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Abstract. We introduce the notion of a modified near module M over a near ring N and explain
a method of obtaining near ring multiplications via a special type of maps from M into N called
semilinear maps.
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1. Introduction

An interesting question that has attracted the attention of a good number of near ring
theorists includes J.R.Clay, R.E.Williams, C.J.Maxson, M.Johnson, K.D.Magill Jr.concerns
with finding a near ring multiplication on an algebraic structure over an underlying group.
In particular J.R. Clay (1992) [6] proved that a function 7 on a finite cyclic group (Zy, +)
generates a multiplication “* ’so that (Zy,+,%*) is a near ring if n(7(p)q) = w(p)7(q).
K.D. Magill, Jr. (1995) [4] characterized that any near ring multiplication on a real finite
dimensional Euclidean space R™ is associated with a real-valued function f on R™ that
satisfies f(f(z)y) = f(z)f(y). In this paper we present methods [2], [3] [1] of finding
near ring multiplications on some algebraic structures which we call modified near mod-
ules. A right near ring [5]is a triple (N, +,.), where (N, +) is a (not necessarily abelian)
group, (N,.) is a semigroup satisfying the right distributive law: (a 4 b)c = ac + bc for all
a,b,c € N.

By a near ring we mean a right near ring. When there is no scope for confusion, we write
N is a near ring instead of (N, +,-) is a near ring. [6]
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2. Modified near modules

9

Let (M, +) be a group and let N be a near ring and suppose ‘-’ is a mapping of N x M

into M.
Definition 1. (M, +, ") is called a near module over N if
(i) (n1 + n2)m = nim + nam for all ny,ng € N and m € M;
(ii) (nin2)m = ni(nom) for all ni,ny € N and m € M.
Remark 1. Clearly our near module is the N-group introduced by Pilz.
Definition 2. (M,+,:) is called a modified near module over N if
(i) n(my + mg) = nmy + nmy for alln € N and my,mg € M;
(ii) (ning)m = ni(nem) for all ny,ny € N and m € M.
Definition 3. (M, +,-) is called a strong near module over N if
(i) (n1+ n2)m = nym + nom for all ny,ny € N and m € M;
(i) n(mi + ma) = nmy + nma, for all mi,ms € M and n € N;
(iii) (nin2)m = ni(nam) for all ny,ny € N and m € M.

Remark 2. A strong near module over a field is a vector space if ‘“+’ is abelian and
1m = m for every m.

Example 1. Let (G,+) be a group. Define the function - from M(G) x G into G by
(f,x)=f-x=f(x) for all f € M(G) and x € G.

For any f,g € M(G) and x € G, (f o g)(x) = f(9(x)) = f(g2).

Also (f +g)(x) = f(x) + 9(z) = fz + gz.

and f(x+y) # f(z)+f(y). Therefore (G,+,-) is a near module over near ring (M (G),+, o),
but not a modified near module.

Example 2. Let N be a nontrivial near ring with ab = a.

Let M = (N,+). Define the function © from N x M into M as ®(n,m) =nom =m
forallne Nyme M.

For any n,ni,no € N and m,my,me € M,

(1) (nng) @©m=n1 @Gm=m and n; ® (ng ®@m) =ng @m =m

(2) n® (m1 +mga) =mq +mg and n © my +n © mg = my + mo.

Therefore (M, +,®) is a modified near module over N.

However (M, +,®) is not a near module

since (n1 +ng2) ©m =m and ng ©m+ng ©m =m+m.
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Example 3. Let R = (R, +,").

Define ¢ : R — R by ¢(r) = r2. Define ‘©’: R x R into R as ®(r,m) =r ©m = r’m for
r,m € R.

Then (R, +) is a modified near module over the near ring (R, +,-) but not a near module.
That (R,+) is a modified near module can be verified easily. However R is not a near
module as is evident from the following:

Takeri =1,79 =1,m = 2. Then

(ri4+m)om=>01+1)02=202=222=2_8 and
MmeOm+roOm=102+102=1224+122=2+2=4.

Infact the above example is a special case of the following theorem:

Theorem 1. Let (R,+,-) and (S,+1,-1) be near rings and let ¢ : R — S be a mapping
such that ¢(r1-12) = ¢(r1) -1 ¢(r2) for all ri,r2 € R. Let (M,®,®) be a left S-module.
Therefore (M, ®,®1) is a modified near module over the near ring (R,+,-) when ®1 is
defined by r ©1 m = ¢(r) ©m for allT € R and m € M.

Proof. Since (M, ®,®) is a left S-module,
(i) s@ (m1 ®mg) =sOmy D sEmy;
(ii) (81 +1 SQ)@WL: 1 OmM D sg ©m;

(iii) s1® (s2®@m) = (811 82) ©m
for all s, 1,89 € S and m, my,mo € M.

For any r,r1,79 € R and m, my,mgo € M,

(1) 1 ©1 (re ©1m) = ¢(r1) © (12 ©1 M) = ¢(r1) © [P(1r2) © M|

= [¢(r1) -1 ¢(r2)] ©m = ¢(r1r2) © m = (r1r2) ©1 m and

(2) r @1 (M1 & ma) = ¢(r) © [m1 & ma] = ¢(r) © m1 & ¢(r) © mo
=r©rmiodr© me.

Therefore (M, +,-) is a modified near module over (R, +, ).

Definition 4. Let (M,+,-) be a modified near module over N. A normal subgroup I of
M is called an ideal of M if

n(m+i)—nmel forallne N;ie€l and me M.

Definition 5. Let (M, +1,1) and (Ma,+2,-2) be modified near modules over N. A
mapping ¢ : My — My is called a modified near module homomorphism if

(1) ¢(m+1m') = $(m) +2 $(m’);
(ii) ¢(n-1m)=mn-od(m) for allm,m' € My andn € N.

The proofs of the following theorems are similar to those of their counterparts in near
ring theory [5], hence omitted.
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Theorem 2. Let My, Ms be modified near modules over N and let ¢ : My — My be a

modified near module homomorphism. Then ker ¢ is an ideal of My and kﬁ@ ~ ¢(My).

Theorem 3. The intersection of any family of ideals of a modified near module M 1is ideal
of M.

Proposition 1. Let M be a modified near module over N and let I be an ideal of M.
Let ¥ = {m +Ilm € M}. Then (2, &,0) is a modified near module when & and ® are
defined as

m+Dem +1)=(m+m')+1 and
nem+I)=nm+1I foralm+I,m' +1€ andne N

and the natural projection map @ : M — % defined by m(m) = m + I is a modified near
module homomorphism with kernel I.

3. Near ring Multiplication On a Modified Near Module

The following theorem explains a method of obtaining a near ring multiplications on
a modified near module over N via semilinear map from M into V.

Definition 6. Let (M,+,-) be a modified near module over N. We call a mapping f :
M — N a semilinear if f(f(mi)mgo) = f(m1)f(ms) for all mi,ms € M.

Theorem 4. Let (M, +,-) be a modified near module over a near ring (N, +,-). Let f be a
semilinear map from M into N. Define the binary operation * on M asmixmg = f(ma)m;
for all my,mg € M. Then (M,+,x*) is a near ring.

Proof. For any mi1,mo,m3 € M,
my * (mg * m3) = f(maxmsz)my = f(f(ms)ma)mi = [f(m3)f(msa)]m: and
(m1 *ma) *mg = f(mz)(m1 *ma) = f(ms)[f(ma2)mi] = [f(m3) f(m2)]m1.
So the binary operation * is associative.
Now (m1 4+ mg) * mg = f(mz)(m1 + ma) = f(msz)mi + f(ms)ma = mq * m3 + ma * mg.
So the binary operation x is right distributive and hence (M, +,*) is a near ring.

Examples 3.3 through 3.7 illustrate the technique of defining a near ring multiplication
on (M,+)

Example 4. Let M = {f|f :R — R} and N = (End(R,+),+,0)
. Then (M, +,0) is a modified near module over (N,+,0).
Define a.: M — N by o(f) = f'

where
iy JO0igz=0
f<x)_{f(:c) if x #£0.

Note that f(z) = 0 implies f'(x) =0 for x € R.
We claim that o is semilinear.
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Let f,g € M and x € R.

Case(i): x #0. Now a(a(f)og)(x) = a(f'og)(x)

= (Fog)(z) = (' 0 9)(x) = '(g(x)

— 1(g(#)) = (' 0 9)() = (alf) 0 alg))(w) implies a(a(f) o g) = a(f) o alg).
Case(it): © = 0.

Now a(a(f) 0 g)(0) = a(f’ °9

— =
—
@)
N—

Also [a(f) 0 a(g)](0) = (f© ¢")(0) = f(¢4'(0)) = f'(0) = 0.
So a(a(f)og) = a(f)oalg) when x = 0.
Hence « is semilinear; therefore (M, +, %) is a near ring with x defined by fxg = a(g)of =

g of.

Example 5. Let M be the abelian group of all n X n circulant matrices with

real entries. Then (M,+) is a modified near module over N = (R,+,-), if we define
kA as the matriz obtained by multiplying each entry of A by k. Define o : M — N by
a(A) = specA for all A e M

where specA = max{|\i||\i is an eigen value of A}.

Now a(a(A)B) = spec(a(A)B)
= a(A)specB
= a(A)a(B) for all A,B € M.

Hence « is semilinear; therefore (M, +, %) is a near ring with * defined by AxB = oa(B)A =
specB A.

Example 6. Let (G,+) be a (not necessarily abelian) group. Let N = (End(G),+,0).
For f in N and a in G, define fa = f(a). Then G is a modified near module over N.
Define a : G — N by a(a) = L,

where L, is the left addition by a: La(x) = a+ x for all z € G.

Then a: M — N is semilinear.

Example 7. Let (C,+) be the module of complex numbers over the real field (R, +, ) with
usual product. (i) Define f:C — R by f(x +iy) = (2 + yz)% for all x + iy € C.
For any x1 + iy1, x2 + iyo € C, )
f(f(xl +iy) (w2 +iy2)) = f((21% +y1%)2 (22 + i)
2 1 . ) 2\ L
f((z1® +wn )2562+l(931 +y1%)2y2)

1 1
= [((z1* + w1 1)2 )2 +((@1* + 1) 210)")2
= (21 + 1?2 (22® + 12°)2
= f(x1 +iy1) f(z2 + iy2). Hence f is semilinear; therefore (C,+, %) is a near ring with *

defined by

(x1 4+ 1y1) * (x2 +iy2) = f(x2 +iy2)(x1 + iy1)
1
= (22® + y2°)2 (21 + in).
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(13) Define f:C — R by f(x +1y) = |z| for all x + iy € C.
For any x1 + iy1,x2 + iy2 € C,

f(f (e +iyr) (e + dy2)) = f(|z1] (22 + iy2))
= f(|z1|z2 + il21y2)
= ||z1]|z2| = |21|[ 22

= f(@1 +iy1) f(z2 + iy2).

Hence f is semilinear; therefore (C,+, %) is a near ring with * defined by

(w1 +iy1) * (w2 +iy2) = f(x2 + iye) (w1 + Y1)
= |z2|(z1 +iy1).

Example 8. Let M = {a + bi + ¢j + dk|a,b,c,d € R} be the ring of real quaternions.
Then M is a modified near module over the real number field (R, +,-).

Define f: M — R by f(a+bi+cj+dk) =a?+b>+c+d? foralla+bi+cj+dk € M.
For any a1 + b1t + c17 + dik, ag + bai + coj + dok € M,

f(f(ar +b1i+c1j + dik)(az + bai + c2j + dak))

= f((a1® + 012 + c1? + di1%) (ag + boi + coj + dok))

= fla1 + bii + c1j + dik) f(a2 + bai + c2j + dak).

Hence f is semilinear and therefore (M, +,*) is a near ring with

(a1 +bii+ e1j + dik) * (ag + bai + c2j + dak)

= f(ag + boi + coj + dok) (a1 + bri + c1j + dik)

= (a22 + 522 + e+ d22)(a1 + b1i+ c1j + dik).

Example 9. Let M be the set of all n X n real matrices. Then (M,+,-) is a strong near
module over the real number field (R,+, ).

Define f + M — R by f(A) = > (ay)?. Then f is a semilinear map and hence
1<ij<n
(M, +, %) is a near ring with Ax B = f(B)A.

Theorem 5. Let (M, +,-) be a modified near module over N. Define the function ® from
N x M into M as ®(n,m) =nom = f(n)m for allm € M andn € N. Then (M,+,®)
is a modified near module over Ny, where Ny is a near ring induced by the semilinear map

f.

Proof. For any n € N and mqy,mo € M,
n® (mp+mg) = f(n)(m1 +me) = f(n)my + f(n)me =n®mi +n e mas.
For any ni1,no € N and m € M,
(n1xn2) ©m = f(n1 xnz)m = f(nyf(nz))m = [f(n1) f(n2)]m and
n1 © (nz©m) = f(n)(nz ©m) = f(n1)[f(n2)m] = [f(n1) f(n2)]lm. Therefore (M, +,©) is
a modified near module over N.

Theorem 6. Let My, Ms be modified near modules over N and f : M1 — N be a semi-
linear map and ¢ : My — My be a near module homomorphism. Then fo¢ is a semilinear
map.
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Proof. Let g = f o ¢.
For any ma,my" € M, g(g(ma)ma') = g([(f o ¢)(m2)lm2’) = g((f(#(m2))(m2))
= (f o )[f(#(m2))ma] = f[d[f(P(m2))m2]]
= [1f(¢(m2))¢(ma")] = f(¢(ma)) f(d(m2"))

= g(mg)g(ms’). Therefore g is a semilinear map.

Remark 3. Suppose a modified near module (M, +,-) over a near ring (N,+,-) is made
into a near ring (M, +, *) with the help of a semilinear map f. Then we know that MPF, the
k-fold product of (M,+,x*) is also a near ring. It may be hoped that the near ring module
(M* @,-) can be made into the near ring (M*,®,®) directly by employing a suitable
semilinear map from MF into N. The following example warns that not every modified
near module comes through a semilinear map.

As an illustration we present the following:

Example 10. Define z-y = 2xy for all z,y € R. Then (R, +,-) is a modified near module
over R.

Define f : R — R by f(m) = 2m for all m € R.

Then f(f(a)-b) = f(a)- f(b) = 8ab.

So that f is semilinear.
Now my xmg = f(mg) - m1 = 2f(ma)my1 = 2(2mg)m; = 4mam;.

Consider (R?, @, ®), the product of the near ring (R, +, %) with itself.
Suppose if possible there is a semilinear map g : R? — R such that ‘®’ is induced by g.

Now (my - ms3, ma - my) = (m1,ma) & (M3, my)
= g(ms, m4) - (M1, m2)
= (a-my1, - ma) where o = g(ms, my)
= mj-mg=a«a-mq and
ma - Mg = Q- M3
= 2mimsz = 2amq and
2momy = 2amy for all my, mg, mg,my € M.
Taking m1 =mg = 1,mo = my = 2, we get 2 =2a and 8 = 4«

= a =1 and o = 2, which is a contradiction.

Theorem 7. Let M be a modified near module over (R, +) and f : M — R be a semilinear
map.

(i) If f is one-one, then (My,+,*) is commutative.

i) Suppose M = (RF +). Then (My,+,%) is commutative if and only if either M = {0
f
or (Mg, +,%) ~ (R, +,-), where My is a near ring induced by the semilinear map f.
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Proof. (1) For any my,ma € M, my * mg = f(ma)my and mo * my = f(mq)ma.

Now f(mq1 *xmg) = f(f(ma)m1)
= f(m2) f(m1).
Also f(maxm1) = f(f(mi)ms)
= f(m1)f(ma).

Since (R, -) is commutative, we have f(m1 *x ma) = f(ma *my).
Since f is one-one, we have mj * mo = mg * my.

So “* 7 is commutative on M and hence (My,+, x) is commutative.
(2) Suppose (My, +,*) is commutative. Then

mi * Mg = Mo * M
= f(m2)my = f(m1)ma
= The vectors mq and my are parallel
=k=0o0rk=1.

When k=1:

Now my * ma = f(mg)my and mg x my = f(mi)ma = f(me)mi = f(mi)my for all
mi,mo € M.

This equality is true for m; = 1, we get f(mz) = f(1)ma.

Put f(1) = A = f(ma) = Amy for some constant.

Therefore f is linear.

Now mjy * (mg + m3) = f(ma + mg)m;
= [f(m2) + f(m3)]m1
= f(ma)mi + f(ms)my

= My * My + M1 * ms.

Therefore (My, 4+, %) is a commutative ring.

Let 0 # m € R, then m xmy = f(mq)m = Amim = dmm;.

Put m; = ﬁ Then m *mq = 1.

Define ¢ : (M, +,%) — (R, +,-) by ¢»(m) = Am for all m € M. Then (M, +,*) ~ (R, +,-).
Conversely suppose that M = {0} or (My,+,%) ~ (R, +,-).

Since the ring {0} is commutative and since any ring isomorphic to (R, +, ) is commutative,
the converse is clear.
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