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Abstract. In this paper we have given some general results for the general transmuted families
of distributions introduced by Rahman et al. (2018a,b). These results are helpful to obtain the
results for any member of the general families of distributions and their special cases. We have
given some examples for illustration.
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1. Introduction

The transmuted families of distributions has been in used since the work of [16]. Specif-
ically, the transmuted family of distributions, given by [16], is defined by the cumulative
distribution function (CDF)

For—g(x) =G (z) +0G (z) [1 - G (2)],z € R, (1)

where G (x) is CDF of any baseline distribution and [0| < 1 is transmutation parameter.
The density function corresponding to (1) is

for—-a () =g(x)[1+—20G (z)] , |0] <1,z €R, (2)

where g (z) is density function corresponding to G (x). The family (1) is referred to as the
quadratic transmuted family of distributions and can be used to obtain new distributions
for any baseline distribution G (z). The name quadratic transmuted family of distributions
emerges from the fact that the family (1) is a quadratic function of the baseline CDF G (x).
The density function, (2), of transmuted family of distribution can be written as the sum
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of density functions of order statistics and as sum of density functions of exponentiated
distributions, as given by [4]. The density function (2) as sum of density functions of order
statistics is

for-c (z) = (140) g11 () — 0922 (2), 3)

where g1.1 (x) is density function of first order statistics in a sample of size 1 and g2.2 ()
is density function of second order statistics in a sample of size 2. We can see that the
representation (3) is actually weighted sum of density functions of maximum in sample of
specific sizes. This representation will be generalized in this paper.

The transmuted family of distributions has been explored for various baseline distribu-
tions by many authors. The transmuted-Weibull distribution has been proposed by [6] by
using Weibull distribution as baseline distribution in (1). The transmuted-Kumaraswamy
distribution has been proposed by [8] by using CDF of Kumaraswamy distribution as
baseline distribution in (1). Some other notable refrences on transmuted-G family of
distributions are [9], [10], [11] among others.

The transmuted-G family of distributions has been extended to cubic transmutation
by [7], [12] and [13]. The CDF’s of cubic transmuted families of distributions, proposed
by [12] and [13] are

Fori—g (z) = G (z) + 061G (2) [1 = G ()] + 6.G? (2) [1 — G (2)] (4)
and
Fore-a (#) = G (2) + 61G () [1 = G (2)] + 62G () [1 = G (2))?, (5)

where §; and d9 are transmutation parameters such that —1 < (d1,02) < 2 and —2 <
91+ 92 < 1 for (4). Also for (5) the restrictions on §; and dy are —2 < (61,d2) < 1 and
—1 < 81 + 02 < 2. The density functions corresponding to (4) and (5) are

fCTlfG (I) =g (l‘) [1 + 61+ 2 ((52 — 51) G (33) — 352G2 (ZL‘)] , (6)

and
foro_a (l’) =g (1’) [(1 + 01 + 52) -2 (51 + 252) G (l’) + 352G2 (l‘)] . (7)

We can see that families (4) and (5) reduces to the transmuted-G family of distributions,
proposed by [16], for d2 = 0.

The cubic transmuted families of distributions has been extended by [12] and [13]
which we will discuss in the following section.

2. General Transmuted-G Families

The general transmuted families of distributions have been proposed by [12] and [13]
as an extension of (4) and (5). The CDF of general transmuted family-I of distributions
(GT1-G), which extends (4), is

k
Foria(x) =G (x)+ Y oG (2)[1 -G (2)] , z €R, (8)
m=1



S. H. Shahbaz, M. M. Rahman, M. Q. Shahbaz / Eur. J. Pure Appl. Math, 14 (1) (2021), 301-313 303

such that —1 < §,, < k and —k < an:l 0m < 1. The density function corresponding to
(8) is

k k
foric (@) = g(@) |[1= 3 (m+1)6uG™ (@) + 3 mouG L @)| . (9)

m=1 m=1

Also, the CDF of general transmuted family-II of distributions (GT2-G), which extends
(5), is
k
Fara—c (@) =G (@) + ) 6uG(x)[1 -G @)™ , z €R, (10)
m=1
such that —k <, <1 and —1 < 251:1 0m < k. The density function corresponding to
(10) is

k
fara-c(z) = g@) (14D du{l—G@)}"
m=1

k
=Y MG (z) {1 - G ()} . (11)

The general transmuted families of distributions (8) and (10) reduces to transmuted family
of distributions (1) for £ = 1. It is also to be noted that the family of distributions (4)
and (5) appear as a special case of families (8) and (10), respectively, for k = 2.

In this paper we have given some general results for general transmuted families of
distributions including representation as 7' — X family of distributions, proposed by [2].
In Section 3.2 the general transmuted families of distributions are represented as distri-
bution of order statistics and the moments of the families are obtained as moments of
order statistics from parent distribution in Section 3.3. Estimation framework is discussed
in Section 3.4. Section 4 contains some examples of general transmuted distributions.
Conclusions and recommendations are given in Section 5.

3. General Results for General Transmuted Families

In this section we have given some general results for general transmuted families of
distributions given in (8) and (10). These results are given in the following sub-sections.

3.1. Representation as Member of 7" — X Family

The T'— X family of distributions have been proposed by [2] as a method of generalizing
the probability distributions. The CDF of T'— X family of distributions is

W(G()]
Fr_x (z)= / r(t) dt, (12)
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where W [G (x)] is some function of G (z) which satisfies some regularity conditions as
given in [2] and r (¢) is density function of some random variable 7" defined on [a, b], where
a can be —oo and b can be 4+o00. Since the emergence of T — X family of distributions,
(12), several authors have explored this family for various combinations of 7" and X. It
has been noted by [1] that the transmuted family of distributions (1) can be represented
as a member of T'— X family of distributions by using

r(t)=1+0—-20t,0<t<1

and W [G ()] = G (z) in (12), that is the transmuted family of distribution is obtained as

G()
FQTfG (l‘) = / (1 + 6 — 20t )dt.
0
This fact can be extended to the case of generalized transmuted families of distributions
and the results are given in the following theorems.

Theorem 1. The general transmuted families of distributions (8) and (10) are members
of the T'— X familiy of distributions.

Proof. Using

k
r(t) =1+ mt™ m—(m+1)t] ,0<t<1 (13)
m=1
and .
ro(t) =14 Gu(1-t)"[L—(m+1)t ,0<t <1, (14)
m=1

with W [G (z)] = G (z) in (12) we obtain the general transmuted families (8) and (10)
respectively and hence the proof is complete.

It is to be noted that the, for k = 1, density function r; (¢), given in (13) reduces to
the density function r (¢) which is used in representing transmuted family of distributions
as member of T — X family of distributions. Also for £ = 2 the density function r; ()
reduces to the density function r (¢) which is used by [12] to represent cubic transmuted
family 1, (4). The same is true for density 7o (¢).

3.2. Representation as Distribution of Order Statistics

We have seen in (3) that the transmuted family of distributions can be written as
weighted sum of maximum for various sample sizes from the baseline distribution G (z),
that is the transmuted family of distribution is a weighted sum of distributions of order
statistics from baseline distribution G (x). This result can be extended to the density
function of general transmuted families of distributions, given in (9) and (11). In the
following we will represent the general transmuted families of distributions as distribution
or order statistics from the baseline distribution G ().
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3.3. Representation as Weighted Sum of Maximums

We have seen, in (3), that the transmuted family of distribution is written as weighted
sum of distributions of maximums in samples of sizes 1 and 2 from the baseline distri-
bution G (x). This result can be extended to the case of general transmuted families of
distributions and are given in the following theorems.

Theorem 2. The density function of general transmuted family-1 (9) can be written as
weighted sum of maximums as

k
fori-a () = (14+61) g1 (x) + > (o — 1) Gonim ()

m=2

—OkGh+1:k+1 (2) (15)
where gn.n () is distribution of the mazimum in a sample of size n from G (z).

Proof. The density function of general transmuted family of distributions is given in
(9). It can be easily seen that the density function can be written as

fori—a(z) = g(x)

k
(L+61)+ > m (6 — 1) G™ " (2)
m=2
- (k+1)8G* ()]
k
feri—c(x) = (1+4+6)g(x)+ Z - mg (z) ™1 (x)

—(k+1)dkg (fv) k(ﬂf)-

l\’)

Now using the distribution of order statistics, as given in [5] and [15], the above density
can be written as given in (15) and the proof is complete.

The representation of general transmuted-1I family of distributions (GT2-G) as weighted
sum of distribution of the maximum is given in the following theorem.

Theorem 3. The density function of general transmuted family-II (11) can be written as
weighted sum of maximums as

k m
ferr-a@ =33 (- ( )gmm() (16)
=07=

where gn.y () is distribution of the mazimum in a sample of size n from G (z).



S. H. Shahbaz, M. M. Rahman, M. Q. Shahbaz / Eur. J. Pure Appl. Math, 14 (1) (2021), 301-313 306

Proof. The CDF of general transmuted family-IT of distributions is given in (10) as

k
Fora-c(z) =G (z)+ Y _ 0mG(2x)[1 -G (x)]" , z€R,

m=1

This can be written as
k
Fora-c (z) =G (2) Y 6m{l -G (x)}™,
m=0

where dg = 1. Expanding binomially, above CDF can be written as
Foro-c(z) =Y _ > (1) om <j )Gﬂ“ ().

The density function corresponding to above CDF is

k m
fors-a(@) =3 S <1V 6 <m) (+1)g ()6 ().
=0 J

m=0 j

Now using the distribution of order statistics, as given by [5] and [15], the above density
can be written as given in (16) and the proof is complete.

3.4. Representation as Weighted Sum of Minimums

It is sometime easy to study the distribution of minimum in a random sample from
some baseline distribution, for example the distribution of minimum in a random sample
from exponential distribution is also exponential. It is, therefore, useful to represent
the density functions of general transmuted families of distributions as weighted sum of
minimums in a random sample from baseline distribution G (x). In the following theorems
we have given representations of the density functions of general transmuted families of
distributions as weighted sum of distributions of minimums.

Theorem 4. The density function of general transmuted family-1 (9) can be written as
weighted sum of minimums as

[m—i—l 1
X

x) — i 191;j+1 (33)} . (17)

where gi., (x) is distribution of the minimum in a sample of size n from G (z).
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Proof. The density function of general transmuted family of distributions is given in
(9). It can be easily seen that the density function can be written as

k

L+ bl = {1 -G @)} {m[l -G ()] -G (2)}

m=1

feri—c (z) =g ()

Now expansing [1 — {1 — G (x)}]"™ ! binomially and after some re-arrangements we have

feri—c (x) )+ Xk: 5mm231 ( 1)

=1

Q

m 1
<[ gmsn @ - g @) 09
[J+2 ! G+DG+2)7
where g1., () is density function of minimum in a sample of size n from G (z) and ga.,, ()
is distribution of second order statistics in a sample of size n from G (z). Now using

following relation between density functions of order statistics, given in [5] and [15],

TGr+1:n (f) = Ngrn—1 (l') - (n - T) 9rn (x) s

with r =1 and n = j 4+ 2 we have

92:j+2 () = (J +2) 91541 () — (G + 1) g1j2 (@) -

Using this in (18) and after some re-arrangements we have (17) and hence the proof is
complete.

The representation of general transmuted-II family of distributions (GT2-G) as weighted
sum of distribution of minimums is given in the following theorem.

Theorem 5. The density function of general transmuted family-1I (11) can be written as
weighted sum of minimums as

k

fora-c (x) = 911 (@) + ) bm [g1m+1 () — gram (2)] (19)

m=1
where gi., (z) is distribution of the minimum in a sample of size n from G (x).

Proof. The density function of general transmuted family-II of distributions, given in
(11), can be written as

k
forz-c (@) = g(@) (1= 6 {1 =G @)} {(m+1)G (x) - 1}
m=1
Now using the fact that

gim (¥) =mg (2) {1 -G (x>}m_1
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and
goomi1 () = m (m+ 1) g () G (x) {1 - G ()},

the above density function can be written as

=9

k
far2—c (x) = g1 (z) + Z [91:m (%) = g2:m1 ()] . (20)

L”
m
m=1

Again using the relation

Tdr+1:n (x) = NGgrin—1 (33) - (TL - T) 9rn (l’) )

with r =1 and n = m + 1 we have

92:m+1 (‘T) = (m + 1) 91:m (33) — Mygi:m+1 ($) .
Using this in (20) and after some re-arrangements we have (19) and the proof is complete.

The results given in Theorems (3.2)-(3.5) are very useful in studying the properties of
any members of general transmuted families of distributions. The choice between (15) or
(17) and between (16) or (19) depends on the form of G (x). The relations of density func-
tions given above are also useful in obtaining moments for members of general transmuted
families of distributions which are given in the following sections.

4. Moments of General Transmuted Families of Distributions

The moments are useful in studying the properties of any distribution. The moments
of any member of general transmuted family of distributions can be obtained from the mo-
menst of order statistics from the baseline distribuion G (z) and are given in the following
theorems.

Theorem 6. The moments of any member of general transmuted families of distributions
can be written as weighted sum of moments of mazimums in a sample of specific size from
baseline distribution G (z) as

k

/ / /

peri—g = (1+01) MG(M + Z — Om—1 'U’G?(mm) 5k'u6?(k+1:k+1) (21)
m=2

and i
/
MGTQ G = Z Z < )'qu(]-i-l j+1)? (22)
m=0 j=0

/q

where B nem) s qth raw moment of maximum in a sample of size n from baseline distri-

bution G (z).
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Proof. The theorem can be readily proved by using the representations of density
functions of general transmuted families of distributions as weighted sum of maximums,
given in (15) and (16).

Again the moments of general transmuted families of distributions can be obtained
from moments of minimum in a sample of specific sizes from baseline distribution G ()
and is given in the following theorem.

Theorem 7. The moments of any member of general transmuted families of distributions
can be written as weighted sum of moments of minimums in a sample of specific size from
baseline distribution G () as

k m—1
-1
“/G(ITI—G = /‘g]u nt Z Om Z < >

m—+1 /q 1 /q
X [] ) Ha:j+2) — i+ T Mteary | (23)

and
/ /
Hero-a = “G 1y T Z Om {“G(l m+1) ”Gq(l m)} ’ (24)

where ,u/q( n) 18 qth raw moment of minimum in a sample of size n from baseline distri-

bution G (z).

Proof. The theorem can be readily proved by using the representations of density
functions of general transmuted families of distributions as weighted sum of minimums,
given in (17) and (19).

In the following section we will discuss an example of general transmuted distribution,
the general transmuted Weibull distribution.

5. General Transmuted Weibull Distribution

The Weibull distribution, proposed by [17], is a useful distribution and has widespread
applications in many area of life. The density and distribution functions of Weibull dis-
tribution are

fz) = QBB B=1e=@/0° . 1 39 >0 (25)
and
Fa)=1—e@9" " 2z 30>0. (26)

The Weibull distribution has been used by [3] with the quadratic transmutation to propose
the transmuted Weibull distribution. The distribution has been used by [14] to propose a
cubic transmuted Weibull distribution. In the following we will use the Weibull distribution
with the general transmuted families of distributions to propose the general transmuted
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Weibull distributions. The general transmuted Weibull distributions will be proposed by
using (8) and (10). Now, using the distribution function of Weibull random variable in
(8) the CDF of general transmuted Weibull-I (GTW-I) distribution is

Foriow (z) = [1—e @] 4 Za e @01 e‘Wa)B}m. (27)

Again, using the CDF of Weibull distribution in (10), the CDF of general transmuted
Weibull-II (GTW-II) distribution is

Foraw (z) = [1 ~(@/0) ] Za em(@/0)’ [ —e—(w/ﬂ. (28)

The density functions corresponding to (27) and (28) are

!
fari-w (z) = Hﬁg Flo=(e/0)" [ Z (m+1)9 { (I/Q)ﬂ}

m=1
k m—1

+> " mé {1 _e~(@/9) } ] , (29)

m=1
for z, 3,0 > 0 and
,B k
_ 5 1 —(z 9 —m(z 6
fera—a () = 05" 0711+ Z Ome /9) mZ:lm&n

% o= (m=1)(x/6) {1 _ ef@:/e)ﬁ}} , (30)

for x, 3,0 > 0. The density functions of GTW-I and GTW-II can be represented as linear
combinations of the distributions of order statistics from the Weibull distribution. We
have presented the same in the following subsection.

5.1. General Transmuted Weibull Distributions as Distributions of Order
Statistics

In the following we will obtain representation of the density functions of GTW-I and
GTW-II distributions, given in (29) and (30), as linear combinations of distributions of
maximum and minimum for a random sample from Weibull distribution. These represen-
tations are obtained by first seeing that the distribution of maximum and minimum for a
random sample of size n from Weibull distribution are

fin () = Z? frten@/0° L 0 80> 0,m > 1 (31)
and 8 )
_ WP B=1—(2/0)" —(/0)° 1"

frn (2) = 552 { —e } . (32)
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Now using (32) in (15) and (16) the density functions of GTW-I and GTW-II can be
written as linear combinations of distributions of maximum from the Weibull distribution
and are

k
1"‘(51 /8 —(x mIB —(x
foriow (z) = (05)51 (0/0)? +22 — St) D g1
oo\ _ (k1B L B—1g—(/0)" A
X{l ¢ } 5 { —e }(33)
and

kK m .
fer2-w (z) = Z Z (=1) 6, (m) (]Zﬁl)ﬁxﬁ—le—(z/@)ﬂ

" {1 N e—(:c/e)ﬁ}j 7 (34)

for x, 6,0 > 0. Again, using (31) in (17) and (19) the density functions of GTW-I and
GTW-II can be written as linear combinations of distributions of minimum from the
Weibull distribution and are

k m—1
. /8 B 1 - x/@ -1 LH
feri-w (2) = 5o + Z:lémjzz ' j+2
G+2)8 5.1 _Ganesoy M Bl (GHD(/0)
XTep U© G+ - &)

and

k
—1 —(x B m+1 1 —(m = B
fera—w (z) = 0%965 Le=(@/6)" 4 g Om {(eﬁ)ﬁxﬁ 1o—(m+1)(x/0)

Jg?xﬁ—le—mu/e)ﬁ] , (36)

for z, 3,6 > 0. The representation of transmuted Weibull and cubic transmuted Weibull
distributions as linear combinations of maximum can be obtained from (33) and (34)
by using £ = 1 and £ = 2. Similarly, representation of transmuted Weibull and cubic
transmuted Weibull distributions as linear combinations of minimum can be obtained
from (35) and (36) by using k =1 and k = 2.

The representations (35) and (36) are useful to obtain the moments of GTW-I and
GTW-II distributions by using moments of minimum from the Weibull distribution which
are obtained in the following.

5.2. Moments of General Transmuted Weibull Distributions

The moments of GTW-I distribution can be obtained by using either (21) or (23) and
the moments of GTW-II distribution can be obtained by using either (22) or (24). We will
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obtain the moments of GTW-I and GTW-II distributions by using (23) and (24) as these
depends upon the moments of minimum from Weibull distribution which are in compact
form. Now, the gth moment of minimum in a random sample of size n from the Weibull
distribution, given in (31), is

o —pxty= (P (37)
M1y 1n nq/ﬁ q .

Now, using (37) in (23) the gth moment of GTW-I distribution is

ﬁ k ml m—1
e = (L) 50 (7

m=1 7=0

B 1 01 B
XF<q+1> J+1(j+1)Q/'BF( H)

Similarly, using (37) in (24) the gth moment of GTW-II distribution is

uanw—&r( > 25 {m+1)q/61“<§+1>—miq/ﬁl“<§+1>}. (39)

The means and variances of GTW-I and GTW-II distributions can be obtained from (38)
and (39) respectively.

m+1 01
j+2 (]_|_2)Q/5

(38)
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