Q, we get

Losa(q) = ffe—ZS“(s¢)—1AZ|g|2dxdt+2(D+E)+2(F+G)+2H

—ZJJ e B%s¢p) " A%q,Aqd xdt, (15)
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where

~ _ _ 2 2
Losa(q) = f f e 2% (sp) A% (1.2 + 1A + [M] % Aq(t)|” + |N] # g (£)| dxdt,
Q

(D+E) = —Lr e 2% sp) 'A%q, (M] * Aq(t) + N[ xq,(t))dxdt,
Q
(F+G) = —‘Lr e 2% (sp) A2 Aq(M] x Aq(t) + N[ *q.(t))dxdt,
Q
H = —Lr e 2% sp) AP (M« Aq(6)) (N % q.(t))dxdt.
Q

Now we have the following estimates by choosing the constants carefully and applying Young’s
inequality followed by Green’s theorem and integration by parts. Integrating by parts with
respect to time in D + E, we obtain

2(D+E)

— Jf e B A2 (4a,p "t + 25 p 2P )g(M] x Aq(t) + N q (t))dxdt

Q
T T
+2 ff e F2(sp) g (f m,.(7,t)Aq(7)dT + f n.(r, t)qT(T)dT)dth
o) t t

= D;+D,, (16)

where we used the assumption m(t, t) = n(t,t) = 0. Since we observe that

D, < ff e %3243 q|?dxdt
Q
%” e—ZsaAZ(s¢)—1(|Mf*Aq(t)|2+ |NtT>|<qt(t)|2)dxdt
Q
for any A > 1 and s > C(Q, w)(T + T+/T). The integral D, can be bounded by

D, < ” 24533332 dxd ¢ + H e_zsal(sqb)_l(
Q Q

T
f n(7,t)q-(v)dT

T 2
J m.(7,t)Aq(t)dr

2
+ )dxdt =Dy, + Dy 17)
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for s > C(Q, w)T2. Computation similar to (13) gives further that,

f f eEAs$) ! [(Jtl m (7, OPe>*¢dr ) (r e 2971 Aq(r)dr )
o to t

D22

IA

0

t

+( f ) |nt(f,t)|2e2”¢df)(f e ¢ q()Pdr ) |dxde

0

IA

cnmtn%@f f e 2 (sp) | Aqldxdt + Clln, |2 f f =) (s) g, [Pdxdt.
Q Q

Here we abserve that for any A > A sufficiently large, the last two integrals can be absorbed
in Ly 2(q). Now the simple calculation using Green’s formula yields

-2 Jf e F%s¢p) 1A%, Aqdxdt = J:f e B34 —2(s¢p) Vg (Vo - Vg)dxdt
Q Q
+Jf e FN2 (s 1o 29, +2¢ 1a,)|Vq|Pdxdt
Q
< ;‘ H e E%sp) 1A% |q, Pdxdt + H e ®%A2¢p|Vq|ldxdt, (18)
Q Q

for any s > C(, w)(T + T2+ T+/T). Since we have chosen (if necessarily by normalizing)
that ||[Vyllcq) < 1/A and used the fact that a(0) = a(T) = +o00. Moreover, we have

2H < H e 2% (s¢p) A (| M Aq(t)|2 +|Ng qt(t)|2)dxdt, (19)
Q

and

2F+G) < % ” e 2% sp) 1A% Aql?dxdt
Q
+8 Jf 6_25“(s¢)_1A2(|M0T * Aq(t)|2 + |NOT * qt(t)|2)dxdt. (20)
Q

Proceeding calculations similar to (13) and (14), we note that the integrals in (19) and the
last integral in (20) can further be estimated as

C||m||%oo ff e 2% (sp) A% AqlPdxdt + C||n||%oo ff e 5% (s¢p) 1A2|q,|?dxdt. 21
Q Q
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Consequently;, if C||m||Loo =3 L and C||n||LDo < %, the estimations (16)-(21) yield

ZQ,M(q) < C(Jf e %% g|2dxdt + ZQ,M(q)). (22)

Eventually, making use of the estimations (13), (14) and choosing A > A,,s = s, large enough,
recall that the powers of A in L ;. 2(q), dominates the powers in (13),(14)), we get

/L\Qs A(q) + ZQ S, A(q)

H 20| g|2dxdt + ” —Zm(s¢)3x4|q|2dxdt) (23)

(0,T)xw

This completes the proof of the theorem.

Remark 1. Smallness condition on the memory kernels m(:,-) and n(-,-) imposed in the esti-
mate (22) is indeed necessary to arrive at such an estimate as the integral involves the second
spatial derivative as the absorption is not possible otherwise. In practice the memory kernels are
exponential functions (with negative exponents, in general) and so the assumption is valid for
appropriate weights.

An important consequence of Theorem 1 is the following observability estimate. The proof
of this estimate is similar to that of the estimate derived for various problems in Fursikov et
al [7] and Fernandez-Cara et al [5]. This estimate essentially gives the unique continuation
property for the solutions of the system (5), precisely, ¢ = 0 in (0,T) X w implies ¢ = 0 in
(0, T) x£; in particular q(0) = 0 in 2. Now we state the observability inequality for the adjoint
system (5).

Corollary 1. Under the assumptions of theorem 1, there exists a positive constant W depending
on Q,w,m,n and T such that

a0, gy < W, 00,T)( H lql*dxdt + f glPdxdt) 24)

(0, T)Xw

where W(-) =exp [C(1+ % + \/LT + T+ T?+ T*(|Iml|?« + [Inll?«)] and q is the weak solution
of the problem (5).

Proof Let q be the solution of (5) and g € L?(Q). We shall first prove the variant of the
inequality (24), namely,

lq(O)I124(q, < W) f f lqPdxde + f lgPdxdt

(T/4,3T /4)x 2
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+ f f e 2(s$) 7 (|Aql + g *)dxdt ) (25)

(to,t1)x82

where W*(-) = exp[C(% + T + T2(|lm|?« + lInll?«)]. Multiplying (5) by q and integrating on
Q, we get

———f|q|2dx+f|w|2dx< f lql*dx + = f (gl + |MT * Aq(O]” +|N] *q.(0)] ") dx.

It follows that

d
—E(exp[Bt]J |q|2dx) Sexp[Bt]f (|g|2+ |MtT*Aq(t)|2+ |NtT*qt(t)|2)dx. (26)
Q Q

Integrating (26) with respect to time in 0 < t < T /4, we have
f |9(0)dx < exp[3T /4] f lq(T /4, x)1*dx
Q Q
* 2 2
—I—exp[BT]J J (Ig)* + |MtT * Aq(t)| + |NtT *qt(t)| )dxdr.
0 Q
Again integrating (26) from T /4 to t, we get
exp[3T /4] f |q(T /4, x)?dx < exp[3T] f lql*dx
Q
+exp[3T] (|g|2+|MtT*Aq(t)|2+|NtT>kqt(t)|2)dxdT

T/4JQ

forall t € [T/4,3T/4]. Thus we have

t
f |q(0)|2dx§C(J |q|2dx+f f (|g|2+|MtT*Aq(t)|2+|NtT>kqt(t)|2)dxdT), (27)
Q Q 0 JQ

where C = exp[3T]. By the assumption on the kernel, we have

L

Sf f (f |TTI(T,t)|265(1+2a(f))(}5(7)d7)(f 1e_zsa(T)s_l¢_1(T)|Aq(7)|2d’r)dxdt
0 Q to o

*Aq(t)’ dxdrt

< CT|m|?* Jf e X% sp)tAql?dxdt. (28)

(to,t1)%xQ
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t

Now estimating the integral J J |N tT * qt(t)|2dxdr similar to the above and substituting

0.JQ
the preceding estimates into (27) and integrating the resulting inequality with respect to time

in (T /4,3T /4), one can obtain the inequality (25). To complete the proof it suffices to obtain
an estimate for the right hand side integrals of (25) in terms of the L? integral of q over
(0,T) x w. From the Carleman estimate for the adjoint system (5), we obtain

Losa(q) < C(Jf e %% g|2dxdt + ff 6_23“53¢3|q|2dxdt). (29)
Q

(0,T)xw
Here one can easily verify the following weight function estimates using certain standard

analysis (see [5]):

~ 6 - -
e < C(R,0) 2/ HT=0 SC(Q,w)(;) e @Oy (1,x)€Q,

1
(t(T - 1))

provided s > s; = max(sy, 3(c(Q, w))"1T?), where the constant o(2, w) = 8mind. If we
look at the constants sy and s;, then we get

51 <5, =C(Q)[T+T*+TVT+T*].
For s > s,, we have
—2sa 43 16 3 —C(Q,w)sT ™2 5
e g zcm,w)(ﬁ) e C@ V (t,x)€[T/4,3T/4] x .

Let us fix the constant s = s, and making use of the above weight function estimates, and
from (29), we deduce the following estimate

ff lgl*dxde + ff e % s¢) " (1agl® + g, )dxdt

(T/4,3T/4)xQ (to,t1)xQ2
sﬁ/‘(-)( f |q|2dxdt+” Iglzdxdt),
(0,T)xw Q

where W(-) = exp [C(1+ % + % + Tz)]. Coupling the above estimate with (25), one can
obtain the observability estimate (24).

3. Controllability Results
In this section, we prove a null controllability result for the problem stated in (4). We

shall obtain a solution to the global controllability problem for the equation (4) as a limit of
an approximation process with the aid of certain suitably defined optimal control problem. To
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derive the estimate, we use the maximum principle and the observability inequality which is
derived in the previous section for the dual problem (5). We first obtain an explicit bound for
the weak solution of the system

Ye— Ay —Mj*Ay(t)+(Ny*y(t)), = finQ
¥(0,x) = yo(x) in Q2 (30)
y(t,x)=0o0nx%,

where f € L%(Q),y, € Hé(ﬂ) are given. The above problem has a unique solution y €
L*(0,T; Hol(Q)ﬁHZ(Q))ﬂHl([O, T1; L2(2)) whenever y, € Hol(Q). The existence and unique-
ness of a solution to this problem is well known, see for example [9]. The following proposi-
tion gives an a priori estimate for the solution of the system (30).

Proposition 1. Let f € L?(Q) and y, € Hé(ﬂ) be given. Then the weak solution y € H>(Q) of
the problem (30) satisfies the estimate

Y1 gy < VO UYolZy g + 1 ) (31)

where V(-) = exp[C(1 + T + |In;ll e + T2(IInll7w + lIn 1o + e lI)]-

Proof. The proof follows the standard technique. First multiplying (30) by y and integrat-
ing on 2, we obtain that

1d 3 1 ) 5
EEJ |y|2dx+f IVyl*dx < EJ |y|2dx+5f (F P+ Mg Ay (O] +|(Ng +y ()| ) dx.
Q Q Q Q

Applying the differential version of Gronwall’s inequality in the interval O to t with 0 <t < t;
for some fixed t; € (0, T), we have

f f Yy Pdxde+ f y(t)Pdx < expl3t,] f yoldx
Q Q

(0,t1)xQ2
+ ff (IF 12+ Mg+ Ay (0 + |(N(§*y(t))t|2)dxdt). (32)
(0,t1)xQ2

Squaring both sides of the equation (30), and integrating on 2, we obtain
d 2 2
EJ IVy[? +f (yel> +1ay P+ Mg+ Ay (O] + [N+ y () [ )dx = [If 2, (33)
Q Q
+2f Ay ((Ng*y(t)), — My * Ay(t))dx — 2J Ye ((Ng * y(6)), = M§ * Ay(t))dx
Q Q

I;

4
=1

+2J (Mg * Ay(t))(Ng * y(t),dx =
Q

1
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for all t € (0, T). Using Cauchy inequality one can easily see that

t t
J Idt < ‘1} Jf |Ay|2dxdt +8 fj (|Mé *Ay(t)|2 + ‘J n(t,t)y(t)dt 2)dxdt.(34)
0 0

(0,t1)x02 (0,t1)xQ

Applying Holder’s inequality, the last integral can further be estimated as

it [ [ 1ayPaxdctindodt [[ 1Paxae

(0,t1)xQ (0,t1)x0

Integration by parts in time together with the assumptions on the kernel yields,

fllgdtZZ Jj y(f n.(t,7)y(t)dT +n.(t,t)y(t))dxdt
0 0

(0,t1)x£2
t

-2 Jf y(f m(t,T)Ay(t)dT)dxdt = I3 + I3. (35)
(0,t1)xQ2 0

Since using Young’s and Holder’s inequality, we further obtain that

I3y < (1+2lInllp~) Jf yPdxde +lIngll ot f lyI*dxde

(0,t1)xQ2 (0,t1)x£2
and
2 2 2 1 2
Iy < ntyllme |7 |Ay| dxdt+5 |y|dxdt.
(0,t1)%xQ2 (0,t1)xQ2

Finally, we note that the estimation similar to I3, yields

t
1
f Ldt < nt2|lm.|17 Jj |Ay|2dxdt+5||n||%wt% f ly|?dxdt. (36)
0 (0,t1)xQ2 (0,t1)%xQ2
If ||m||%oo(0’T)tf < 1—16, integrating (33) in the interval (0,t) and substituting (34)-(36) and

using the Poincaré inequality f ly|l?dx < C (Q)J |Vy|2dx, one can have the following
Q Q

2
Iy CDIZ o + H (el + 1Ay P + Mg+ Ay(0)|

(0,t1)xQ2

+|(N0f *y(t))t|2)dxdt < M(-)(||y0||12qé(m + J IfI?dxdt), (37)

0,t1)xQ
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where M(:) = exp[C(1+||n.|| =+ tf(IInIl%m + ||nt||%m + ||n“||%oo))]. Since we have also chosen

that n < m. With the estimate (37) together with (32) and the Sobolev estimate, one
1 tl;oo
can conclude theL proof.

Now we prove the main result of this work.

Theorem 2. Assume that T > 0 is fixed and y, € Hé(ﬂ) is given and the kernels m(-,-) and n(-,-)
have support in (t, t;) where 0 < ty < t; < T. Then there exists a control u € L2(0, T; L%(w))
such that the corresponding solution of (4) satisfies

y(T,x)=0 a.e. xeq.
Moreover, the control u can be chosen in such a way that

||u| |%2(0,T;L2(a))) S W(Q> w, T)l |J’o| |%2(Q)>

where the constant W (-) is explicitly given in (24).

Proof Letus fix T >0 and y, € Hé(Q). For every € > 0, let us consider the problem
min {Je(u) cue L0, T; Lz(w))},

where the functional J, is defined by

J.(u) =% Jf [ul?dxdt + %J |y(T,x)|2dx, (38)
Q

(0,T)xw

where y is the solution of (4) associated with the control u. In order to solve this control
problem, it is enough to prove that the functional J. has a unique solution (see Fernandez-
Cara et al [5]). Since, J, is a continuous strictly convex functional in L2(Q) and coercive, that
is,
liminf  J.(u) = oo,
el 12¢(0,7yx =00

J has a unique solution (u,, y.) for every e > 0. Next, we shall obtain the necessary condition
for optimality via maximum principle. We can verify that it is characterized by

Ue = —Xwle (39)
where g, is the solution to the adjoint problem
(ge)e + Aqe + Mg * Age(t) + (N #q.(t)); =0in Q

qe(T,x) = 2y(T,x) in Q (40)
q.(t,x)=0o0n .
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Let us put y = w + . If y is the solution of (4) associated with u, and w is the weak solution
of the homogeneous problem corresponding to (30), then ¢ satisfies

@ — Ap = M§ * A () + (Ng * (1)) = xo,uinQ
¢(0,x)=01in Q 41
p(t,x)=0o0n 2.

Now the functional J, is differentiable at the point u. For u,v € L2(0, T; L?>(w)), we obtain

/ 1
(J (), v) g = ff u.vdxdt+ EJ y(T)p(T)dx, (42)
Q

(0, T)xw

where ¢ is the solution to (41) associated with the control v. For the pair (u.,y.) to be a
unique solution of J,., we must have

(. (ue), V) 12¢q) = O.

The duality between ¢ and q gives the following

1
ff qevdxdt=f qe(T)p(T)dx = EJ Ye(T)e(T)dx. (43)
(0,T)xw “ &
In view of (42) and (43), we can identify u, = —y,q., the optimal control stated in (39).

Next we shall show that (u,, y.) converges along a subsequence of € in a certain topology. In
order to prove this, we need a suitable estimate for (u,,y,). In particular, we get L? estimate
for u.. Multiplying (4) by q. (replace y by y.) and (40) by y. and adding and then integrating
on (0,T) x £, we have

fqe(T)ye(T)dx=J Yo(x)q.(0)dx + ff ucqedxdt.
Q Q

(0,T)xw

Making use of the optimality condition q.(T,x) = % ¥<(T,x) and the Young’s inequality, we
obtain

e Pdxde+ = | 1y (T0Pdx < DlyolZyg + =112, ) sy ¥ 1> 0
€ € o Yell, D) Yo L2(Q) 27) de L2() n .
(0,T)xw
Using Corollary 1, we can choose 7 appropriately, for instance n = W(£2, w, T); then we have

1 1
- luclPdxdt + = | |y(T,x)Pdx < W(Q,w, T)|¥oll*20ns (44)
2 € Q L3(2)

(0,T)xw
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where the constant W(-) is given by (24). The Proposition 1 and the estimate (44) allow us
to pass to the weak limit in (4) (after replacing (u,y) by (u.,y.)) as € — 0, which gives the
solution of the null controllability problem (4). Since u, is bounded in L2(0, T; L?(w)), there
exists a subsequence of ¢ still indexed by € such that u, — u weakly in L2(0, T; L*(w)), y. — ¥
weakly in H>1(Q) as e — 0. From (44) and Fatou’s lemma for any constant C independent of
€, we have
2 : : 2 . . _
||y(T,x)||L2(m < hmelggﬁz |y (T, x)|?dx < hng{)Ce =0.
It follows that
y(T,x)=0 a.e. x€ Q.

The estimate for the control u follows from (44) and the proof is thus completed.
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