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Abstract. Algebraic study of graphs is a relatively recent subject which arose in two main streams:
One is named as the spectral graph theory and the second one deals with graphs over several
algebraic structures. Topological graph indices are widely-used tools in especially molecular graph
theory and mathematical chemistry due to their time and money saving applications. The Wiener
index is one of these indices which is equal to the sum of distances between all pairs of vertices in
a connected graph. The graph over the finite dot product of monogenic semigroups has recently
been defined and in this paper, some results on the Wiener index of the dot product graph over
monogenic semigroups are given.
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1. Introduction and preliminaries

The connections between graph theory and ring theory was first established in 1988 by
Beck [1]. Since then, different types of algebraic graphs have been introduced and stud-
ied. The most well-known example is the zero divisor graphs. Anderson and Livingston
studied the zero divisor graph of a commutative ring in [2]. Similarly, zero divisor graphs
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of commutative semigroups have been studied in [3], [5] and [4]. The zero divisor graphs
have been studied intensively, see e.g. [6], [7], [9] and [8]. Further, Badawi has also studied
the dot product graphs of commutative rings in [10]. Akgiines has defined the graph of
monogenic semigroups in [11] in a similar manner. The dot product graphs of monogenic
semigroups have been studied in [12].

Topological graph indices are very useful tools in graph theory and mathematical
chemistry. By modelling a chemical substance with a graph, we can apply these indices
and obtain physico-chemical properties of that substance solely by means of mathematical
calculations without any experiments in laboratory. The Wiener index is one of the sig-
nificant and surely the oldest topological indices used in mathematical chemistry. It was
introduced in 1947 by Wiener [13] and used for modelling the shape of organic molecules
and for calculating several of their physico-chemical properties, in particular the boiling
points of alkane isomers. Mathematicians are interested in the Wiener index as much as
chemists. Mathematical research on the Wiener index was started in 1976 in [14] and since
then, this distance-based quantity had been studied in [16], [17] and [15].

Now let us recall the definitions of the Wiener index and monogenic semigroups:

The vertex set of a graph G is denoted by V(G). The distance between two vertices u
and v in V(G) is denoted by dg(u,v). Then the Wiener index W(G) of G is defined by

WG = > da(u,v).

{uw}CV(G)

Let S™ be a finite semigroup of order n. In [11], an undirected graph denoted by
[(S™) = (V,E) was defined as follows: The vertex set consists of the non-zero elements
of 8™ and two vertices x and y which are distinct non-zero elements in S™ are adjacent if
and only if xy = Ogn. Hence

s™ =40, z, z2, - z"}

where 2, 2/ € V([(S™)) are adjacent < 2 - 2/ = Ogn & 27 = 0gn & i+j > n
(1<i, j<n).

Some various types of monogenic semigroups including the tensor, lexicographic, strong
and disjunctive products were studied in [20], [21], [19] and [18]. Also some topological
indices of monogenic semigroups were calculated in [24], [22] and [23].

In [12], the dot product graph considered was [(S) where S is the cartesian product
of k times S™:

S=8"x8S"x...x 8" for k times, where 1 <k < co.
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Let two nonzero elements of S be X = (2%, z%2, --. | z%)and Y = (27, 272, ...  2J¥)
for {it}le, {jt}f:1 € {0,1,2,--- ,n} where 2% = Og» if and only if i; = 0. A more explicit
definition of the dot product in terms of the elements of S is as follows:

XY

i1 12 ik 1 j2 jk
(.’E,ﬂ?,"',x)'(SU],CCJ,'”,QL’J)
", et _1_3322 L qpd2 _‘_,”_i_lﬂk L ::L,’L1+J1 +$l2+]2+ RS lﬂk"’]k‘

Then the dot product graph [(S) can be defined as an (undirected) graph with vertices
X, Y € §*=5\{0g} such that X and Y are adjacent iff X -Y = Ogn and this is denoted
by X ~Y.

The following result will be used in the rest of the paper:

Lemma 1 ([12]). [(S) is always connected and its diameter is equal to 2, that is

diam([(9)) = 2.

2. Main results

Let n € N and let S™ = {O, x, T2, -, 33”} be a non-empty monogenic semigroup.
Let [(S) be the dot product graph where S = S™ x S™ is the cartesian product of two
S™s. Recall that its vertices are the non-zero elements in S. The following result is clear
as the diameter of [(.5) is equal to 2 by Lemma 1:

Lemma 2 ([12]). The distance of any two vertices is less than or equal to 2. That is,
d((s)(vi, Uj) S 2
where i, j € N, v;, vj € V([(9)).

Theorem 1. The Wiener index of the dot product graph over a monogenic semigroup of
order n is that

(6n-2) (n?+2n) + (2] +1)*=1— Y Rn—k—t+(n—k)(n-1)
1 kte{0,1,...n—1}
ws) =3 — Y (=Re+D+n - Y (—Bn+1)+n]
kE{O,%;;L,nfl} tG{O,Ile,.:.;;nfl}

Proof. Since the diameter of [(S) is equal to 2, we can write dfg)(vi,v;) < 2 for every
pair i, j € N and v;, v; € V([(S)). Hence the distance of any two vertices is 1 or 2.
Consequently the Wiener index of [(.S) is as follows:

W) =5 Y dis )

{vs,v;}SV([(9))
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Here, let

Vi = {UZ' : d((s)(vi, ’Uj) =1, 1 j €N, v € V([(S))}
and

Vo = {Ui : d[(s)(vi, Uj) =2,1 j €N, v € V(((S))}

Then the Wiener index formula becomes

WIE) == S [ Vil+2- Vall.
veV ([(S))

So if we find the cardinalities of the sets Vi and Vs, the Wiener index of [(S) will be
calculated. Since the distance of any two vertices in [(S) is 1 or 2, it is clear that |Va| =
|[V| — |Vi|. Then

W((S) =3 > [-IVil+2-|al]
veV ([(9)

2.

veV ([(S)

)
! - Vil +2- (V] - W)
)
=3 > w42 V-2
)
1
2
)

veV ([(S)

2.

veV ([(S)

2- V=Wl

and therefore finding |V;] will be enough.
In the next step, let us determine the distance of each vertex to other vertices. If we
can determine how many distances are 1, it means that we also determined the number

of elements of the set Vj.

Any pair of two non-zero elements of S will be denoted by (2" %, 2"~!) where k, t €

{0, 1, 2, ---, n}. As a special case, 2° = 0 is assumed. Let us now look at the three
cases where k, t € {0, 1, 2, ---, n—1} or k =n or t = n, respectively.
First case: Let k, t € {0, 1, 2, ---, n—1}. There are (n —k)(n —t) +2n —k —t

vertices where the distance of the vertex (z"~*, 2"~) to another vertex (2%, 2%) in V([(S))
is 1.

Indeed, any vertex X = (2% %) in V([(9)) is adjacent to Y = (2" % 2"~*) for
k, t € {0, 1,2 ---, n—1}if XY = 0, so " F  gn=*b = 0. This equality
holdsifn —k4+a>nora=0g» and n—t+b>n or a = Ogn.

Alternatively, all elements of S can be thought to form a matrix [C] (n4+1)x (nt1) for
n €N, in [12]:
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[ Co(t+1) Co(t+2) e Co(n—1) Con |
Ck+1)0 -+ Ch+1)(t+1) C+1)(t+2) -+ Ck+1)(n—-1) C(k+1)n
[Clinsnx ety = | CE+20 -+ CE+)@+1)  CHE+2)(t+2) -+ CE+2)(n—1) C(k+2)n
Cn-10 -+ Cn-1)(t+1) Cnr-1)(+2) -+ Cn-1)(n-1) Cn-1)n

L Cno s Cn(t+1) Cn(t+2) T Cn(n—1) Cnn

For %, the values of a may be placed in the zero-row and also in the rows (k 4 1) to

For z°, the values of b may be placed in the zero-column and also in the columns (¢+1)
to n.

Let us find out the number of vertices at their intersection: (n — (k+ 1)+ 1)+(n — (t +1) + 1)+
m—Gk+)+1)(n—(t+1)+1) =2n—k—t+(n—k)(n—1t) =2n—k—t+(n—k)(n—1t)
vertex pairs have distance 1.

Second case: Let k = n. Here d((z°, 2"7), (22, 2%)) = d((0, z"7t), (¢, 2%)) =1
so there are (n —t)(n + 1) + n vertices.

Indeed, if k = n and the vertices X = (0,2"%) and Y = (2%, 2°) are adjacent, then
042"t =0. Son—t+b>norb=0g-. Hence similarly to the previous case, we have

Co(t+1) Co(t+2) e Co(n—1) Con
Ck+1)0 -+ Cl+1)(t+1) Ck+1)(t+2) --- C(k+1)(n—-1) C(k+1)n
[C] (n+Dx(n+1) = | Ck+2)0 -+ Ck+2)(t+1) C(k+2)(t+2) -+ C(k+2)(n—1) C(k+2)n
Cn-1)0 -+ C-1)(t+1) Cnr-1)(t+2) -+ Cn-1)(n-1) C(n-1)n
|l Cno v Cn(t—i—l) Cn(t+2) cee Cn(n—l) Cnn i

For 2, the values of b may be placed in the zero-column and also in the columns (¢41)
ton. So(n—(t+1)+1)(n+1)+n=mn—-t)(n+1)+n=(n—1t)(n+1)+ n vertex
pairs have distance 1.

Third case: Let t = n. Now d((z" %, z0), (2%, 2%)) = d((z"7*, 0), (¢, 2%)) = 1,
so there are (n — k)(n 4+ 1) + n vertices.

In this case, if t = n and X = ("%, 0) and Y = (2, x%) vertices are adjacent then
"t 1 0=0. Son—k+b>nora=0gn. Similarly to the first case, we obtain
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Co(t+1) Co(t+2) e Co(n—1) Con
Ck+1)0 -+ Cl+1)(t+1) Ck+1)(t+2) --- Ck+1)(n—1) Ck+1)n
[Clniyxmen = | CE+20 -+ Chr41)  Cha2)t42) - Cht)(n-1) C(k+2)n
Cn-10 --- Cn-1)(t+1) Cn-1)(t+2) -+ Cn-1)(n—-1) Cn-1)n
L Cno v Cn(t+l) Cn(t+2) oo Cn(nfl) Cnn i

For x®, the values of a are placed in zero-row and also in the rows (k 4+ 1) to n. So
n—Gk+1D)+1)(n+1)+n=Mn—-k—-14+1)(n+1)+n=(n—k)(n+1)+ n vertex
pairs have distance 1.

Let us be careful about the fact that we have not yet excluded the vertices which are
adjacent to themselves and the distances between such pairs of vertices do not contribute
to Wiener index. So these values should be taken away from the sum we have just found.

N

Now, let us find how many vertices are adjacent to itself: There are (n — LEJ)2 +
2

2 (n — | %) vertices with distance 1 to itself. Hence there are |V|— [(n -15])"+2(n— %] )]

vertices having distance 2 to itself. When k, ¢ € {0, 1, 2, - [HW -1, (ﬂ , [%W +1, -+, n—

2 2
if any vertex X = (z" %, 2"7!) is adjacent to itself, then X - X = 0 so that z2("~%) 4
22"~ = 0. This equality holds when 2(n — k) > n or k = n and 2(n — t)n or t = n. It
means that 2n — 2k > n or k =n and 2n — 2{ > n or ¢ = n and equivalently n > 2k or
k =mn and n > 2t or t = n. This is equivalent to k < § or k =n and t < 5 or t = n.
Therefore, we get

d((xn—k’xn—t), (xn—k’xn—t)) =leke {O’ L2 - ) ’721 -1, n}
and n
tE{O, 1,2, -, B] _1, n}
So (n—k) € {n, n—1,---, L%J +1, O} and (n —t) € {n, n—1, -, L%J +1, ()} since
n— {g] = L%J In this case, we obtain the following vertices
[ Co(| 2 ]+1) Co(z]+2) - Com-1)
“Ugl+vo o Sslaslen Sleods)e T S(E)He-
Clotxmrny = | Agl+a0 o Clglzl a0z 7 %3)+e-n
Cn-10 " Chnny(|2]+1) Cn-1)(|2]+2) 7 C-D(n-1)
| Cno Cn(|2]+1) Cn(|2]+2) Cn(n-1)

1},

Con

€z ]+1)n
“llg]+2m

Cn—1)n

Cnn
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Thus there are (n — |%|)? 4+ 2(n — | %) vertices with a distance of 1 to itself. Hence
there are V| —[(n — | %])? +2(n — | %])] vertices with a distance of 2 to itself.

Considering the above claims, we obtain the following result:

Since Vi = {v; : v; = (2%, ), (2%, 2b) ~ (2"F, 2", k, t € {0, 1, 2, ..., n}},
we find
| = > [2n —k —t+ (n—k)(n —1)]
k,te{0,1,...,n—1}
+ > =k (n+1)+n]

ke{0,1,...,n—1}
t=n

+ Y n—tn+1)+n].
te{0,1,...,n—1}
k=n

Consequently, we conclude that

WT(S) =3 drs)(vi,v;)

1,7EN
Y evI-Ml-1 [ 13 2 (0 [3))]
=1 | wev([(s) )
|2 |VI= (= 5D +2 (0 [3])]
Yo RVI-(—k)-(n-t)—(n—k)(n—1)]
k,te{0,1,...,n—1}
N > RIVI-(—k)(n+1)—n]
=3 kE{O,%;ﬁ,n—l}
Y RVI-m-tm a2V 42 [3]) 2 (- |3])]
te{0,1,...,n—1}
L k=n
[(6n—2) (n+1)*=1) + ([4] +1)" — 1— '
Z 2n—k—t+ (n—k)(n—1t)]
= % k,te{0,1,...,n—1}
- > (n=km+D+n—- D [n—tn+1)+n]
I kE{O,%;ﬁ,n—l} tE{O,Ilc,;;;n—l} |

since [V|=(n+1)2—1andn— %] =[%].

3. Examples

Let us give the following examples to strengthen the theory.
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Example 1. Let n = 5. Then S = S° x S° where S° = {07 x, 2, ..., $5}. Then we
can list the vertices of S as follows:
(0,z) (0,22) (0,2%) (0,z%) (0,2%) )
(2,0) (2,2) (2,22) (2,2%) (2,2%) (2,29)
V(S) = (22,0) (2%,2) (22%,2%) (22,2%) (2%2%) (22 2°)
(3,0) (2%,2) (2,22) (23,23) (23,2 (23,2)
(z4,0) (z*,2) (2% 2%) (2%, 2%) (2%, 2%) (2% 2°)
[(2°,0) (2% ) (2°,2%) (a°2%) (a%a) (22°)

Let now k =4 and t = 4. The values (2%, 2°) satisfying the condition

dF(S)(($5_47 $5_4)7 (:L,a’ xb)) = dF(S)((xa ZL‘), (:Ua’ wb)) =1

are
(0,2%) )

(x°,0) (2%, 2°)

Hence there are
m—k)(n—t)+2n—k—t=(05—-4)(5—-4)+2-5—-4—-4=1-14+1+1=3
vertices.

Let us see the same example for another values of k and t: Let k =1 andt = 2. Then
the pairs of vertices (x®,x%) which satisfy the condition

dF(S)((xE)ilv x572)7 (xa? xb)) = dF(S)((x47 xS)v (fLﬂ, xb)) =1

are listed as

( 0,2%  (0,2z%) (0,2°)
(2,0 (2%,2%) (a*,2%) (2?,2°)
(3,00 (1)) (@) (%20
(x*,0) (z*,2%)  (at,2%) (a*,2°)
(5,00 (52%) (@Pat) (2027
Since, in the above example, n =5, k = 1 and t = 2, we obtain the number of vertices

satisfying this condition as

(n—k)(n—t)+2n—k—t=(5-1)(5-2)+2-5—-1-2=4-34+4+3=19.
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So for n =5, the vertices adjacent to itself, in other words, the vertices whose distance to
itself is 1 can be listed as follows:

0,23) (0,24  (0,25) )

(x3,0) (z3,23) (23,2%) (23,29)
(z4,0) (z*,2%) (2, 2%) (2% 2°)
(2°,0) (2%, 2%) (2% a) (2% 2°)

The total number of these vertex pairs is 15 which can also be found by the formula

(n— LgJ )242(n— gJ) = (5 BJ )212(5— BJ) — (5-2)242(5-2) = 3242:3 = 946 = 15

vertices.

Consequently, the Wiener index of the T'(S® x S®) which is equal to 895, can also be
found by the above formula.
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