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Abstract. In this note we extend an irreducibility criterion of polynomial over finite fields. We
prove the irreducibility of the polynomial P(Y) = Y™ + A, 1YL+ X\, oY 2 +... £ \1Y + A,
such that \g # 0, deg A\j,_o = 2deg \,,_1 + 1 > deg \;, for all ¢ # n — 2 and odd integer .
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1. Introduction

Irreducibility of polynomial functions seems like one of the major topics in introductory
abstract algebra. It is not hard to see, using the fundamental theorem of algebra, that the
only irreducible polynomials in C[z] are polynomials of degree 1. Then, it will be clear
that the only irreducible polynomials in R[z] are polynomials of degree 1 and polynomials
of the form ax? + bz + ¢ with b? — 4ac < 0 [4].

The situation over Q is much different from the situation over R or C. Over Q, there
are many irreducible polynomials of every degree, and determining which polynomials are
irreducible is difficult, compared to the real or complex case.

Eisenstein’s criterion gives a sufficient condition for a polynomial with integer coeffi-
cients to be irreducible over Q.

This criterion is very nice when it works, but there are many irreducible polynomials
to which it does not apply. Then, to decide irreducibility, one can try another approaches,
like the so called "brute force” [4].

In this paper, we will consider the setting over a finite field. Let, p be a prime and ¢
a power of p. Let IF, be a finite field with ¢ elements of characteristic p. It is known that
there are no explicitly formula discribing irreduciblility of polynomials over F,.

Wherefore, we still need to provides methods to decide if a polynomial over F, is
irreducible.
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Irreducible polynomials over [Fy, are used for many applications in mathematics. They
are used to carry out the arithmetic in field extension of F, [6]. Computations in such
extensions occur in coding theory [1], complexity theory [7] and cryptography [5]. Random
polynomial time algorithms exist for finding irreducible polynomials of any degree over
F,, [2, 7], and so as a practical matter the problem is solved. However, the deterministic
complexity of the problem has yet to be established.

In [2, 3], It was proved the following theorem, which gives an irreducibility criterion
over F,[X].

Theorem 1. Let P(Y) = Y™+ A, 1Y L4+ A, oY 2+ .+ Ag with A; € F[X], A9 #0
and deg A,—1 > deg A;, for each i #n — 1. Then P(Y) is irreducible over Fq[X].

In the following, we want to extend this result, in order to define a new family of
irreducible polynomials over Fy[X].

2. Main result

We present the following result:

Theorem 2. Let P(Y) = Y™+ X, 1Y 14N oY 24 .4 A\ Y + \g be a polynomial over
Fq[X], such that Ao # 0, deg A,—2 > deg \;, for each i # n—2. If deg \,—o = 2deg A1+,
with 1 is odd, then P is irreducible.

Proof.
Using Viéte theorem, which establishes relations between the roots and the coefficients
of a polynomial, one can easily see that if w = wy,ws,--- ,w, be the roots of P, then we

have exactly 2 of its, with modulus strictly greater than 1.

Suppose now, that P(Y) = Q1(Y)Q2(Y), where @1 and Q2 are in F,[X][Y]. We can
not suppose that the roots wi, wo of P, with modulus strictly greater than 1 are roots of
1, cause of the absolute value of the leading coefficient of the polynomial ()5 is superior
or equal 1, which will be absurd because 2 has only roots with modulus strictly less than
1. So, suppose that w; is a root of ()1 and ws is a root of Q.

Let P(Y) = Q1(Y)Q2(Y), with
QX)) =Y+ A, Y5 A oYV 24 + A1Y + A

and
Q2(X) =Y" 4+ By Y™ ' + By oY 2+ + B1Y + By,

It is clear that deg As_1 > degA;, for all 1 < j < s, and deg B,,—1 > deg By, for all
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1<k<m.

A simple calculation gives
AM-1=As 1+ Bp1and \y o =As 1B, 1+ As 2+ Bya,
which implies
deg \,—1 = sup(deg As_1,deg By,—1) and deg \,—o = deg As_1 + deg By, —1.

One can easily see, that we have two cases:
First case: If deg As_1 > deg B,,—1, then, we have deg \,_1 = deg A;_1 and deg A\,,_2 <
2deg \,,—1, which is absurd because deg A\j,—2 = 2deg \,,—1 +[.
Second case: If deg As_1 = deg By,—1, then, we get deg A\,,_o = 2deg A;_1, So deg A,,—o is
even. But deg\,,_o = 2deg\,_1 + [, then it is odd, which is the desired contradiction.
Completing the proof.

Remark

The converse is not always true.

Consider the Polynomial P(Y) = Y3 + (X2 + X)Y?2 4+ X3Y + 1 in Fo[X][Y]. P is an
irreducible polynomial over Fo[X] but deg(X?) # 2deg(X? + X) + I, for all [ € N*.
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