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Abstract. The plick graph P(G) of a graph G is obtained from the line graph by adding a new
vertex corresponding to each block of the original graph and joining this vertex to the vertices
of the line graph which correspond to the edges of the block of the original graph. The point
outer-coarseness is the maximum number of vertex-disjoint nonouterplanar subgraphs of G. In
this paper, we obtain a necessary and sufficient conditions for the plick graph P(G) to have point-

outercoarseness number one.
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1. Introduction

By a graph we mean a finite, undirected graph without loops or multiple edges. Let
V (@), E(G) and L(G) denote the vertex set, edge set and line graph of a graph respectively.
The all undefined terminology will conform with that in Harary [4]. For a real number z,
|z] denotes the greatest integer not exceeding x and [x] is the least integer not less than
x.

Two graphs are said to be homeomorphic if both can be obtained from the same graph
by inserting new points of degree two into its lines. Kuratowski [8] has characterized
planar graphs as those graphs which contain no subgraphs homeomorphic to K5 or K3 3.
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Chartrand, Gellar and Hedetniemi [2] introduced the point-partition number denoted
by m,(G) for each positive integer n. The point-partition number 7, (G) is defined as the
maximum number of subsets into which the point set of G can be partitioned so that
each set induces a graph which contains a subgraph homeomorphic to either K, i or
KLnTHJPLTH-I This general parameter m,(G) is defined for n=1,2,3 and 4. m1(G) is the
line independence number. mo(G) is the maximum number of point-disjoint subgraphs
of GG, such that each subgraph is not a forest. This is also the maximum number of
point-disjoint cycles contained in G and for this reason we refer m2(G) as the point-cycle
multiplicity. m3(G) is the maximum number of point-disjoint nonouterplanar subgraphs
of G and is called point-outercoarseness number of G. 74(G) is the maximum number
of point-disjoint nonplanar subgraphs of G and is called the point coarseness of G and
denoted by &' (G).

A point and a line are said to cover each other if they are incident. A set of points
which cover all the lines is a point cover of G while a set of lines which cover all the points
is a line cover. The smallest number of points in any point cover of G is called its point
covering number and is denoted by ap(G) or ap. Similarly aq(G) or aq is the minimum
number of lines in any line cover of G and is called its line covering number. A point cover
(line cover) is called minimum if it contains ag(c;) elements.

A graph G is the endedge graph of a graph G if G is obtained from G by adjoining
an endedge u;u} at each point u; of G.

The plick graph P(G) of a graph G is obtained from the graph by adding a new point
corresponding to each block of the original graph and joining this point to the points of
the line graph which correspond to the lines of the block of the original graph. For n > 2,
P"(G)=P(P"1(G)) where P}(G)=P(G) is the n'" iterated plick graph. In Figurel, a
graph and its plick graph P(G) are shown.

P(G):

Figure 1.

If G is a planar graph, then the inner vertex number i(G) of G is the minimum number
of vertices not belonging to the boundary of the exterior region in any embedding of G in
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the plane[6].

Note: Since the definitions of point-outercoarseness number one and minimally nonouter-
planar are isomorphic, therefore the aim of this paper is to characterize all nt" plick graphs
with point-outercoarseness is one.

2. Preliminary Results

The following will be useful in the proof of our results.
Remark 1. For any graph G, L(G) is a subgraph of P(G).

Theorem 1. [6] The plick graph P(G) of a graph G is planar if and only if G satisfies
the following conditions:

(i) AG) < 4
(ii) every block of G is either a cycle or K.

Theorem 2. [6] A graph G has a planar plick graph if and only if it has no subgraph
homeomorphic to K15 or K4 — x, where x is any line of Ky.

Theorem 3. [6] A graph G is a cycle if and only if plick graph P(G) is a wheel.

Theorem 4. [6] The plick graph P(G) of a graph G is minimally nonouterplanar if and
only if it satisfies the following conditions:

(i) A(G) <3 and
(ii) G is unicyclic.

Theorem 5. Let G be any connected graph. ws(P(G)) = 1 if and only if G has one of
the following properties:

(1) A(G) <3 and
(ii) G is unicyclic.

Proof. Since the definitions of point-outercoarseness number one and minimally nonouter-
planar are isomorphic, the proof of the theorem is analogous to the proof of the Theorem
4.

3. Main Results

Before we establish the first result, we prove the following Lemma.

Lemma 1. P(G) is unicyclic if and only if there exist a unique vertez of A(G) = 3 in G.
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Proof. Suppose P(G) is unicyclic.
We consider the following cases.
Case 1. Let A(G) < 2.
If A(G) =1, then G is K3. Consequently P(G) is K»,a contradiction.

If A(G) = 2 then G is a path or a cycle. If G is a path, then clearly P(G) is a
tree, a contradiction.If G is a cycle C,;Vn > 3, then by Theorem 3, P(G) is a wheel, a
contradiction.

Case 2. Suppose A(G) = 4. Clearly K4 is a subgraph of G and by Remark 1,
P(G) contains K4 as an induced subgraph, a contradiction. Hence A(G) < 3. Suppose
G has two or more than two vertices of degree 3. Then by Theorem 1, P(G) is planar
and there exist at least two blocks which are cycles Cs as induced subgraphs for P(G), a
contradiction. Hence there exists a unique vertex of A(G) = 3.

The converse is obvious.
Corollary 1. P(G) is a tree if and only if G is a path Pp;n > 2.

Theorem 6. For any connected graph G, w3(P%(G)) = 1 if and only if G is a tree with
A(G) < 3 and contains a unique vertex of degree 3.

Proof. Suppose 73(P?(G)) = 1. The plick graph P(G) satisfies the hypothesis of Theorem
5. Clearly A(G) < 3 and unicyclic.If A(G) = 3 and is unicyclic, then there exist exactly
one vertex of degree 3 in G and G does not contain any cycle as an induced subgraph.
Suppose G contains a cycle, then by Theorem 3, P(G) contains a wheel, a contradiction

to the hypothesis. Therefore G must be a tree. By Lemma 1, there exists a unique vertex
of A(G) = 3.

Conversely, suppose G is a tree.
We consider the following cases depending on A(G).

Case 1. If A(G) = 1, then G = K,. Consequently P(G) = K3 and P?(G) = Ko, a
contradiction to our assumption.

Case 2. If A(G) = 2, then G is either a cycle or a path. If G is a cycle, then by
Theorem 3, P(G) is a wheel, a contradiction. If G is a path, then by Corollary 1, P(G)
is a tree with A(G) = 3 and every block of P(G) is Ky. By Theorem 1, P?(G) is planar
with an induced subgraph of C3, a contradiction.

Case 3. Suppose G has exactly two vertices of degree 3. Then by Theorem 1, P(G) is
planar and there exist exactly two cycles C5 as induced subgraphs of P(G). By Theorem
3, in P%(G) there exist exactly two wheels of length four Wy that is K4 as an induced
subgraph, a contradiction. Hence, there exist exactly one vertex one vertex of degree 3 in

G.

Theorem 7. There is only one graph Py whose third plick graph P3(G) has point- outer-
coarseness number 1.
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Proof. Suppose 73(P3(G)) = 1 for a connected graph G. Then P? is planar and satisfies
the hypothesis of Theorem 5. Clearly A(P?(G)) < 3 and P?(G) is unicyclic. By Lemma
1, P(G) has a unique vertex of A(P(G)) = 3. Hence P(G) is a tree. By Corollary 1,
G is a path. Assume G # P;. Then immediately G is either P,;n < 3 or P,;n > 5.
If G = Py;n < 3 then m3(P3(G)) = 0, a contradiction. If G = P,;n > 5, then P%(G)
contains at least two edge disjoint induced subgraphs of C3. By Theorem 3, P3(G) will
contain two copies of complete graph Ky, a contradiction. If G = Py, then P(G) is P3Jr
with A(P;") = 3. Therefore by Lemma 1, P?(G) will be unicyclic. By Theorem 3, P3(G)
will contain K. Hence m3(P3(G)) = 1.

Theorem 8. There is only one graph Ps whose fourth plick graph P*(G) has point-
outercoarseness number 1.

Proof. The proof is similar to Theorem 7.

Theorem 9. For n > 5, there is no graph whose n'* plick graph P™(G) has point-
outercoarseness number 1.

Proof. Assume 73(P*(G)) = 1. Then P3(G) must satisfy the hypothesis of Theorem 5.

Clearly A(P3(G)) < 3 and is unicyclic or a tree or a path. Thus there does not exist any

graph whose n'";n > 5 plick graph have point-outercoarseness one.
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